Math 1010 Week 3

Functions, Limits, Sandwich Theorem

3.1 Limits of Functions on the Real Line

Let f : A — R be a function, where A C R. Let a be a point on the real line
such that f is defined on a neighborhood of a (though not necessarily at a itself).

Definition 3.1. We say that the limit of f at a is L if for all ¢ > 0, there exists
0 > 0 such that | f(x) — L| < € whenever x satisfies 0 < |z — a| < 0.

If f has a limit L at a, we write:

lim f(x) = L.

Tr—a

Note that the limit may exist even if a does not lie in the domain of f.

Remark. Intuitively, lim f(x) = L means that the value f(x) approaches L as x
T—a

approaches a from either side, or that f(x) is very near L whenever x is very near
a. Obviously, the term "near" is somewhat vague, and it is precisely because of
this vagueness that mathematicians feel the need to define limits rigorously using
the "0-¢" language.
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Example 3.2. Consider f(x) = ? npR Note that the function f is not defined at
x
—2.
Observe that for x near —2, for example, v = —2.001, or x = —1.9999, we
have:

£(=2.001) = —4.001,
£(—1.9999) = —3.9999,

which are close to —4.



Moreover, as x "approaches" —2 (x = —2.001, —2.0001, —2.00001, .. .), we
have f(x) = —4.001, —4.0001, —4.00001. So, it appears f(x) approaches —4 as
x approaches —2. This suggests that the limit of f(z) at x = —2 is:

lim f(z)=—4.

r——2

This turns out to be true, and is not surprising, since we can rewrite f(x) as
follows:

(x4+2)(x—2) '
f(z) = x+2 At
undefined, ifv=-2.

B undefined, if v = —2.

Hence, all along we have really been asking what x — 2 tends to as x tends to
—2.

Definition 3.3. Let f : A — R be a function, where A C R is unbounded
towards +o00 and/or —oo. We say that the limit of f at co (resp. —oo) is L if for
all £ > 0, there exists a ¢ € R such that |f(z) — L| < € whenever x > ¢ (resp.
T < c)

If f has a limit L at co (resp —o0), we write:

lim f(z) =L (resp. lim f(a:):L)

T—r00 T—r—00

3.1.1 Some Useful Identities
In the following idenities, the symbol a can be either a real number or F-o0.

1. For any constant ¢ € R, we have lim ¢ = c.
Tr—a

2. limz = a.
T—a

3. If lim,,, f(z) = L, and lim,_,, g(z) = M, then:

o lim, ,,(f£g)(x)=L=£ M.
e lim, ., fg(z) = LM.
* L
lim L (z) = =
aclg}z g (JJ) M
provided that M # 0.



4. If lim,_,, f(x) = L, then:

lim(f(z))" =L" foralln e N={1,2,3,...},

r—a

and
lim {/f(z) = /L for all odd positive integersn.
Tr—a

In particular, for all positive integer n, we have:

lim 2" = a™.
Tr—ra

5. If lim,_,, f(z) = L > 0, then lim,_,, {/f(x) = /L forall n € N.
Example 3.4. Compute the following limits, if they exist:

r?—1
e lim ——
e——112%2 —br — 6

9 _
e lim \/E

z—4 16 — x2

3.2 WeBWork

1. WeBWorK

2. WeBWorK
3. WeBWorK
4. WeBWorK

5. WeBWorkK

3.3 One-Sided Limits

o We write l1m f(x) = Lif f(x) approaches L as x approaches a from the
right . We call this L the right limit of f at a.

e Similarly, we write hm f(x) = Lif f(z) approaches L as x approaches a
from the left . We call thls L the left limit of f at a.
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The limit lim f(z) is sometimes called the double-sided limit of f at a. It exists
Tr—a

if and only if both one-sided limits exist and are equal to each other. In which
case, we have:

lim f(x) = lim f(z) = lim f(x).

r—a r—a Tr—a~

Exercise 3.5. Define
r—1 ifl<z<2
flx) =q2x+3 if2<x<4,

x? otherwise.

Compute lim f(z) and lim f(x). Then, find lirr% f(z), if it exists.
x>

z—2+ T2~
Answers.
1.
li =7
o )
lim f(z)=1
r—2~

2. Since lim f(x) # lim f(x), the double-sided limit lim f(z) does not
. z—21 T2~ z—2
exist.

3.4 WeBWork

1. WeBWorK
WeBWorK
WeBWorkK
WeBWorK

woos »N

WeBWork

3.5 Sandwich Theorem for Functions on the Real
Line

Theorem 3.6. Let a € R, A an open neighborhood of a which does not necessar-
ily contain a itself. Let f, g, h : A — R be functions such that:

g(x) < f(x) < h(x) forallr € A,

4


?wb=content/default.wb&slide=10
?wb=content/default.wb&slide=10
?wb=content/default.wb&slide=10
?wb=content/default.wb&slide=10
?wb=content/default.wb&slide=10

and
lim g(z) = lim h(z) = L.

r—a r—a

Then, lim f(x) = L.

Tr—a

Similary,
Theorem 3.7. If f, g, h are functions on R such that:
9(x) < f(z) < h(x)
for all x sufficiently large, and
lim g(z) = lim h(x) =L,

T—00 T—00
then lim f(z) = L.
T—00

Exercise 3.8. Find the following limits, if they exist:

. sinx
e lim
T—>00 €T
. x4+ sz
o Jlim —
T—oo T — SIN T
Theorem 3.9. )
. sinz
lim =1.
z—0 X

Corollary 3.10.

Proof.

lim ——— = lim
x—0 ,I‘Q z—0 1'2

1—-cosz i 1—cosz 1+ cosz
1+ cosx
, 1 —cos’zx
=lim————
=0 22 (1 + cos x)
. sin? z
=lim ————
2—=0 22 (1 + cos x)

2
. 1
- lim ——
(x—m 1+ cos:c)



Corollary 3.11.

. 1—coszx
lim —— =
z—0 X

Exercise 3.12. Find the following limits, if they exist:

sin(5x)
im
20 tan(3x)

) 3 cos (%)
e lim
z—0 tanx

3.6 WeBWork

1. WeBWorK
2. WeBWorK
3. WeBWorK
4. WeBWork
5. WeBWorK
6. WeBWorK
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