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1 Preliminaries

1.1 Trigonometric identities

Exercise 1. (Level 1)
Let a,b, 0 be three real numbers. Prove that

|asin® + bcos | < \/a? + b2

Solution.

lasing +bcosf] < /]asind + bcosB|2 + |acosb — bsin 0|2

= Va2 +b?

Exercise 2. (Level 1/Level 2)

Using the well-known formula cos a 4 cos 5 = 2 cos # cos #, prove that
om 4 T m
cos — + cos — = cos —.
12 4 12
Solution. Using the well-known formula cos « + cos 8 = 2 cos # cos #, we obtain that
5 St 4 m Sm _m
cos%—i—cos% = 2cos 12 5 4 cos 42 5 4 :2cosgcosl7r—2 :cosl%.

Exercise 3. (Level 3)

Using tan(A + B) = {a2AttanB. o}y that

tan"'1 +tan"'2 + tan" '3 = 7.

Solution. Using tan(A + B) = {2pdftanB ‘one getg

tan(tan~' 14 tan~' 2 4 tan~' 3)

tan(tan=! 1 + tan~! 2) + tan(tan~! 3)
1—tan™1 1+ tan~!2)tan(tan! 3)

tan(tan=! 1) + tan(tan=! 2) + tan(tan~! 3) — tan(tan=! 1) tan(tan—! 2) tan(tan—! 3)
1 —tan(tan=' 1) tan(tan! 3) — tan(tan=! 2) tan(tan=! 3) — tan(tan=' 1) tan(tan~" 2)
1+2+3-1-2-3
1 —tan(tan=! 1) tan(tan~! 3) — tan(tan—! 2) tan(tan~! 3) — tan(tan=! 1) tan(tan—" 2)

= 0.

The result follows.



Exercise 4. (Level 3/Level 4)

Using tan(A + B) = janddianB. ooy that

¢ o 4t T 4t T ¢ 4
an — -+ tan — + tan — = tan —.
18 3 18 9
Solution. Write o = 5%, 8= % v =TT and § = %. Using tan(A 4+ B) = {224t b ,nq tan T = /3, we have

tan o tany
= tan(f — 0) tan(8 + 9)
V3 —tand /3 +tand
1++3tan?61 —+/3tan? 4§
3 —tan?d
1—3tan?6’

_ tanA+tan B _ tan A4+tan B+tan C—tan Atan Btan C
Iterate tan(A + B) ~ l1-tanAtan B to get tan(A + B+ C) T 1—tan Atan B—tan BtanC—tan Atan C* So

3tand — tan3é 3 —tan?6

tan(35) = m = tan (Sm = tanatan’ytan(s

which implies the result by tan A = 1/tan(§ — A).
1.2 Mathematical Induction
Exercise 5. (Level 2)
A sequence {a,} is defined as follows:

1 1

a; = - and ——=2n+5 forn=1,2,3,---.
5 Gn41 Qnp

Show that a,, = m forn=1,2,3,---.

Solution. Let P(n) be the statement that a, = m.

e Whenn=1,a; =+

L= m, hence P(1) is true.

1

e Suppose P(n) is true for some natural number n, i.e. a, = o for some natural number n.

Then,

1
= —+2n+5
Ap+1 anp,

= n’+4n+2n+5
= (n+1)2+4(n+1).

Therefore, an4+1 = m, hence P(n + 1) is true.



By mathematical induction, P(n) is true for all natural numbers n.

Exercise 6. (Level 2/Level 3)

(a) Prove that, for n € N,
" — yn — (.’L’ _ y)(x"_l 4 xn—Qy I xyn—2 + yn—l).

(b) Factorize a* + a? + 1.

