
1a. Find limn!1
P

k=1

n 1

n+ k
.

Solution

lim
n!1

X
k=1

n
1

n+ k
= lim
n!1

X
k=1

n
1
n
� 1

1+
k

n

=

Z
0

1 1
1+x

dx= ln(1+ x)jx=0x=1= ln2:

1b. Show that limn!1
1

n
fsin t

n
+ sin2t

n
+ ���+ sin (n¡ 1)t

n
g= 1¡ cos t

t
.

Solution

lim
n!1

1
n
fsin t

n
+ sin

2t
n
+ ���+ sin

nt
n
g= lim

n!1

X
k=1

1
n
sin

kt
n

=

Z
0

1

sin(tx)dx

=¡1
t
cos(tx)jx=0x=1=

1¡ cos t
t

:

2. If f is continuous on [a; b], prove that there exists � 2 (a; b) such that
R
a

b
f(x)dx=

(b¡ a)f(�).

Solution De�ne F (x) =
R
a

x
f(x)dx, then F 0 = f and F (b) ¡ F (a) =

R
a

b
f(x)dx. By

mean value theorem, there exists � 2 (a; b) such that

F (b)¡F (a)
b¡ a =F 0(�)= f(�):

3a. Use the de�nition of de�nite integrals to show that����Z
a

b

f(x)dx

����6Z
a

b

jf(x)jdx:

Solution Because that ¡jf(x)j6 f(x)6 jf(x)j, hence

¡ lim
n!1

X
k=1

n

jf(xk)j�xk6 lim
n!1

X
k=1

n

f(xk)�xk6¡ lim
n!1

X
k=1

n

jf(xk)j�xk:

By de�nition of de�nite integrals

¡
Z
a

b

jf(x)jdx6
Z
a

b

f(x)dx6
Z
a

b

jf(x)jdx:

So ����Z
a

b

f(x)dx

����6Z
a

b

jf(x)jdx:
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3b. Use the above to show that

lim
n!1

Z
0

2� sin(nx)
x2+n2

dx=0:

Solution

j
Z
0

2� sin(nx)
x2+n2

dxj6
Z
0

2�

jsin(nx)
x2+n2

jdx

6
Z
0

2� 1
x2+n2

dx

6
Z
0

2� 1
n2
dx=

2�
n2

By squeeze theorem, the limit holds.

3c. SolutionZ
1

2 dx

(x2¡ 2x+4)3/2
=

Z
1

2 dx

[(x¡ 1)2+3]3/2

================================================================================================================================================================== =
let (x¡1)= 3

p
tanu

Z
0

�/6 3
p

sec2udu
(3+3tan2u)3/2

=

Z
0

�/6 3
p

sec2udu
[3sec2u]3/2

=
1
3

Z
0

�/6

cosudu=
1
3
sinuj0

�/6=
1
6
:

3d. SolutionZ
x ln(x+3)dx=

1
2

Z
ln(x+3)d(x2)

=
1
2
[x2ln(x+3)¡

Z
x2d(ln(x+3))]

=
1
2
[x2ln(x+3)¡

Z
x2

x+3
dx]

=
1
2
[x2ln(x+3)¡

Z
(x¡ 3+ 9

x+3
)dx]

=
1
2
x2ln(x+3)¡ 1

2
(
1
2
x2¡ 3x+9ln(x+3))+ c:

So
R
0

1
x ln(x+3)dx=

5

4
¡ 4ln4+9ln3/2:

3e. Find
R
0

� x sinx
1+ cos2xdx (hint: try x= �¡ y).'
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Solution Let x= �¡ y, I =
R
0

� x sinx
1+ cos2xdx, so

I =

Z
0

� x sinx
1+ cos2x

dx=

Z
0

� (�¡ y)sin y
1+ cos2y

dy

=�

Z
0

� sin ydy
1+ cos2y

¡
Z
0

� y sin y
1+ cos2y

dy

=�

Z
0

� d(cos y)
1+ cos2y

¡ I

=� arctan(cos y)j0
�¡ I = �2/2¡ I:

So I = �2/2.

