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1. (20 marks) Find % where:
x

2 + bx
(a) v = 1—e®

dy _ (423 +5)(1 — e”) — (—e”)(z* + 5x)
dx (1 —e")?

B 423 + 5 — 4x3e® — e + xte” + bre®
N (1 —er)?

e®(xt — 4x3 + 5x — 5) + 423 + 5
(1 —e)? '

(b) y = sin (\/M)

d

Y = cos (Valur) e
—~ = oS zlny ) ———(lnzx +1
dz 2 :I;lnx( )
cos (\/xln q;) (Inx +1)
B 2vVxInzx '



(c) ysinx +xcosy =1

d d
—ysinerycosx—i-cosy—xsiny—y =0
dx dx

dy  ycosx+cosy
de  xsiny —sinz’

(d) 2v =y, x>0
Obiviously y > 0. Since ylnx = Iny,

dy y ldy

A | -4

dx nx—i—x y dx
1

Y= )@

x Y dx

dy y/x

de  (1—ylnx)/y

dy v’



2. (15 marks) Evaluate the following limits.

sin x

!
(a) 20~ |z| + 4z

. sin x
= lim ———
z—0- —x + 4x

. sinx
= lim
x—0~ 31’

. lsinx
= lim -
=03 X

(b) lim 27

xr——+00 T

Since —1 <sinz < 1,

—1 sin x 1
— < < = forxz > 0.
T T T
—1 1
lIim — = lim — =0.
x—+o0o I x—+00 I

sinx
=0.

By the sandwich theorem, lim
T—r—+00 €T

(¢) lim (z—+va?2+1)

T—-+00

. (r=V22+ D (x+ Va2 +1)
= lim
z—+00 x4+ Va2 +1

1
= lim

zotoo 4 /a2 4+ 1




3. (15 marks) Let a,, be the sequence defined by

U1 =1 — (a, —1)%, forn > 1
1

alzm.

(a) Show that 0 < a, <1 for any n > 1.
Solution:
We already have 0 < a; < 1. Suppose that 0 < a,, <1, then
1<a,—1<0
= 0< (g, —1)2<1
= —-1< —(a, —1)?
=0<1-—(a,—1)>
= 0<apy <1
By induction,
0<a, <1 foranyn>1.

<0
<1

(b) Show that a,.+1 — a, > 0 for any n > 1.
Solution:
Upi1 — An =1 —(a, —1)? —a, = —a2 + a, = a,(1 — a,).
Since 0 < a, <1, a,(1 —a,) > 0. Then a, 41 — a, > 0.

(¢) Explain whether the limit of a,, exists and find the limit if it exists.
Solution:
Since the sequence a,, is bounded and monotonic increasing, the limit exist.
Let the limit be a,.
aln e = B0 = (an =17 =1 = (Ji 0, = 1)
ao=1—(a,—1)*=a?>—a,=0=a,=1or0.

But the sequence is monotonic increasing and a; > 0, so a, = 1.



4. (20 marks) Let n be a positive integer. Let:

22, ifx <O0;
f(z) =

x™,  iftx > 0.

(a) Find f'(z) for z > 0.
Solution:

f'(z) = nx" L.

(b) Find all positive integers n such that:
i. f'(0) exists.
ii. f”(0) exists.

(Recall that by definition f'(z) = lim flx+ h})L — f(z)

h—0 )
Justify your answers.

Solution:

n > 2 for (i).

n > 3 for (ii)

When n =1,
22, ifx <0; 322, ifxz <0

fz) = and f'(z) =

x, if x> 0. 1, if v > 0.

f'(0) does not exist at = 0 since right limit does not equal left limit. So f”(0)

does not exist.

When n = 2,

23, ifx<0; 322, if x <0;
flz) = and f'(z) =

2%, if x> 0. 2z, ifx>0.

In particularly, f/(0) = 0.

/ ! 2 _
limf(:chh) f(x):hm 3h O:O
h—0— , hh , h—0— ol 0
i L EFN =S @)y 220
h—0t h h—0t+ h

So f”(0) does not exist.






5. (15 marks) Let f be a function which is continuous on [a, b], differentiable in (a, b)
and satisfies f(a) = f(b) = 0. By considering the function e*/* f(x), show that for

any non-zero real number s there exists d € (a,b) satisfying

sf'(d) + f(d) = 0.

Solution:

Let h(x) = e*/* f(x), then h(x) is a function which is continuous on [a, b], differen-
tiable in (a, b) too and satisfies h(a) = h(b) = 0.

By the mean-value theorem, there exists d € (a,b) satisfying

B(d) = —h(bl)) — Z<“> =0

1(d) = (1/s)e?* f(d) + e¥* f'(d) = 0.

Since e¥/* # 0, sf'(d) + f(d) = 0.



6. (15 marks) Determine whether there is any function satisfying all of the following

conditions:

(i) f is differentiable in (0, 2).
(ii) f is continuous on [0, 2].

(iii) f satisfies f(0) =1, f(2) = 10, f'(x) < 2, for each x € (0, 2).

Give an example of such a function if you think “yes”, or explain why no such
functions exist if you think “no”.

Solution:

No such functions exist.

Suppose there is such a function f satisfying conditions (i) and (ii).

By the mean-value theorem, there exist ¢ € (0, 2) satisfying

o) = f(2)—f(0) 10-1 9

20 50 g~ < Whc does not satisfy (iii)




