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1. (12 marks) Evaluate the following.

3__2_3
(a) lim 22— ¥ 7T _

x—1 ]_ — X
Solution:
| 3—x—a?—28 .
lim T (§ type)
127 — 342
= 11rr% xl ’ (By L’Hopital Rule)
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z3cosx
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Since sin 2 and cos x are bounded functions and Vk € N L0 asz— 00

(¢) lim (x —+va?—8x+3) =
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Solution:
2?2 — 2%+ 8v —
T —Vr2—-—8r+3= —4asz — +o0

\/27
T +Vx 8t + 3 1+ g %



2. (16 marks) Find dy if

(d)

dx
_ e2z
y= 1+
Solution:

y = In(2 4 sin(1 + 3x))

Solution:

dy 1 ~ 3cos(1+ 3x)

cos(1 + 3x)(3)

dr 2 +sin(1 + 3x)

zy? +cos(z +y) =1

Solution: p y
, y y
a9 14 27y =
y +x(2y)dx —|—sm§x—|—y)( + dx) 0
(2zy + sin(z + y))% = —y’ —sin(z +y)

dy —y*—sin(z+y)
dr — 2xy+sin(x +y)

y = (Inz)”

Solution:
dy
dr  dzx

d
— _e:cln(lnx) — ezln(ln:r:) <1H(IDIL’) + 1_ .

2 +sin(1 + 37)

(Inz)* *(Inzln(lnz) + 1)



3. (10 marks) Evaluate the following limits.

(a)

(b) lim

. tan™' x . _ _
lim ————— (tan~'x = arctan x is the inverse of tangent.)
=01 —/1—x

Solution:
) tan~! x 0
lim

e S e
lim —— /—1—x(0 ype)
1

. 1 2 ) :
= glglg(l) 1+——xl (By L’Hopital Rule)

_5\/1 —x
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Solution:
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in z — In(1
iy S0 n(l+ z) (Qtype)

=0 sinzln(l4+2z) 0
COST — 7
— lim +t2 ____ (By L'Hopital Rule)
=0 sinz
coszn(l+x) +
1+
1 -1 0
 lim (x+1)cosx Cype)

=0 (x + 1) coszIn(z + 1) +sinz "0
' cosz — (1 +a)sinz
= lim

x—0

1
cosxIn(l4+z) — (1+x)sinzIn(l +z)+ (1 + ) cos 7

+x
(By L’Hopital Rule)
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4. (12 marks) Let a, be the sequence defined by

(a)
(b)
()

1
pi1 =3— —, forn>1

CL1:1.

Show that 1 < a, < 3 for any n > 1.
Show that a,,1 — a, > 0 for any n > 1.

Explain whether the limit of a,, exists and find the limit if it exists.

Solution:

(a)

(b)

Vn > 1, let P(n)be the proposition 1 < a,, < 3.
ap =1

Hence, P(1)is true.

Assume 3k > 1 s.t. P(k) is true. ie. 1 <a; <3
Then, when n =k + 1,

1 1
1§3—I§3——:ak+1§3— < 3 (By assumption)
a

1

k 3
Hence, P(k + 1) is also true.

By the principle of Mathematical Induction, P(n) is true Vn > 1.

Vn > 1, let P(n)be the proposition "a,.1 — a, > 0.
When n =1,

a2:3—%:2

a9 — a1 = 1
Hence, P(1)is true.
Assume Jk > 1 s.t. P(k) is true. ie. agp1 —ar >0

Then, when n =k + 1,
1 —
3y =T TG (By assumption and (a))
Ak+1 Qg Q41
Hence, P(k + 1) is also true.

Apt2 — Qpy1 = 3 —

By the principle of Mathematical Induction, P(n) is true Vn > 1.

By (a), a, is bounded, by (b), a,, is monotonically increasing.
By Monotone Convergence Theorem, limit of a,, exists.

Let L denote limit of a,,,

By (a),1<L<3

L=3- 1

L
L*-3L+1=0

;_3-V5 3+45

(rejected) or L = 5




5. (15 marks) Let
z?sin(ln [z]), if x # 0

flz) =
0, if v =0.

(a) Write down the first derivative of the function In |z| for  # 0. No working

steps or proof is required.
(b) Find f'(x) for x # 0.
(c) Find f'(0).

(d) Explain whether f'(x) is differentiable at x = 0.

Solution:

(0) ~-(ine]) = 1

(b) Vx # 0, f'(x) = 2zsin(In |z|) + 2* cos(In |z|) !

- = x(2sin(In[z]) + cos(In |z]))

h) — 7(0 h?sin(In |h
(c¢) Consider f(h) ; 1(0) = sm§Ln| J = hsin(In|h|) > 0ash — 0
since sin z is a bounded function.
ie. f/(0)=0

(d) Consider Jith) = 110)

h
_ h(2sin(In |h]) + cos(In |h])) — 0 (By (b) and(c))

h
= 2sin(In |h]) + cos(In |A|)
Vn > 1, let z,, = exp(—nm).

r, — 0as n — oo.

f'(xn) = f'(0)

Tn
= 2sin(In |z,|) + cos(In|z,|)

Then, consider

= 2sin(—nm) + cos(—nm)

= (-1

(—1)™ is not a convergent sequence.

Therefore, f'(z) is NOT differentiable at x = 0.



6 (15 marks) Let f(z) be a function such that f’(x) is strictly decreasing.

(a) Prove that f'(x +1) < f(z+1) — f(z) < f'(x) for any z.
(b) Prove that

@)+ F@2)+ f3) < fB3) = £(0) < f1(0) + f/(1) + f'(2).

Solution:

(a) By Mean Value Theorem,
dc € (z,z+ 1) s.t.
flz+1) = f(x)
/
= = 1 —_—
fio) = TEEDZIO 1) pa
Since f'(x) is strictly increasing,

fle+1) < fi(e) = flz+1) = flz) < fz)
(b) By (a), we have
) —

f'(3) < f(B) = f(2) < f(2)
f(2) < f2)—f1) < (1)
f(1) < f(1) = f(0) < f'(0)
Sum these 3 inequalities up, we have,

@)+ F@2)+ 3) < fB3) = f(0) < f1(0) + f/(1) + f'(2).

END OF PAPER



