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DFAs and NFAs are equally powerful

NFA can do everything a DFA can do
How about the other way?

Every NFA is equivalent to some DFA for the same language



NFA — DFA in two easy steps

1. Eliminate e-transitions

2. Convert simplified NFA to DFA
We will do this first



NFA — DFA: intuition
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NFA — DFA: intuition




NFA — DFA: states
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DFA has a state for every subset of NFA states




NFA — DFA: transitions
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DFA has a state for every subset of NFA states



NFA — DFA: accepting states
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DFA accepts if it contains an NFA accepting state



NFA — DFA: eliminate unreachable states
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At the end, you may eliminate unreachable states



General conversion

NFA DFA
states 90,91, qn O, {ao}{a}, {0, a1}, .,
s
one for each subset of states
initial state  qo {0}
transitions ¢ ({4, 4.}, a) =
(5((11‘1, a) U---u 5(qik7 a)
accepting  FC @ F' = {S| Scontains some state in F'}

states




NFA — DFA in two easy steps

1. Eliminate e-transitions
2. Convert simplified NFAto DFA /



Eliminating e-transitions

0
5l
0

How to transform the above NFA into one without £’s?

New (equivalent) transitions
| 0 1

o | {0 0, e} {0, e}

a1 | {90, @1, @} 0

7)) 0 0

New accepting states: g2, q1, qo



Eliminating e-transitions
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new transition:
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new NFA: H



Eliminating e-transitions: general rules

Paths with €’s are replaced with a single transition
O ORONO
350 -

States that can reach accepting state by € are all accepting




Regular expressions



Regular expressions

Advanced editors (e.g. Vim, Emacs) and modern programming languages
(e.g. PERL, Python) support powerful string matching using
regular expressions (regex)

Example:
PERL regex colou?r matches “color”/“colour”
PERL regex [A-Za-z]*ing matches any word ending in “ing”

We will learn to parse complicated regex recursively
by building up from simpler ones
Also construct the language matched by the expression recursively

Will focus on regular expressions in formal language theory
(notations differ from PERL/Python/POSIX regex)



String concatenation

st = abbbab
s = abb ts = bababb
t = bab $s = abbabb

sst = abbabbbab

17/31



Operations on languages

» Concantenation of languages L1 and Lo
LiLy={st:s€ Ly,t€ Ly}
» n-th power of language L
L"={s182...8, | $1,82,..., 8, € L}
» Union of Ly and Lo

L1UL2={8’S€L10I’S€L2}



Example

L; = {o,01} Ly = {g,1,11,111,...}

L Ly ={0,01,011,0111,... } U{01,011,0111,01111,...}
={o0,01,011,0111,...}

0 followed by any number of 1s

L2 = {00,001, 010, 0101} L3 =Ly
Ly =Ly foranyn>1

Ly ULy ={0,01,¢,1,11,111,...}



Operations on languages

The star of L are contains strings made up of zero or more chunks from L

LI*=IuLltul?u...

Example: L; = {0,01} and Lo = {e,1,11,111,... }
Whatis Lj?  L5?



Example

L; ={o,01}

LY = {e}

Li = {o,01}

L? = {00, 001,010, 0101}

L3 = {000, 0001, 0010, 00101, 0100, 01001, 01010, 010101}

Which of the following are in L}?
00100001 00110001 10010001



Example

L; ={o,01}

LY = {e}

Li = {o,01}

L? = {00, 001,010, 0101}

L3 = {000, 0001, 0010, 00101, 0100, 01001, 01010, 010101}

Which of the following are in L}?
00100001 00110001 10010001

Yes No No



Example

L; ={o,01}

LY = {e}

Li = {o,01}

L? = {00, 001,010, 0101}

L3 = {000, 0001, 0010, 00101, 0100, 01001, 01010, 010101}

Which of the following are in L}?
00100001 00110001 10010001

Yes No No

L} contains all strings such that any 1 is preceded by a 0



Example

Ly = {g,1,11,111,... }
any number of 1s

Ly = {¢}
I =L,
I3 =Ly



Example

Ly = {g,1,11,111,... }
any number of 1s

Ly=IL5ULiUI3U...