Solution. (a) Let P(n) be the statement that 2 — y" = (z —y) (2"t + 2" 2y + - + 2y" 2 + y"71).

e When n =1, P(1) is true by direct checking.

e Suppose P(n) is true for some natural number n, i.e. 2" —y" = (z—y)(z" 1 +a" 2y+- - +ay" 24y

for some natural number n.
Then,

anrl _ yn+1 — xn+1 _ xyn 4 xyn _ yn+1

= z(@" —y")+y"(z —y)
= a(z—y) @+ Y+ oy Py )y (@ )
= (@—yE"+2" Y+ ay" T +y").

Therefore, P(n + 1) is true.

By mathematical induction, P(n) is true for all natural numbers n.

(b) Take x = a?,y = 1 and n = 3 in the previous part. Then we get a* + a? + 1 = sz = ““;;Sf*” =
@ladl (g2 g4 1)(a®+a+1).
L]
Exercise 7. (Level 4)
Show that for every positive integer n, there are r, ¢,,- - , ¢y such that TNU{0}, ¢, =1, ¢; € {0,1} for 0 < j <r

and
n=c2"+c_ 12" T+ 12+ ¢

Remark: Such a representation is unique.

Solution. Let P(n) be the statement that there are r, ¢,,---, ¢y such that » € NU{0}, ¢, = 1, ¢; € {0,1} for
0<j<rand
n=c2"+cr 127 0124 ¢

e When n =1, take r = 0 and ¢y = 1. Then P(1) is true as 1 = 02° + 1.



e Suppose P(m) is true for 1 < m < k, i.e. there are r, ¢,,---, ¢o such that r € NU {0}, ¢, =1, ¢; € {0,1}
for 0 < j <rand
m=c2"+cr_12" " 4 4 12 + .

We want to show that there are r',c;,, -+, cj such that 7 € NU{0}, ¢, = 1, ¢; € {0,1} for 0 < j <7’ and
k=dc.,2"+c, 27+ 24 ).

Consider two cases according to the parity of k. First, suppose k is even. By induction hypothesis, there
are r, ¢, --- ,co such that r € NU{0}, ¢, =1, ¢; € {0,1} for 0 < j < r and

k
9= 2+ 127 4 2 + o,

then
E=c, 2"t 46,120+ 4 122 + 02

We set 7' =7 +1, ¢ =0 and ¢} ; = ¢; for 0 < j <r. Thus, there are 1/, ¢/, -+, cj such that v’ € NU {0},
¢ =1,¢;€{0,1} for 0 < j <7’ and

k=c.2 +c, 27 4 2+ ).

Now suppose that k is odd, that is, k = 2m + 1 for some m < k. Apply the induction hypothesis on m.
There are 7, ¢,,- -+, ¢o such that r e NU{0}, ¢, =1, ¢; € {0,1} for 0 < j < r and

m=c2"+c 12" 4+ 412 + o,

then
k=2t 4, 1274+ 122+ 02+ 1.

We set 7' =7 +1, ¢ =1and ¢}, =¢; for 0 <j <r. Thus, there are 7', ¢, -+, ¢y such that v’ € NU {0},
¢ =1,c;€{0,1} for 0 < j <7’ and

k=c.2 +c, 27 4 2+ ¢

Therefore, P(k) is true.

By mathematical induction, P(n) is true for all natural numbers n.



2 Sequences
2.1 Intuitive definition of limits of sequences

Exercise 1. (Level 2)
Evaluate the following limits.

n5+n27n+1

3nS5+4(n+1)*+2(2n—1)2

®) o

(b) lim (¢/n?+1— V/n?)

n—oo

(¢) lim {[(n+1)F —n?| (VaF1- )}

n—oo

(d) tm [(1-5) (1=5) (1 55)]

n—oo

Solution. (a)

lim nd4+n?-—n+1 — im 1—1—%—#—1—%
n=oo 3nS +4(n+ 14 +22n —1)2  noeo 3+ 214 1)1 4 22 1)2
_ 1
B
(b)
lim (v/n2+1— Vn?)
n— oo
= lim (Vn2+1— Vn2 V(2 +12+ Yn’(m? +1) + v n4)
n—oco \3/(”2_’_1)24_ f/nQ(nQ—Fl)—i— N
i 1
= lim
n—oco \:3/(”2_1_ 12+ {”/n2(n2 +1)+ N
= 0
(©)

