Exact Computation of Area Momentsfor Splineand Wavelet Curves
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Abstract

We presentan exactalgorithmfor thecomputatiorof the
momentf a region boundedby a curverepresentedn a
scalingfunctionor waveletbasis. Using Greens theoem,
weshowthatthecomputatiorof theareamomentss equiv-
alentto applying a suitablemultidimensionafilter on the
coeficientsof the curveand thereafter computinga scalar
product. We compae this algorithm with existing methods
sud as pixel-basedapproachesand approximationof the
region by a polygon.

1 Introduction

Momentsconstitutevery usefuldescriptorof the shape
of anobject[1]; they easilyyield featuresthat are invari-
antto translationandrotation. In the standardormulation,
they arecomputedassurfacentegralswhichrequiresraster
scanningthroughthe image. There are mary instances,
however, wherethe boundarie®f objectsaredescribecby
parametriccurves. This is the case for example,whenthe
objectsaredetectedisingparametricsnakeavhich arerep-
resentecdusing B-spline[2] or wavelet basisfunctions[3].
Another simple caseis whenthe region is describedas a
polygon[4].

In this paper we addressthe problem of computing
the areamomentsof objectsdescribedoy suchparametric
curveswhenthe basisfunctionsare scalingfunctions,in-
cluding wavelets. The originality of our approachis that
the computationis exact, and also more direct than the
more cornventionalpixel-basedmethodswhich requiresan
explicit labellingof theinnerregion of thecurve prior com-
putation. Also with pixel-basedschemesthe subpixel in-
formationis lostin the rasteringprocesswhich resultsin
lesseraccurag. Moreover theerrorin the area-basedom-
putationof momentds dependenbn the orientationof the
shape.

Sincea polygon can be representedn terms of linear

splines,the computationrof momentshy approximatinghe
shapeasa polygon[4, 5, 6] is a particularcaseof our ap-
proach.While thepolygonmethodcanbemadeasaccurate
asdesirableby increasinghenumberof sggmentsthecon-
vergences slow becausef thelow approximatiororderof
linear splines. Moreover, it is not suitablefor computing
curvature,which is aninterestingshapefeatureasit is in-
variantto rotation,translationandcanbeeasilynormalized
to scalechangesThis motivatesusto investigatehigheror-
der schemesvherethe curvesis representedby smoother
basisfunctionssuchassplinesandwavelets.

2 Evaluation of the moments
2.1 Parametricrepresentation of acurve

A curve C in thez — y planecanberepresenteth terms
of anarbitraryparametet’ asr(t') = (z(¢'),y(t')). If the
curwe is a closedone, asdiscussedn this paper the func-
tionsz(t') andy(t') areperiodicfunctionsof theparameter

The curve C canbe representedh termsof the scaling
functionbasisata scalej in termsof a new parametet =
21t as

M
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where
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assuminghatthe period, M, is aninteger.

If thecurweis representedh awaveletbasisasdescribed
in [3], the scalingfunction coeficientsat ary scalecanbe
obtainedfrom the wavelet coeficients using Mallat’s fast
waveletreconstructiorequation.



2.2 Computation of momentsusing Green’s
Theorem

Greens theoremrelatesthe volume integral of the di-
vergenceof avectorfield in a closedregion to the surface
integral of thefield :

/V(V.F)dV = /SF.dS, (4)

where S denotesthe surfacethat encloseshe closedre-
gion V anddS is the unit vector pointing out of the vol-

ume.Assumingthatthevolumehasaconstantrosssection
boundedy thecurve C, andthevariationof thefield along
the z directionis zero,we have,
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Thefirstintegralis evaluatedovertheareaS enclosedythe
curve andthe secondnealongthe curve C. Thecomputa-
tion of the momentsinvolvesthe evaluationof theintegral
Js 7 .y" dzdy andthis, by (5), is equialentto

Mg ()"t (1) da(t)
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whenthe closedcurve C is parametrizedy ¢t andF in (5)
is choserasy.(*; ) wherej'is theunit vectoralongthe
y direction.

Now if we assumehatthe curve is representech terms
of ascalingfunctionbasisasgivenby theequationg1) and
(2), theabove integral becomes,
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wherei € Z™t1, j € Z" andcl™! standsfor the m-times

tensormroducte ® ¢. .. ® c. Intheabore equationtheker-
nelg’ .. is obtainedrom the M -periodizationof
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wherea € Z™*+"+1 and¢(z) is the nonperiodizedscaling
function.

Thefunction¢’(t) correspondso the differentialof the
scalingfunctionandhencecouldbe substitutedy ¢ () —
é1(t — 1), where¢, (¢) is the scalingfunctionwhosemask
is givenby 2 x H(z)/(1 + z~'); H(z) is the maskof the
function¢(t). Thentheabore equatiorbecomes

gm+n t — al)..¢(t — am+n+1).dt, (8)

gmtn(a) = fnin(a) — fnpn(a+1), 9)

where

£ / b1(t)

t — al)..¢>(t — am+n+1).dt (10)

2.3 Propertiesof thekernel f

Thefactthatthefunctions¢(t) arethe solutionsto a fi-
nite two-scalerelationimpartssomenice propertieso the
kernelf obtainedfrom it. Thesepropertiesenableus to
computet exactly.

