Math 1010 Week 1

Sequences

1.1 Sequences and Limits

A sequence is an ordered list of numbers:

a1, a2,as,...,0p, ...
Common notations:

{an}> {an}nel\h {an}fzozl

Example 1.1.

an=+vn, neN
{an}neN = {1,\/5, \/g, .. }




e Fibonacci Sequence
a1 = 17 a9 — 1

Gy = Ap_o + Gy forn > 3.
{a,} ={1,1,2,3,5,8,13,...}

In this case we say that the sequence {a,,} is defined recursively .

Sometimes, the terms a,, of a sequence approach a single value L as n tends
to infinity.

Definition 1.2. We say that the limit of a sequence {a,} is equal to L if for all
real numbers ¢ > 0 the exists a number N > 0 such that |a,, — L| < ¢ for all
n > N.

If such a number L exists, we say that: {a, } converges to L, and write:

lim a, = L.
n—0o0

If no such L exists, we say that {a,} diverges .
If the values of a,, increase (resp. decrease) without bound, we say that {a,, }
diverges to oo (resp. —o0), and write:

nh_}rgo a, = oo (resp. —o0).
Exercise 1.3. /. WeBWorK
2. WeBWorK
3. WeBWorK

4. WeBWorK

1.1.1 Useful Properties

e Constant sequence

If a,, = c for all n, then lim,,_, -, a, = lim,,_, ¢ = c.
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o Sum/Difference rule

If both {a,} and {b, } converge, then:

lim (a, £ b,) = lim a, £ lim b,.

e Product Rule
If both {a,,} and {b, } converge, then:

lim a,b, = (lim an> . <lim bn) .

n—oo n—oo n—oo

e Quotient Rule
If both {a, } and {b,} converge, and lim,,_,~, b,, # 0, then:

. ay,  lim, o a,
lim —- = —>= %
n—oo by, lim,, o by,

o1
lim — =0
n—oo 1
e In general, if lim,, ., a,, = +o0 or lim,,_,, a, = —oo, we have:
lim — =0
n—o0 a,,n



1.1.2 Examples

3 —=2n+7
e lim
n—00 In2 +3

’ & 3n-2n+7

= 1 -_—-——
n—00 # 2n? 4+ 3
. 3-24+ 7

= hm 5 . 3

_3

2

. —3n?
e lim .
n—oo /27nb — 5n 4+ 1
. —3n?
= lim
-3

= lim
n—0o0 3/27— % + n_lﬁ
-3

= = —1.
/27

e lim V4n2 +n—V4n2 —1

n—o0



(\/4712 +n 4+ V4n2 — 1)
(V4n? + n+ V4n? — 1)

= lim (\/4n2+n—\/4n2—1>-

n—oo

_ (4n? +n) — (4n* — 1)
= lim
n=oo (VAn? 4+ n + v4n? — 1)
. n+1
lim
n—o0 \/dn? + n +/4n? — 1
. n-+1
= lim

n_mn(\/él—l—%—i-\/ll—n—lg)

. 1+2
= lim o

B i)
1

Exercise 1.4. o WeBWork

1.1.3 Monotonic Sequences

Definition 1.5. A sequence {a,,} is said to be:
e increasing if a,, .1 > a, for all n,
e decreasing if a1 < a, for all n.
A sequence is said to be monotonic if it is either increasing or decreasing.

Theorem 1.6 (Monotone Convergence Theorem). If {a,,} is either:

increasing (i.e. a,y1 > a, for all n) and bounded above (i.e. There exists a
number M such that a,, < M for all n.), or

decreasing (i.e. a1 < a, for all n) and bounded below (i.e. There exists a
number M such that a,, > M for all n.), then {a,} converges.

Moreover,
if {a,} is increasing and a,, < M for all n, then lim,,_,, a,, < M.
If {a,} is decreasing and a,, > M for all n, then lim,, . a,, > M.

Example 1.7. Let {a,} be a sequence of real numbers, which is defined by

12a, 1 + 12
a; =1 and an:ﬁforn>1.
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1. Prove that 0 < a,, < 3. (Hint: Perhaps mathematical induction could be
useful here.)

2. Prove that {a,} converges (i.e. im a,, exists), then find its limit.
n—o0

Solution. I. First, we show that a,, > 0 for all n € N.

Base Step : By definition, a; =1 > 0.

Inductive Step : Suppose a,, > 0 for some n € N. We want to show that
an+1 > 0 also.

By the definition of the sequence, we have:

12a, + 12
ppg = —————.
T e, 113
By the induction hypothesis, i.e. a, > 0, we have:
a,+13>0 and 12a,+ 12> 0.

Hence, a1 > 0.
It now follows from the principle of mathematical induction that a, > 0 for
alln € N.

Similary, to show that a,, < 3, we first observe that by definition a; = 1 < 3.
Whenever a,, < 3, we have:

12a,, + 12
an, + 13
3a, + 39 — 12a,, — 12
- a, + 13
93 —ay)

A e L7 |
a, +13 — 7

3_an+1:3_

which implies that a, 1 < 3 also. Hence, by mathematical induction we con-
clude that a,, < 3 for all n € N.




2. Observe that for all n € N, we have:

12a,, + 12

R E R

~ 12a, + 12 — a2 — 13a,

N a, + 13

B az +a, — 12

T a4, +13

(an — 3)(an, +4)
an, + 13

>0

9

since 0 < a,, < 3, as shown in Part 1.
This shows that {a,} is an increasing sequence bounded above by 3. Hence,
the limit L = lim a,, exists, by the Monotone Convergence Theorem.

n—oo
To find L, we take the limit as n — oo of both sides of the equation:

 12a,, + 12

ap, .
Ap_1 + 13

That is:
, 124, 4 412
lim a, = lim ————,
n—00 n—oo  ,_1 + 13

which gives:
120 +12
L4137
since lim,, oo Gp—1 = lim,,_yo0 @, = L.
The equation above implies that:

L*+L—-12=0,

which gives L = 3 or L = —4. Since the sequence {a,} is bounded below by 0,
we may eliminate the case L = —4.
We conclude that:

lim a, = 3.
n—o0

1.1.4 Sandwich Theorem

Theorem 1.8 (Sandwich Theorem for Sequences). Let {a,}, {b,}, {c.} be se-
quences such that:
p < by < cp



for all n sufficiently large. If

lim a, = lim ¢, = L,
n—oo n—oo

then lim,,_.., b, = L also.
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