i n
n—ro0 (n+1) Vn+1++/n
—  lim 2 +3n+1
o (D)2 +n2)(Va 1+ Vi)
3 1
= lim St

T+ L (/1 L+

3
1



lim
n— o0

n— oo

= lim
n— o0

n—oo

Exercise 2. (Level 2)
Let a € R. A sequence {u,} is defined by

(a) Show that u, = + [1 - 1+a71n+1}

uﬂ

an

T 14 art

(b) Discuss the behaviour, as n — oo, of the sequence {u,} for the cases

() lal > 1,
(i) |af <1,
(iil) a =1,

(iv) a = —1.

(Hint: You may use lim ™ = £oo for |a| > 1 and lim " =0 for |a|] < 1.)
n—oo n— oo

Solution. (a) Straightforward.

(b)

(i) For |a| > 1, using the well-known limits lim a™ = fo0, one gets

n

— 00

lim u, = lim 1 17# :l.
n—co @ 1+ aqntl a

n—0o0

(ii) For |a| < 1, using the well-known limit lim a™ = 0, we have
n—oo

(iii) For a =1, u, = % for all positive integers n, thus, lim w, =
n—oo

. o1 1

n—oo

(iv) For a = —1, the sequence becomes

The limit does not exist.

_

1
5

—1 ifnis odd

2
undefined

if n is even.



2.2 Monotone Convergence theorem

Exercise 3. (Level 2)

For each of the following sequence,

(i) Determine whether the sequence is monotonic;

(ii) Determine whether the sequence is bounded.

I S S
(b) ay = \/n27-:-21—n

Solution. (a) (i) For alln > 1,

1 1 n 1 1 1 n + 1
an —_ an = e — — e —
+ n+1l n+1 2n+2 n n+1 2n
o 11
 2n41 2n+2 n
< 1 1 1
2n  2n n
- 0
implying that {a,} is monotonic (strictly) decreasing.
(ii) Noting that
1 1 1 1 1 1 n+1
0< 4 —— b o < = F = e :
n n+1l 2n n n n n
this shows that {a,} is bounded.
(b) an = Y25t
(i) For alln > 1,
Ap+41
an
B n+12+1—-(n+1) n?
(n+1)2 Vvn2+1—-n
o n2 V/er P (1) /D)2 A (kD) T4
— (nt+1)? n2+1-n Vn2+1+n \/(n+1)2+1+(n+1)
B n? vn2+1+n
(m+1)?2/(n+1)2+1+(n+1)
< 1

implying that {a,} is monotonic (strictly) decreasing.

(ii) Noting that for n > 1

0=

vn?2 —n

2

n n n

this shows that {a,} is bounded.

Vvn?24+1l—n /n?2+n?
< 5 < 5 <

v2

< 3,

)



Exercise 4. (Level 3)

A sequence is defined by 1 = 1, 2,41 = %mn + w% forn > 1.
(a) (i) Show that z, > 3 for n > 2.
(ii) Prove that z,41 < z,, for n > 2.

(b) Hence show that {z,} converges and find lim z,.

n—oo
Solution. (a) (i) Consider x,41 — 3. Then,
2 9
xn+1_3 = gxn'i'g_:&

_ 2z3 — 922 + 27

B 3x2

(T — 3)2(2z, + 3)

B 3x2 '

Note that zo > 3. Thus z,41 —3 > 0 for n > 2. Hence z,, > 3 for n > 2.
(ii) Noting that

Tntl —Tn = ZTp+ —5 —Tp
3 i
27— x3
N 32
(3 —x,) (22 + 2, +9)

N 3x2 ’
one gets x,11 < x, for n > 2 provided that z,, > 3 for n > 2.