L =
2 = {e} ={e}ULyULyU...
I =L,
= Ly
I3 =Ly

5 =



Combining languages

We can construct languages by starting with simple ones, like {0} and {1},
and combining them

{o}({oy U {1} = 0(0+1)

all strings that start with 0



Combining languages

We can construct languages by starting with simple ones, like {0} and {1},
and combining them

{o}({oy U {1} = 0(0+1)

all strings that start with 0

(foH{1}") U ({1{o}*) = o017 +10
0 followed by any number of 1s, or
1 followed by any number of 0s



Combining languages

We can construct languages by starting with simple ones, like {0} and {1},
and combining them

{o}({oy U {1} = 0(0+1)

all strings that start with 0

(foH{1}") U ({1{o}*) = o017 +10
0 followed by any number of 1s, or
1 followed by any number of 0s

0(0 + 1)* and 01* 4 10* are regular expressions
Blueprints for combining simpler languages into complex ones



Syntax of regular expressions

A regular expression over Y is an expression formed by the following rules
» The symbols () and € are regular expressions
> Every symbol ain X is a regular expression

> If Rasd Sareregular expressions, so are R + 5, RSand R*

Examples:
0 £
0(0+1)* 1"(e+0)
01* + 10* (0+1)%01(0 +1)*

Alanguage is regular if it is represented by a regular expression



Understanding regular expressions

2 ={0,1}

01* = 0(1)* represents {0, 01, 011, 0111, . ..

0 followed by any number of 1s

01*isnot (01)*



Understanding regular expressions

0 + lyields {0, 1} strings of length 1
(0 + 1)*yields {e, 0, 1,00, 01,10,11,... } any string
(0+1)*010 any string that ends in 010

(0+1)*01(0 4 1)* any string containing 01



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+ 1)(0+ 1))*



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+ 1)(0+ 1))*

((0+1)(0+1))" ((0+1)(0+1)(0+ 1))



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+ 1)(0+ 1))*

((0+1)(0+1))" ((0+1)(0+1)(0+ 1))

(04+1)(0+1) (0+1)(0+1)(0+1)



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+ 1)(0+ 1))*

((0+1)(0+1))" ((0+1)(0+1)(0+ 1))

(0+1)(0+1) (0+1)(04+1)(0+1)
strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+ 1)(0+ 1))*

((0+1)(0+1))" ((0+1)(0+1)(0+1))"
strings of even length strings whose length is a
multiple of 3
(04+1)(0+1) (0+1)(04+1)(0+1)

strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1))" + ((0+1)(0+1)(0 + 1))
strings whose length is even or a multiple of 3
=strings of length 0, 2, 3,4,6,8,9,10,12, ...

((0+1)(0+1))" ((0+1)(0+1)(0+1))"
strings of even length strings whose length is a
multiple of 3
(04+1)(0+1) (0+1)(04+1)(0+1)

strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"
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What language does the following represent?
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Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"

(0+1)(04+1)+(0+1)(0+1)(0+1)

(04+1)(0+1) (0+1)(0+1)(0+1)



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"

(0+1)(04+1)+(0+1)(0+1)(0+1)

(0+1)(0+1) (0+1)(0+1)(0+1)
strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"

(0+1)(0+1)+(0+1)(0+1)(0+1)
strings of length 2 or 3

(0+1)(0+1) (0+1)(0+1)(0+1)
strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"
strings that can be broken into blocks, where each block has length 2 or 3

(0+1)(0+1)+(0+1)(0+1)(0+1)
strings of length 2 or 3

(0+1)(0+1) (0+1)(0+1)(0+1)
strings of length 2 strings of length 3



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"
strings that can be broken into blocks, where each block has length 2 or 3

Which are in the language?
5 1 01 011 00110 011010110



Understanding regular expressions

What language does the following represent?
((0+1)(0+1)+(0+1)(0+1)(0+1))"
strings that can be broken into blocks, where each block has length 2 or 3

Which are in the language?

01 011 00110 011010110
v X v v v v

()
-

The regular expression represents all strings except 0 and 1



Understanding regular expressions

What language does the following represent?

(1+ 014 001)* (¢ + 0+ 00)



Understanding regular expressions

What language does the following represent?
ends in at most two 0s

(14014 001)* (¢4 0+ 00)



Understanding regular expressions

What language does the following represent?
ends in at most two 0s

—_——
(14014 001)* (¢4 0+ 00)
N—_———m

at most two 0s between two consecutive 1s

Never three consecutive 0s

The regular expression represents strings not containing 000

Examples:

€ 00 0111001101110 0010010



Writing regular expressions

Write a regular expression for all strings with two consecutive 0s



Writing regular expressions

Write a regular expression for all strings with two consecutive 0s

(anything)00(anything)

(0+1)*00(0 4 1)*



