MATHI1010 Revision Exercise 2

1. Compute the first derivative of each of the functions below:

(a) arctan(x +1) (b)  arcsin(x?) (¢) marcsin(2z) (d) (arcsin(z))?

arctan(z)

(e) (f) arctan(2z) (g) arctan(In(x)) (h) arcsin(v1 — a?)
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2. For each of the relations below, find d—y for the function y implicitly defined by the relation:
x

(© z=@y+2® (@) r=(1-yE+)

<

(e) x =y 2sin(y) (f) x:\/E (g) 22+y*=4. (h) 2?2+y*>—32+1=0
(i) 4y +ay—622=0 (G) 223 +y®-32%y=1 (k) a?sin(y) — ycos(x) = 2
(1) z cos(y) + y?sin(z) =0
3. Let n be a positive integer. Let f(z) = (1 — 22)" for any z € R.
(a) Show that (1 — z?)f/(x) + 2nzf(x) = 0 for any x € RR.
(b) Show that (1 — 22)f*2)(z) — 22 f+D (2) 4 n(n 4+ 1) (z) = 0 for any = € R.
4. Let f(x) = e"In(1 + z) for any =z € (—1, +00).
(a) Show that (1+ z)f"(z) — (1 + 22)f(x) + zf(z) =0 for any = € (—1,+0c0).
(b) Let n be a non-negative integer. Show that (1 + z)f"+3) () + (n — 22) f"+2) () + (x — 2n — 2) f(x) + (n +

1)f(”)(g;) =0 for any = € (-1, +00).
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5. Let f(z) = @+ vl+a?) for any x € R.
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(a) Show that (1+ z?)f'(z) + zf(z) =1 for any z € R.

(b) Let n be a non-negative integer. Show that (1 +22)f"+2)(2) + (2n + 3)z f" D (x) + (n 4+ 1)2 ™) () = 0 for
any x € R.

6. Let f(x) = (arcsin(x))? for any = € (—1,1).

(a) Show that (1 —2?)f"(z) — zf'(z) = 2 for any = € (—1,1).

(b) Let n be a positive integer. Show that (1 — 22)f"+?)(2) — (2n + Dz fOFV(z) — (n)2f™)(z) = 0 for any
x e (—1,1).

7. Let f :[3,6] — R be a continuous function. Suppose f is differentiable on (3,6), and |f'(z) — 9] < 3 on (3,6).
Show that 18 < f(6) — f(3) < 36.

8. Let B € (1,400). Let f: (0,+00) — R be the function defined by f(x) = 2% + 3 — 1 — Ba for any = € (0, +00).

(a) 1. Compute f’.
ii. Show that f is strictly decreasing on (0, 1].
iii. Show that f is strictly increasing on [1, +00).
iv. Determine whether f attains the maximum and/or the minimum on (0, +00).

(b) Hence, or otherwise, show that (1 +r)? > 1+ Br for any r € (—1, +0c0).

9. Prove the following inequalities:

(a) % < arctan(z) < z for any z € (0, +00).
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5 f:c < % for any = € (0, 400).

(b) 0<In(l+z) -

2
10. (a) Prove that 1 — % < cos(z) for any z € (0, 27].
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(b) Prove that cos(z) < 1 — 5 + o for any x € (0, 2.
x? 2 2t
c¢) Prove that 1 — — < cos(zr) <1 — — + — for any x € (27, +00).
P hat 1 2 1 5 2 f 2
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(d) Prove that 1 — 5 < cos(z) < 1— > + 21 for any x € R\{0}.

11. Apply L’Hopital’s Rule to evaluate each of the limits below.

. x4+ tan(x) . et —e® . arctan(x) ) e —1
AR ® c-° lim S () fim
(a) 250 sin(2x) () 50 sin(x) (c) 250 x (d) 50 2In(1+2)
. 2+ 3z +4 . x —sin(z) . et —e T =2 ety
() :lli% 32345 ® ili% 223 (&) iﬂ% x — sin(z) () il—>ml (x—1)2

24 cos(r) — 24 — 1222 + 24 x tan(z) In(e® + x2)

(i) lim (k) lim

250 sin®(x) 250 1 — V1 — 22 zotoo 12
1+In(z) — 2° In(z))® In(1 + ze2*
O ot AHREOZ2 gy W@y gy, Ot ee)
a—1 1+ 1In(z) — a0t Jx z—+oo  gin“(z)

(m) lim In(sin(ax))
(

A Gin(r)) (Here «, 8 are positive real numbers.)

12. Evaluate each of the limits below. When necessary, apply L’Hépltal’s Rule.
1m b 11 Sin n 1m S d 11m + — —
a o xre e S x P C o T CSCl2x . T - €

13. Evaluate each of the limits below. When necessary, apply L'Hopital’s Rule.
1 1 1
li - - f li 2(r) — —
(e) o0+ (x arctan(x)) ®) o0+ (CSC () x2>

(8) xligh <(1 fo)Q - (m&))?) (h) xligh <COt(m) B ;)

14. Evaluate each of the limits below. When necessary, apply L'Hopital’s Rule.

lim z* lim z*m(®) lim (In(— li 1— =
L @ Jgm (n(3)) @ m (1-3)

| 2\~ | 3\ fe1) (P

O Jm (5525R) 0w @)™ (9 lin (14 i)

TFoeo =5 z—0t+
) lim (1+sin%(z))* lim z15% lim (1 — oy
) lim (1+sin*(z)) (m)  lim z (n)  lim (1 cos(z))
1 1
(0)  lim (cos(z))"Gn@)  (p) mcmwﬁ (@ mcmw
z—3 z—0 xT z—0 T

15. Evaluate the each of the limits below. Think carefully whether to apply L’Hopital’s Rule or not.

(a) tim & + sin(z) (b) lim €* + xsin(x) 4 cos(x) 22 + sin(2z)

()

li -
z—+oo ¥ — sin(x) w400 e* + cos(z) oo (223 + x + sin(x))esin(@)



