Math 1010 Week 10

Taylor Series, Indefinite Integrals, Integration by Substi-
tution, Integration by Parts

10.1 Shortcuts for Computing Taylor Series

Theorem 10.1. Let S(x) = Z ar(x — a)* be a power series which converges

k=0
on an open interval of the form (a — r,a + ), r > 0, then the function S(x) is

differentiable on (a — r,a + 1), with

S'(x) = Z kay(x — a)*!

= ay +2ay(r — a) + 3az(x — a)® + - + kag(z —a)"t -+
forallx € (a—r,a+r).

Applying this theorem repeatedly, it may be shown that S(x) is in fact in-
finitely differentiable on (a —r, a+ ), and its Taylor series at = = a is itself. That
1s:

g(k')(a)
k!

=a, k=0,1,2,....
Put differently:

Corollary 10.2. Let f be a function. If there is a sequence {ay}3>, such that:
flx) =) ar(z —a)*
k=0

for all z in some open interval centered at a, then Y - a,(x — a)* is the Taylor
f¥(a)
K

series of f at x = a, with a;, =



Corollary 10.3. If:

Zak(a: —a)k = Zbk(az —a)f

for all x in some open interval centered at a, then a;, = by, for all k.

Exercise 10.4. Find the Taylor series of f at the given point a.
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It is sometimes useful to use Taylor series to find limits which involve indeter-
minate forms.

Example 10.5. °

sineg —x — 23

lim
x—0 1‘3
. .
. SINT — X COST
hm —_—

z—0 rsin®z

10.3 WeBWork

1. WeBWorK
2. WeBWorK
3. WeBWorK
4. WeBWorK

10.4 Indefinite Integrals

Definition 10.6. If I’ = f, we say that F' is an antiderivative of f.

If two functions F" and G are both antiderivatives of f over (a,b), then [ =
G' = f, hence:
(F-G)=F -G =0.

By a corollary of the mean value theorem, this implies that F' — (G is a constant
function on (a, b). That is, there exists C' € R, such that (F' — G)(z) = C for all
z € (a,b).

Put differently, if ' is an antiderivative of f over (a, b), then any antiderivative
of f over (a,b) has the form F' 4 C for some constant function C'

Definition 10.7. The collection of all antiderivatives of a function f is called the
indefinite integral of f, denoted by:

/ (@) da.

We call f(x) the integrand of [ f(z) dx.
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If I/ = f, we write:
/f(m)dm =F+C,

where C' denotes some arbitrary constant.

Example 10.8. Since % x? = 2x, we write:

/ 20 dr = 22 + C.
Note that x* + 17 is also an antiderivative of 2x, hence it is equally valid to write:

/2xd93::£2+17+0.

10.5 Some Properties of Indefinite Integrals

° / 0 dxz = C, where C' is some constant.

e For k € R, we have /k dr = kx + C. In particular,

/da::/lda::x+0.

. s
dr = )
/x T k+1+0

e For k # —1, we have:

1
. /—dlen\x]—i—(}’.
T

(This identity is not quite true. Will explain later.)

° /e”dx:e’”jLC.
° /cosx dr =sinz + C.

° /sinx dr = —cosx + C.



° /secQ:cd:c =tanz + C.

° /secxtana: dx =secx + C.

1
° / dx = arctanx + C.
1+ a2

e For any functions f, g with antiderivatives F', G, respectively, we have:

/ ((2) + g(2)) do = F(x) + G(x) + C.

e For k € R, and any function f with antiderivative F', we have: / kf(x)de =
kF(x)+ C.

Observe that for any a, b € R, and differentiable function ', by the chain rule we
have:

d
%F(cwv%—b) = aF'(ax + )

Hence, in general we have:
1
/f(ax+b) dex = —F(ax +b) + C,
a

where F'is an antiderivative of f, and C' is some constant.

Example 10.9.
. 1
/sm(fm +7/4) dx = —x cos(br +m/4) + C.
Example 10.10.

4
/<$3+m+($+7)9+62$+1> de

1, 3 1 1
_ 412 2/3 o 7 10 ~ 2x+1 C.
20 (2)x +1O(93+ ) ot



Example 10.11.

/ sin?(z) do = / (1_#5(2‘”)) i — / (% - %cos(gx)> dz

Similarly, it may be shown that:

1
/COSQ(I') dx = ; + 1 sin(2x) + C

10.6 Integration by Substitution

Theorem 10.12. If I’ = f, and g is a differentiable function, then: / f(g(x)d (z)dx =
F(g(x)) + C.

Proof. This is just the Chain Rule in reverse, since:

dci:ﬂ () = F'(g(x))g'(x) = f(g(x))g ().

]

In Leibniz Notation, the theorem may be formulated as follows: Let u = g(z),

d
then d—z = ¢'(z), and:

[ Hongta)dn = [ 1 do
— [ fwdu=F(w)+ € = Flgw) + €.
Example 10.13. Evaluate:

° /x = dy




10.7 WeBWork
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10.8 Integration by Parts

Let u, v be differentiable functions. Recall the Product Rule:

d (uv) Udu n udv
— (1w — R R
dx dx dx

Taking the indefinite integral (with respect to x) of both sides of the above equa-

tion, we have: p p
/disn (uv)dx = /vﬁ dx+/u£ dz,
which implies that:
d(uwv) = /Udu+/udv.

/
Hence, /udv = (uv) — /vdu

Example 10.14. Evaluate:

° /a:e?’mdx
° /:z2ezdx
° /a:5exda:
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° /a:5sin:cdx
° /lnxdx
° /exsin:z:dx
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