(b) From parts (i) and (ii) of (a), {x,} converges by monotone convergence theorem. Let lim a,, = L. Then, by
n— oo

the convergence of sub-sequence,

. /2 9
Jig e =t (Gent
9 9
L = 42
3¢ 2

gives L3 = 27. On solving, it gives a real solution L = 3. Hence lim z, = 3.
n— oo

Exercise 5. (Level 4)
Let a; and by be any two positive numbers such that a; > b;. Let {a,} and {b,} be two sequences satisfying the

equations

for all positive integers n.
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(a) (i) Show that a, > b, for for all positive integers n.

(ii) Deduce that {a,} is monotonic decreasing and {b,,} is monotonic increasing.

(b) Show that both lim a, and lim b, exist. Hence prove that lim a,, = lim b,.
n—o0 n— 00 n—oo n— o0

Solution. (a) (i) We note that

an +bn (Van + vbn)?

Qi1 = bur = = anby = T >0

for n > 1. The results follows.

(ii) For n > 1, by previous part, we get

Gn +bn  an+ap
= Qp,
2 2

Ap+1 =

that is, {a,} is monotonic decreasing. Also, by similar arguments, one obtains, for n > 1,

bn+1 - anbn > V bn N bn - bn
which says that {b,} is monotonic increasing.

(b) From (a), we note that for n > 1
ay > Apy1 > bn+1 > by.

We see that {a,, } is monotonic decreasing and bounded below while {a,, } is monotonic increasing and bounded

above. By monotone convergence theorem, both lim a, and lim b, exist. Let lim a, = Aand lim b, = B,
n—o00 n—o0 n—oo n—r00

then, by the recurrence relation, we have

. . ay, + by,
lim apy1 = lim
n—oo n—oo

so A= A"Q’—B, hence A = B. Therefore, lim a,, = lim b,, is obtained.
n—oo

n—00

Exercise 6. (Level 4)

The two sequences of positive integers {a1,as, -« ,an, -}, {b1,b2, -+ , by, -} satisfy the following conditions:
a1 =b=1 and apy1 = ay+ 2b,, byy1 =a, + by,
for all positive integers n.
(a) Prove that for each positive integer n,
an>n, by >n and a2 — b2 = (—1)".
(b) (i) Deduce from (a) that

%<\/§ if n is odd, Z—n>\/§ if n is even,
n n

and

Uny2  an  2(=1)"H

bnsz  bn  bp(2an + 3by)



azk—1

(ii) Hence show that the two sequences {72*=

k=1,2,3.
same limit /2.

Solution. (a) Forn=1,a; =b; = 1.
Suppose that a,, > n, b, > n. Then

Op41 =0p+2bp, >n+2n>n+1 and bypy1 =ap +

By the principle of induction, the results are true for all positive integers

an + 2b,)% — 2(a, + b,)? = —(a? — 2b?), one gives that
n n

ai*%i = *(ai 1*21’121 1

)

L a% — Qb%)

(b) (i) Using (a), if n is odd, one gets a2 — 2b2 = —1 < 0 implying that
a? —2b2 =1 > 0 implying that (by (a), = >0) 3> V2.

Again, by (a), we see that

-} and {32

11

k=1,2,3---} converge to the

bp>n+n>n+1.

n. Next, noting that aiﬂ — Qbiﬂ =

‘;—" < /2 and if n is even, one gets

An42 _ CL" An 41 + 2bn+1 o CL"
bn+2 bn Ap41 + bn+1 bn
_ Gpt byt 2an +4by ay
T an4bpta,+2b, by
2(az, — 2b7)
bn(2a,, + 3b,)
2(_1)n+1
bn(2an, + 3by)
(ii) From above results, we get (by (a), §* > 0) Z;’;E - Z;’j’ll = 1(2a2k21+3b% 5 > 0and 32+ — Z;"’;—‘:j =
bor 2 G 2+3b2k 5 < 0. Thus, {32=r :k=1,2,3--} is monotonic increasing and { ** : k =1,2,3---}
is monotonic decreasing. By (b)(i), {Z;:’i :k =1,2,3---} is bounded above by /2 and {f2e . k =

