Math 1010 Week 11

Indefinite Integrals, Integration of Trig. Functions, Trigono-
metric Substitution

11.1 Integration of Trigonometric Functions

We have seen that:

1
/siandx = g - Zsin(Qm) +C

1
/COSQJZdIL‘ = g + 1 sin(2x) + C

Example 11.1. Using:

/seczxdx =tanx + C,

/cchycdac = —cotx + C,

and the identity 1 + tan® x = sec? x (which follows from the Pythagorean Theo-
rem), we may evaluate:

. /taandx
/tanQIdx: /(SGCQI— 1)dz

=tanz —z + C,

where C' represents an arbitrary constant.
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o /cot%cdx
/cotzmdx = /(csc2x— 1)dx

=—cotx—x+C,
where C' represents an arbitrary constant.

To evaluate an integral of the form:
/sinm rcos"xdr, n,m e N,

it is useful to make the following substitution:

{cos x, ifmis odd,
u =

sinx, ifnisodd,

and then apply the Pythagorean Theorem cos? z+sin? = 1 to rewrite the original

integral as:
/ P(u) du,

where P(u) is some polynomial in w.

Example 11.2. Evaluate:
/ cos” x sin® x dw
/ cos® zsin’® x dr = / cos” z sin® x(sin x dz)

Let uw = cosx. Then, du = sinx dx. So,

/ cos’ rsin® z dr = 5

cos® z sin® x(sin = dz)

u’(1 — u?)du

I
—— —

(u5—u7) du
1
6 8
— = C
U 8u +
1 , 1
= écosbx—gcossx+0,

where C' represents an arbitrary constant.
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Similarly, to evaluate integrals of the form:
/tanm rsec"xrdr, m,néeN,

it is useful to make the following substitution:

secx, if misodd,
u =
tanx, if niseven,

and then apply the identity 1 + tan® x = sec? x to rewrite the original integral as:
/ P(u) du,
where P(u) is some polynomial in .

Example 11.3. Evaluate: / tan® x sec x d.

/tan‘sxsecacdm = /tanQ:csecxtana:dx

= /(secz—l)dx.

Let u = secx. Then, du = sec x tan z dz, and:
/ tan® zsec z dx = / tan? z sec z tan = dx

= /(Se02 —1)secz tanz dx

—/(u2—1)du

L 4
= —u’ — C
3u u +
L 3
:§sec x —secx + C,

where C represents an arbitrary constant.

Claim 11.4.
/secxdx = In|secx + tanz| 4 C,

where C' represents an arbitrary constant.



Proof.

1
/ secxdr = / dx
CcoS T
_ / 008290 d
cos? x

CcoS &
1 —sin“x
Let u = sinz. Then du = cos z dx, and consequently:

/secwdx:/l_luzdu
:/(1—u)1(1+u) du

_1/ 1 n 1 g
2 l—uv 14w Y

1
25(—ln|1—u|+ln|1+u|)+0
1 14+u
=_1
50T, +C
1, (14 u)?
= _ln|— "
2“‘ e | ¢
I+u
=In|—|+C
V1—u?
1 1+sinz L
cos T

= In |secx + tan x| + C,

where C' represents an arbitrary constant. 0

Example 11.5. Evaluate: / sec® © dx. (Hint: Consider using integration by parts.)

/sechdx = /secxsecQ:vdx.

Let U = secx, dV = sec? x dx. Taking V = tan , it follows from the Integration



by Parts formula that:
/sec3xdx = /UdV
=UV — /V du
=secrtanx — /tanxsecxtanxdw
=secxtanx — /secxtaand:c
=secxtanzr — /sec w(sec’ v — 1) dx
= secztanx — / (sec® v — secx) dx
= secxtanz + In |secz + tan x| — /secgmdx
This implies that:
2/sec3xdx =secztanx + In|secx + tan x| + C
where C' represents an arbitrary constant. Hence:
/sec3xdx = % (secztanz + In|secx + tan z|) + C.

The following identities follow directly from the angle sum formulas of the
sine and cosine functions:

1
coszcosy = = (cos(z +y) + cos(x — y))

[l A

cosxsiny = = (sin(z + y) — sin(z — y))

sinzsiny = = (cos(x — y) — cos(z + y))

N — DN

They are useful for the evaluation of integrals such as:

Example 11.6.
/ cos(3x) sin(5x) dx



/cos(Bx) sin(5x) dx = / % (sin(3z + bz) — sin(3z — 5z)) dx

= 1/(sin(8x) + sin(2z)) dx

2
1 1 1
=3 (_§ cos(8x) — ) COS(ZCE)) +C,

where C' represents an arbitrary constant.
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11.3 Trigonometric Substitution

When an integrand involves /22 & a2 or v/a? — z2. It is sometimes useful to
make the following substitution:

o Va2 +a? Letx = atand.
o V12 —a?: Letx = asecd.
o Va2 — 22 Letx = asin®.
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Example 11.7. Evaluate: /
p —d

First, we note that the domain of the integrand is (—1,1).

Let 0 = arcsinx. Then x = sin0, dx = cos 0 dO, and:

V1—22=14/1~—sin”6 = |cos 0| = cos¥,

since 0 = arcsinx € [—7/2,7/2] forall x € (—1,1).

So,
\/155_71.2 / Scléls 0 cos 6 df

= /sin3 6 do

= /(1 — cos? 0) sin 0 df

= - /(1 — cos? 0) d(cos )

= —cosf + écos30+C’

V=24 %a e
Example 11.8. Evaluate: / m dz

Let § = arctan(x/3). Then x = 3tan 0, dz = 3sec? 0 df, and:
94+ 2% =9+ 9tan’d = 9sec? .
So,

1 1
———=dr = 20 do
/ (94 22)? ‘ / 81 sect 03 Se

1
= de
/ 27 sec?

= i cos? 6 db
27
0

SlIl
T2 (§+ ) e

1

27

1 2s1n90039
7 (o 25)
1

+ +C

<
3

7

(]

+ +C

D N D

2tan9(:os 9)

(\]



arctan(x/3)  tan (arctan(z/3)) cos? (arctan(x/3))

- m 54 e
Now,
cos? (arctan(z/3)) = !
~ sec? (arctan(z/3))
1
1+ tan? (arctan(z/3))
B 1 9
1+ (z/3)2 9+ a2
Hence,
1 arctan(x/3) 9z
dx = C
/(9+x2)2 v 54 16200+ 42) |
arctan(z/3) x
= C
59 RO+
Vir? —25
Example 11.9. Evaluate: / veE T dx
x
Example 11.10. Evaluate: / . dx.
8 —2x — a2

Example 11.11. Evaluate:
/ dx
zvaz? —1
First, we note that the domain of the integrand is (—oo, —1) U (1, c0).

Let 0 = arccos(1/z).
Then, © = sec, dx = sectan 0 db, and:

Va2 —1=+/sec2f — 1 = Vtan?6 = [tan6)|.

Since:
0,7/2) ifx>1,

6 = arccos(1/x) € {(W/Q,W] ife < —1,

we have:

—tanf ifr < —1.

tan fr > 1
Va2 —1=|tanf| = { o a1,
More succinctly, we have:
Va? —1 = sign(z) tan 6.
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Hence,

/ dx —/si n(x)secﬁtanede
zvr? —1 N & secftan g
= /sign(x) db

= sign(z)f + C
= sign(x) arccos(1/z) + C
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