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1. (a)

∫
sin2 2x sin 5x dx =

∫
1

2
(1−cos 4x) sin 5x dx =

∫
1

4
(− sinx+2 sin 5x−sin 9x) dx =

1

4
cosx−

1

10
cos 5x+

1

36
cos 9x+ C

(b)

∫
cos2 2x sin3 2x dx = −1

2

∫
cos2 2x sin2 2x d(cos 2x) = −1

2

∫
cos2 2x(1− cos2 2x) d(cos 2x) =

−1

6
cos3 2x+

1

10
cos5 2x+ C

(c) Let y = x− 2,∫
x− 2√

x2 − 4x+ 3
dx =

∫
y√
y2 − 1

dy

Let y = secu, then dy = secu tanudu,∫
y√
y2 − 1

dy =

∫
secu√

sec2 u− 1
secu tanudu =

∫
secu

tanu
secu tanudu =

∫
sec2 udu = tanu+

C =
√
y2 − 1 + C =

√
x2 − 4x+ 3 + C

(d)

∫
ex−1

1 + e2x
dx =

1

e

∫
ex

1 + e2x
dx =

1

e

∫
1

1 + (ex)2
d(ex) =

1

e
tan−1(ex) + C

(e)

∫
x sin−1 x dx =

∫
sin−1 x d(

x2

2
) =

x2 sin−1 x

2
−
∫
x2

2
d(sin−1 x) =

x2 sin−1 x

2
+

∫
x2

2
√
1− x2

dx

Let x = sinu, then dx = cosu du.∫
x2

2
√
1− x2

dx =

∫
1

2
sin2 u du =

∫
1

4
(1 − cos 2u) du =

u

4
− sin 2u

8
+ C =

sin−1 x

4
−

x
√
1− x2
4

+ C

Therefore,

∫
x2

2
√
1− x2

dx =
x2 sin−1 x

2
+

sin−1 x

4
− x
√
1− x2
4

+ C

(f) ∫
cos(lnx) dx = x cos(lnx)−

∫
x d(cos(lnx))

= x cos(lnx) +

∫
sin(lnx) dx

= x cos(lnx) + x sin(lnx)−
∫
x d(sin(lnx))

= x cos(lnx) + x sin(lnx)−
∫

cos(lnx) dx

∴
∫

cos(lnx) dx =
x

2
(cos(lnx) + sin(lnx)) + C

2. (a)

∫ 6

4

|2x− 1| dx =

∫ 6

4

2x− 1 dx = [x2 − x]64 = 18

(b)

∫ 2π

0

|1 + 2 cosx| dx =

∫ 2π/3

0

1 + 2 cosx dx +

∫ 4π/3

2π/3

−(1 + 2 cosx) dx +

∫ 2π

4π/3

1 + 2 cosx dx =

4
√
3 +

2π

3

1



(c)

∫ e

1

x2 lnx dx =

∫ e

1

lnx d(
x3

3
) =

[
x3 lnx

3

]e
1

−
∫ e

1

x2

3
dx =

2e3 + 1

9

3. (a) lim
n→∞

1√
n2

+
1√

n(n+ 1)
+ · · ·+ 1√

n(2n− 1)
= lim
n→∞

n−1∑
k=0

1√
n(n+ k)

= lim
n→∞

n−1∑
k=0

1√
1 + k

n

· 1
n
=

∫ 1

0

1√
1 + x

dx = 2(
√
2− 1)

(b) lim
n→∞

n∑
k=1

n

k2 + n2
= lim
n→∞

n∑
k=1

1

( kn )
2 + 1

· 1
n
=

∫ 1

0

1

x2 + 1
dx =

π

4

4. (a)
dy

dx
=

d

dx

(∫ sin x

0

sin(et) dt−
∫ x

0

sin(et) dt

)
= sin(esin x) cosx− sin(ex)

(b)
dy

dx
=

d

dx

(∫ x

0

sin(ex + et) dt

)
=

d

dx

(∫ x

0

sin(ex) cos(et) + cos(ex) sin(et) dt

)
=

d

dx

(
sin(ex)

∫ x

0

cos(et) dt+ cos(ex)

∫ x

0

sin(et) dt

)
= ex cosx

∫ x

0

cos(et) dt+ 2 sin(ex) cos(ex)− ex sinx
∫ x

0

sin(et) dt

(c) Let u = xt, then du = x dt. When t = 1, u = x; t = x, u = x2.

y =

∫ x

1

ext

t2
dt = x

∫ x2

x

eu

u2
du

dy

dx
=

d

dx

(
x

∫ x2

x

eu

u2
du

)
=

∫ x2

x

eu

u2
du+ x

d

dx

(∫ x2

x

eu

u2
du

)