1. Finitesupport: If thescalingfunctionis having asup-
port[0, N], thenthekernelwill bezerooutsidethere-
giongivenby
I=[-N,N—1]x

[=N,N —1]x [-N,N —1]

2. Symmetry: As (10) is symmetricwith respecto the
parametersiy, as, .., interchangingthemwill not af-
fectthevalueof thekernel. Thisimplies

fla) = floi(a)) (11)

whereo; indicatesall possiblepermutationoperators
which implies (m + n + 1)! relations. In additionto

theserelations,if the scalingfunctionsaresymmetric
asin thecaseof splines,we have

fla) = f(-a), (12)
Both thesepropertiestogetherimply 2 (m + n + 1)!
relationswhich couldbeusedto acceleratéhecompu-

tationof thekernelaswell asthe moments.

3. Two-scale relation: It canbe shown that the kernel
satisfiesatwo-scalerelation

ZH

wherea,b € Z™*!'. ThemaskH in theabove equa-
tionis

'm(2a — b), (13)

H(by, by, .., bp) —by)oh(k = by),

= hi(k).h(k
' 14)

This follows from the fact that the scaling functions
#(t) from whichthekernelis derivedsatisfieghe two-
scalerelation

= h(k).6(2t — k) (15)

It is this propertythatenablesisto computet exactly

by solvingalinearsystemof equationsThetechnique
is analogoudo theoneusedfor computingthe integer

(or dyadicrational)samplesf ascalingfunctionfrom

thetransitionoperator7].



3 Practical Implementation and Results
3.1 On the computation of the M oments.

In this sectionwe analyzeequation(7) and simplify it
for the fastercomputation. Due to spacelimitations, we
concentrat@n the simplestcase:theareaof theregion.

Fromthegenerakquation(7) for the computatiorof the
momentswe gettheareaboundedby the curve as

M N
Lo = Y. b > db, g0(0), (16)
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whereg is givenby (8), andthe sequences!, andd}, are
M -periodizedversionsof the coeficientsc, anddy. This
is becauseornvolving anon-periodizedequencavith ape-
riodizedkernelis equivalentto corvolving a periodizedse-
guencewith a non-periodizedkernel. The latter is easier
to computein practice. Moreover this senesto reducethe
rangeof summatiorof theinnersumfrom — N to NV, which
is typically muchlessthantherangeof sumfrom0 to A1. In
asimilarway, it canbe seerthatfor the computatiorof the
higherordermomentsall the summationsxceptthe outer
oneis in therange— N to N.

From (16), we seethat the computationof the areain-
volvesjustafiltering operatiorby g(—!) = g7 (), followed
by aninnerproduct. This canbewrittenas,

IO,O = < C7gg * df >,

where< .,. > denoteghe inner product. With a similar
notation, the computationof the other momentsare given
as

I < Ca!]gﬂ.n " (Cp[m] ® dp[n+1]) >
me n+1
<d, gl . * (cp[m+1] ® dp[n]) >
m+1

As the n-dimensionalsequencés separablethe filtering
operationis muchsimplerthanthe usualn-dimensionafil-
tering.

Thecomputationatompleity in thecomputatiorof the
momentl,y, » is M.(2N — 2)™+"+2 neglecting the sym-
metries. Thusfor small N andreasonablen andn, the
compleity is quite managable.

3.2 Experiment and results.

In this sectionwe comparethe new techniquewith the
existing ones:approximatiorusingpolygonsandrastering.
Wetry to estimateheelliptical parametersf anellipsewith
known parametersnd choosethe relative errorin the pa-
rametersasthecriterionof comparison.

With the new techniquewe choosethe cubic B-spline
dueto its nice approximatiorpropertiesandminimumcur
vaturepropertieqd8]. To comparet with theapproximation
of theregion asa polygon,theellipseis sampleduniformly
andthe samplesareinterpolatedusingthe two techniques
(linearandcubicsplines).Therelative errorin the centered
2ndordermoments/sthenumberor samplesareplottedin
figurel. It canbeseenfrom figure 1 thattherelative error
is much smallerfor the cubic splineinterpolationeven at
low samplingratesandthatit decaysata fasterrate.

Relative Error vs No. of Samples
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Figure 1. Comparison of moment estimators

In the traditional scanning approach, the ellipse is
scannedilongthe x andy axeswith a stepsize A andthe
monomialsare computedat the grid pointsassignedo the
interior of the curve. Fig 2 shows the decayof the com-

putederror for anellipsevs #‘ for threedifferentori-

entations. The plot clearly shows the dependencef the
accurag ontheorientationof theellipse.

It can be seenthat to achieve a relative error of 0.1%
the interior of the ellipse hasto be sampledat about3600
points,whereasto achiese the sameerror usingthe cubic
spline interpolationwe needonly around9 points on the
curve. In comparisonthe polygon method(linear spline)
requiresmorethan40samplego have asimilar error. More
interestings the casewhentheinterior of theellipsehasto
besampledatabout2.5 x 10° to achieve anerrorof 0.002%
while the cubic splinesrequireonly 25 samplego achieve
the same. In Fig 3, we show the ellipse correspondingo
the 2nd order momentsof the centralstructurein the im-
age.The contourof the objectwasestimatedisinga snake
wherethe curve wasrepresentegarametricallyin termsof
cubicB-splinebasisithemomentsverecomputedisingour
algorithm. Note thatthefit is astonishinglygood.
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Figure 3. Estimated ellipse for a real image

4 Conclusion

In this paperwe have presenteda new approachfor
the computationof the momentsof a curve describedn a
wavelet or scalingfunction basis. We have demonstrated
that this schemeis more accuratethan the corventional
approacheén the estimationof the moments. Unlike the
pixel-basedschemesit is independentf the orientationof

theshape.
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