1,2,3-

-} is bounded below by /2, therefore, by monotone convergence theorem, both { bz’“ +} and

asg a2k —2 agzk __
{32} converge. Let hm 0o = = Ly and khj& 122 = Ly then
a2k —2
lim 926=1 _ agk—2 + 2022 lim P22 +2
Jim - = DI N N T
—00 02k—1 k—oo Qok_2 + bogp_o k—o0 v =+
and
a2k—1
. agg . agg—1+ 2bog 1 B T2
lim — = lim ——— = lim o ———.
k—o0 boy k—oo Qop_1 + bop_1 k—o0 +1

bok—1
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These set up two equations
Ly +2
Ly +1

L +2
T L+ 1

1 and L2

On solving, one obtains (by (a), ‘g—: > 0 implies that L; and Ly both are non-negative) L; = Lo = /2,

hence the results follow.
O

2.3 Sandwich theorem for sequences

Exercise 7. (Level 3)
Evaluate the following limits

vn+1

(a) lim =

n—oo

(b) lim =L

3
n—oo n

. sin?(n!)
(c) Jim =5

(d) lim sinh27(1n_2)

n—oo

Solution. (a) Note that for any positive integer n,

+1 V2 2
0< nzn < 2: < [
n n n
Together with lim % = 0, by sandwich theorem, we get lim V:Jl =0
n— oo Nn— 00

(b) Observe that for any positive integer n,

—n?—-1 (=1)"n?-1 n?-1
< < .

n3 n3 n3

n, 2
With this fact lim ”i;l = lim ”igl = 0, by sandwich theorem, one has lim (_1)717371_1 =0.

in?
(c) Since 0 < sin®(n!) < 1, then we have that 0 < %(,"') < L < L for all positive integer n. Hence lim 1 =0
: . n— oo
in?
gives lim smnw = 0 by the sandwich theorem.
n—oo °

(d) Recall that sinhz = 61_2671, then 0 < sinh?(n~2) < % < 1 for all positive integer n. Thus, it implies that

.12/ _9
sinh”(n 1
o< b 1
n n
12, 2
Therefore, because lim 1 =0, lim % = 0 by sandwich theorem.
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Exercise 8. (Level 3)

(a) For 1 <k < n, show that (n + 1 — k)k > n. Hence, deduce that (n!)? > n".

if exists.

. . 1
(b) Find nh_>rrolo ETi

Solution. (a) Observe that, for 1 < k <n,(n+1—-kk—-—n=(n—k)(k—1) >0, thatis (n+1—k)k > n.
Multiplying the inequalities (n + 1 — k)k > n from k =1 to k = n, we then get

(n)? >n".
(b) From the previ £, one has 0 < —— < ——_ Since lim —= — 0, by the sandwich th lim —— —
rom the previous part, one has v S o Since lim = =0, by the sandwich theorem, lim —7= =

0.

Exercise 9. (Level 3)
1 n 1
(2n)2  (2n+1)

1
5+ + 75, show that lim s, = 0.

Let s, =
oL s (3n) n—o0o

Solution. Observe that

2n + 1 < 1 . 1 T 1 < 1 n 1 T 1

(3n)2 — (3n)2  (3n)? (3n)2 — (2n)2  (2n+1)2 (3n)?
and

1 n 1 T 1 < 1 n 1 T 1 < 2n+1

(2n)2  (2n+1)2 (3n)2 — (2n)2  (2n)? (2n)2 = (3n)2 "’

Then % < s, < %;5%, together with lim % = lim % = 0, by the sandwich theorem, lim s, = 0 as
n—00 n—o00 n—00

desired. O

Exercise 10. (Level 4/Level 5)
(a) Let x be a positive real number. Prove that for any positive integer n greater than 1,

I4+2)">1+nz.

(b) Let t be any fixed positive number. Consider the sequence

A1,A2, " ,Qn, "

where a,, = V/t.