=

∫ x2

x

eu

u2
du+ x

d

dx

(∫ x2

0

eu

u2
du−

∫ x

0

eu

u2
du

)
=

∫ x2

x

eu

u2
du+ x

(
e(x

2)

x4
− ex

x2

)

=

∫ x2

x

eu

u2
du+

e(x
2)

x3
− ex

x

5. Let u = a− x, then −du = dx. When x = 0, u = a; x = a, u = 0.∫ a

0

f(a− x) dx = −
∫ 0

a

f(u) du

=

∫ a

0

f(u) du

=

∫ a

0

f(x) dx (dummy variable)

By putting a = π/2 and f(x) =
cos3 x

sinx+ cosx
, we have

∫ π/2

0

cos3 x

sinx+ cosx
dx =

∫ π/2

0

cos3(π/2− x)
sin(π/2− x) + cos(π/2− x)

dx

=

∫ π/2

0

sin3 x

sinx+ cosx
dx

∴
∫ π/2

0

cos3 x

sinx+ cosx
dx =

1

2

∫ π/2

0

cos3 x

sinx+ cosx
+

sin3 x

sinx+ cosx
dx

=
1

2

∫ π/2

0

1− 1

2
sin 2x dx

=
π − 1

4

2



6. (a) Let u = a− x, then −du = dx. When x = 0, u = a; x = a, u = 0.∫ a

0

f(x)g(x) dx = −
∫ 0

a

f(a− u)g(a− u) du

=

∫ a

0

f(u)(M − g(u)) du

=

∫ a

0

f(x)(M − g(x)) dx (dummy variable)

= M

∫ a

0

f(x) dx−
∫ a

0

f(x)g(x) dx

2

∫ a

0

f(x)g(x) dx = M

∫ a

0

f(x) dx∫ a

0

f(x)g(x) dx =
M

2

∫ a

0

f(x) dx

(b) Put a = π, let f(x) = cos2 x sin4 x and g(x) = x. Then, we have f(x) = f(π − x) and

g(x) + g(π − x) = π. By (a), we have∫ π

0

x cos2 x sin4 x dx =
π

2

∫ π

0

cos2 x sin4 x dx

=
π

2

∫ π

0

cos2 x sin4 x dx

=
π

64

∫ π

0

2− cos 2x− 2 cos 4x+ cos 6x dx

=
π2

32

7. Note that for all 0 ≤ t ≤ x, we have et ≤
√
e2t + 1 ≤

√
e2t + e2t =

√
2et. Therefore

ex − 1 =

∫ x

0

et dt ≤
∫ x

0

√
e2t + 1 dx ≤

∫ x

0

√
2et dt =

√
2(ex − 1).

8. (a) For a < x < b, we have

F (x) =

(∫ x

a

[f(t)]2 dt

)(∫ x

a

[g(t)]2 dt

)
−
(∫ x

a

f(t)g(t) dt

)2

F ′(x) = [f(x)]2
(∫ x

a

[g(t)]2 dt

)
+ [g(x)]2

(∫ x

a

[f(t)]2 dt

)
− 2f(x)g(x)

(∫ x

a

f(t)g(t) dt

)
=

(∫ x

a

[f(x)]2[g(t)]2 dt

)
+

(∫ x

a

[f(t)]2[g(x)]2 dt

)
−
(∫ x

a

2f(x)f(t)g(x)g(t) dt

)
=

∫ x

a

[f(x)g(t)]2 − 2f(x)f(t)g(x)g(t) + [f(t)g(x)]2 dt

=

∫ x

a

((f(x)g(t)− f(t)g(x))2 dt

≥ 0

Also, F (x) is continuous at x = a and x = b, so F (x) is increasing on [a, b].

3



Therefore,

F (b) ≥ F (a)(∫ b

a

[f(x)]2 dx

)(∫ b

a

[g(x)]2 dx

)
−

(∫ b

a

f(x)g(x) dx

)2

≥ 0

(∫ b

a

[f(x)]2 dx

)(∫ b

a

[g(x)]2 dx

)
≥

(∫ b

a

f(x)g(x) dx

)2

(b) Putting a = q, b = p, f(x) =
1

x
and g(x) = 1, we have

(∫ q

p

1

x2
dx

)(∫ q

p

1 dx

)
≥

(∫ q

p

1

x
dx

)2

(
1

p
− 1

q

)
(q − p) ≥

(
ln

(
p

q

))2

(q − p)2

pq
≥

(
ln

(
p

q

))2

ln

(
p

q

)
≤ p− q

√
pq

4