4. More inde�nite integral exercises:

4a.
Z

dx
1¡ cosx

Solution Z
dx

1¡ cosx
=

Z
1

2 sin2x
2

dx=

Z
1

sin2x
2

d (
x
2
)=¡cot x

2
+ c:

4b.
Z

tan5xdx

Solution Z
tan5xdx=

Z
sin4x sinxdx

cos5x

=¡
Z
(1¡ cos2x)2d(cosx)

cos5x

============================================================================================= =
let t=cosx ¡

Z
(1¡ t2)2dt

t5

=¡
Z
(t¡5¡ 2t¡3+ t¡1)dt

=
1
4
t¡4¡ t¡2¡ logjtj+ c

=
1
4
(cosx)¡4¡ (cosx)¡2¡ logjcosxj+ c:

4c.
Z

cos5x sin3xdx

Solution Z
cos5x sin3xdx=

Z
(1¡ sin2x)2sin3xd(sinx)

=========================================================================================== =
let t=sinx

Z
(t3¡ 2t5+ t7) dt

=
1
4
t4¡ 1

3
t6+

1
8
t8+ c

=
1
4
sin4x¡ 1

3
sin6x+

1
8
sin8x+ c:
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4d.
Z

dx
cosx sin2x

SolutionZ
dx

cosx sin2x
=

Z
cosxdx

cos2x sin2x

=

Z
d sinx

(1¡ sin2x)sin2x

======================================================================================== =
let t=sinx

Z
(
1
t2
+

1
2 (t+1)

¡ 1
2 (t¡ 1))dt

=¡1
t
¡ 1
2
log (1¡ t)+ 1

2
log (t+1)+ c

=¡csc (x)¡ log
�
cos

�
x
2

�
¡ sin

�
x
2

��
+ log

�
sin

�
x
2

�
+ cos

�
x
2

��
+ c

4e.
Z

dx

(1¡x2)3/2

Solution Z
dx

(1¡x2)3/2
=============================================================================================================================================================== =
x=cos t;t=arccosx

Z
d cos t
sin3t

=¡
Z

1
sin2t

dt=¡cot t+ c

=
x

1¡x2
p + c

4f.
Z
x2 16¡x2
p

dx

Solution Z
x2 16¡x2
p

dx====================================================================================================================================================================================================== =
x=4 sin t;t2[¡�/2;�/2]

Z
16 sin2t4 cos td sin t

=64
Z

sin2t cos2 tdt

=16
Z

sin2 (2t)dt

=8

Z
(1¡ cos 4t)dt=8t¡ 2sin 4t+ c

=
1
4
x 16¡x2
p

(x2¡ 8)+ 32 sin¡1
�
x
4

�
+ c

4g.
Z

dx

(4x2+1)3/2
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Solution Z
dx

(4x2+1)3/2
=========================================================================================== =
x=tans/2

Z
d (tan s/2)

sec3t

=

Z
1
2
cos sds=

1
2
sin s+ c=

x

4x2+1
p + c

4h.
Z

dx

(2x¡x2)3/2

Solution Z
dx

(2x¡x2)3/2
=

Z
1

[1¡ (x¡ 1)2]3/2
d (x¡ 1)

=refer to Problem 4e:

4i. In=
Z

1
sinnx

dx, show that In=¡ cosx
(n¡ 1)sinn¡1x +

n¡ 2
n¡ 1In¡2; n> 2.

Solution

In=¡
cosx

(n¡ 1)sinn¡1x +
n¡ 2
n¡ 1In¡2; n> 2:

In=

Z
cos2x+ sin2x

sinnx
dx

=

Z
cosx
sinnx

d(sinx)+ In¡2

=
cosx

sinn¡1x
¡

Z
sinx (

cosx
sinnx

)0dx+ In¡2

=
cosx

sinn¡1x
+

Z
n cos2x+ sin2x

sinnx
dx+ In¡2

=
cosx

sinn¡1x
+nIn+(2¡n)In¡2

hence the result.
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