(i) Let ¢t > 1.
A. Show that a, > 1.
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B. Putting a,, = 1 + x,,, show that, for n > 2,

t—1
l<ap,<1l+——:.
n

C. Show that for ¢t > 1, 75lim an = 1.
—00
(ii) Show that for ¢t > 0, tlim an = 1.
— 00

(¢) For any k fixed positive numbers aq,asg, - - , ag, prove that the sequence

vn = {/af +af + +af

converges and find its limit.

Solution. (a) For any positive integer n greater than 1, using binomial theorem, one gets
A+2)"=1+nz+Cha*+-- +2" >1+nz.

(b) (i) A. Sincet > 1, a, > ¥Vt > 1.

B. By the previous result, a,, > 1 for n > 2. For the other inequality, consider (1+z,)". Using part (a),
we have t = (1 + x,)" > 1 4 nx,, therefore, x,, < % forn>2 Hencel <a, =14z, <1+ %
for n > 2.

t—1

C. Since lim

= 0, by sandwich theorem, we get lim a, = 1.
n—+o0o t—o0

(ii) We consider three cases:
e For ¢t > 1, by (b)(i), we get tlim an = 1.
—00

e Fort =1, a, =1 for all positive integers n. Then, tlim an = 1.
— 00

e For 0 < t < 1, Consider b, := ai = T\ﬁ for all positive integers n. Since % > 1, tlim b, = 1, by
n — 00

(b)(i), and hence tlggo an = 1.

(¢) Let a be the largest of the numbers aq,as, - -, ay, then

a< y/af +ai + - +ap <aVk

By above result, tlim {/k = 1, therefore, by sandwich theorem, we get
— 00

lim {/af +af + -+ a} = a.

t—o00



3 Limits of functions

3.1 Intuitive definition of limits of functions

Exercise 1. (Level 2)
Evaluate the following limits.

. 3_ 94
(a) lim 2=2e=]

(b) lim z4a?4ad o 4a—n
z—1 z—1

2
: 3
¢) lim &=L
( ) z oo TVTZ+1

(d) lim -—z=3

Tr——00 zVz2+1
() lim |2 (VoF2-2vaF1+va)|
r—+00

Solution. (a)

23 —2x—1

z—-1725 -2 —1

(b) Note that for any positive integer k, lim1
r—

i

zk—

1

(x+1)(2? —x—1)

.
et} (x+1)(z*—a34+ 22—z —1)
lim (2* — 2 —1)
a—-1 (zt —ad 4 22—z —1)
1
3

— lim E=DET T ) g Ten

z—1 z—1

. w4zt 4 a4 2" —n
m

r—1 x—1
g D@ D@Dt @ 1)
=y r—1
. x— . a? .x? oa"—1
= lim lim + lim + .-+ lim
m%lx—]_ x—1 1 — z—1 SL’—l r—1 1’—1
= 14+2+43+-+n
_ n(n+1)
= 5 .
(c)
I 22 +3 i 1+% 1
im —— = lim —%— =
r—=400 py/x2 + 1 T—+o00 1_|_L
‘,):2
(d) We have, by the substitution, y = —z, y — +00 as x — —o0,
: z® +3 : y*+3 : 1+
lim ——= lim ———u«<—-= lim ——=— = —1.
r——00 Z“/JUQ—Fl y—+o00 Yy /y2+1 y——400 1_’_%

)

15



lim [x% Vr+2-—-2Vz+1 +\/>)}

Tr——+0o0

= lim [x% x+2—\/ﬁ+\f—\/ﬁ)}

r— 400

(Vo +2—va+1) (Vo +2+Vr+1

16

. 3
= lim [x 2
T— 400

. 3
= lim |x2

Varitva+l

1

)_’_(\/5_

r——+o0

[Nl

= lim |z

v+ +\/JU+1

IR
(Ve —va +2)

. 3
= lim |x2

¢x+1)(ﬁ+m+1)ﬂ
Vr+Vr+1

)
)

Tr—r—+00

2

(VB VT D) (VE+ VT 2) )]
Vet 2+ Vet D(e+ Vet D(Va+ Vet 2)

(M)

= lim |«
T—r+00

= lim

(

(

(
w%w-(ﬁ++ﬁ%ﬂf+ﬁ+)

(

(

VT VETE VR VT

A \ (v T e o

3.2 Sandwich theorem for functions

Exercise 2. (Level 2)
Evaluate the following limits.

