Math 1010 Week 5

Differentiation

5.1 Derivatives

Definition 5.1. We say that a function f is differentiable at c if the limit:
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exists. The limit f'(c), if it exists, is called the derivative of f at c.

Interactive Example
We say that a function f is differentiable if it is differentiable at every point
in its domain.

Exercise 5.2. Let f(x) = |z|. Is f differentiable at x = 02 If so, find f'(0).

Theorem 5.3. If a function f is differentiable at c, then it is also continuous at c.
(The converse is false in general.)

Example 5.4. Let f : R — R be the function defined by
2 i x<1;
fz) =
ar+b if v >1.

Suppose f(x) differentiable at © = 1, find the values of a and b.

5.2 WeBWork

1. WeBWorK


https://www.math.cuhk.edu.hk/~pschan/cranach-dev/?xml=https://raw.githubusercontent.com/pschan-gh/math1010/devel/week5.xml&slide=3
https://www.math.cuhk.edu.hk/~pschan/cranach-dev/?xml=https://raw.githubusercontent.com/pschan-gh/math1010/devel/week5.xml&slide=6

2. WeBWorK
3. WeBWorK
4. WeBWorK
5. WeBWorK
6. WeBWorK
7. WeBWorK

8. WeBWorK

5.3 Tangent Line

If the derivative f'(c) exists, then there exists a tangent line to the graph y = f(x)
of f at (¢, f(c)). Moreover, the slope of the tangent line is f’(c), and the tangent
line is the graph of the equation:

y =)z =)+ flo).

Given f : A — R, the correspondence = — f'(x) defines the derivative func-
tion f' : A — R, where A’ is the set of all points ¢ € A at which f is differen-
tiable.
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5.4 Some Common Derivative Identities
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5.5 Leibniz Notation

If f is defined in terms of an independent variable z, we often denote f’(z) by

d
d_f . Under this notation, for a given ¢ € R the value f'(c) is denoted by:
x

a

dm r=c

5.6 Rules of Differentiation

Let f, g be functions differentiable at ¢ € R. Then:
Sum/Difference Rule
f £ g is differentiable at ¢, with:

(f £9)(c) = f'(c) £ g'(c).



Proof.

h—0 h
_ i Lot ) +gleth) = fle) — g(c)
= lim
h—0 h
o [fleth) = fle) glet+h) —g(e)
= i h + h )
Since by assumption both f’(¢) = limy, g w and ¢'(c) = limy,_,o o +hg_g(c)
exist, by the sum rule for limits the expression (k) is equal to:
f'(e)+4(c).
Exercise. Show that (f — g)'(c) = f'(¢) — ¢'(¢). O

Product Rule
fg is differentiable at ¢, with:

(f9)'(c) = f'(e)g(c) + fle)g'(c).

Quotient Rule
f /g is differentiable at c provided that g(c) # 0, in which case we have:

<i)' (c) = g(e)f'(c) = fle)g'(c)

9 l9(c)?

5.7 Chain Rule

Theorem 5.5. Suppose f is differentiable at ¢ and g is differentiable at f(c), then
g o f is differentiable at c, with:

(g0 f)(c) =g (f(e)f(c).



In the Leibniz notation, the chain rule says that if f is a differentiable function
of v and w 1s a differentiable function of z, then:

G i
dr  dudx’
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dx x=c B du u=u(c) dx r=c

Exercise 5.6. Let f : R — R be the function defined by
rsin (% if v # 0;

flay = o)
0 ifr=0.

Find f’.
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