(a) lim x|sini|
z—0~

b hm sin tan x+tansin
( ) —+00 z+1

. z® 42 sin %
€T
(C) xll)TOO 547

: 3:62+sin S5x+cos Tz
(d) 111)5[_100 11z2+sin 13z+cos 17x

—2
L4 y/1+ 5

1+,/1+2)

Solution. (a) Since for z < 0, 0 < |sin 2| < 1, we get = < z[sin 1| < 0 for z < 0. Because lim x = 0, by the

sandwich theorem, lim z|sin 1| =0.
z—0~

rz—0~

(b) Provided that x is large enough, we have —1 < sintanz < 1 and —tanl < tansinz < tanl. Then

one has __14tanl < sin tan x+tansinx < 1+tan1'

x+1 x+1 r+1

lim sin tan x4+tansin © =0
T—+00 z+1

Because

lim
T—r+00

1+tanl
+1

= 0, by the sandwich theorem,
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(¢) When z is very large,
1
z° — 3 §x5+x3sin—2 §x5+x3.
T

Hence we get
. 1 '
x5 — 23 :E5+x3sm? x® 4+ a3

< )
A x5 4+ 7 - 4T

5 3 5 3
Let g(r) = L% and 2%

lim g(z)= lim h(z) =1,

xr——+00 xr——+00

5 .
2% 423 sin =
z

thus, by the sandwich theorem, we have lim s =1.
r—r+o0 x> 47
: 322 + sin 5x + cos Tz
(d) By sandwich theorem, we have lim =272 =(Qand lim <22 =0 for any n,m. Hence lim + - + =
To400 z5400 & z—+oo 1122 + sin 13z + cos 17z

sin 5z cosTx
im St T s
z—+o0 11 + sin 13z 4 cos17x 11°
2 2

3.3 Two important limits: lim (1 + 1) = e and lim 2% = |
T—+00 z z—0

Exercise 3. (Level 3)
Evaluate the following limits.

: 14sinxz—cosx
(a) alcl_r% 1+sin px—cos pz

(b) lim cot(a+2x)—2 cgt(a+m)+cota
z—0 z

2
im ——2x
(C) ;l1—>0 V1+zsinxz—+/cos x

: 1—cos z cos 2z cos 3z
(d) }/,IL% l—cosx

: (z4a)® T (z+b)* T
(e) :I;ETOO (I+a+b)2x+a+b

(f) lim \/1+:zsinlw71

x—0 er —

Solution. (a)

. .92 .
1+ sinx — cosx . 2sin %—&-smx

im -
z—0 1 + sin px — cos px



(b) Note that, by trigonometry identities,

cot(a + 2x) — 2cot(a + x) + cota
= cot(a + 2x) — cot(a + x) + cota — cot(a + x)

cos(a+2z) sin(a+z)—sin(a+2x) cos(a+x) + cos(a) sin(a+z)—sin(a) cos(a+z)
sin(a+2z) sin(a+x) sin(a) sin(a+xz)

—sinz n sinx
sin(a + 2z) sin(a + )  sin(a)sin(a + x)

sinx sin(a + 2z) — sin(a)
sin(a 4+ z)  sin(a + 2z) sin(a)

sin x 2cos(a + x) sinx
sin(a + ) sin(a + 2z) sin(a)

2cos(a + x)sin’® x

sin(a + 2z) sin(a + ) sin(a)

Hence, it implies that

. cot(a+ 2x) — 2cot(a + ) + cota
lim
x—0 x2

2cos(a + x)sin’ x

250 72 sin(a + 2z) sin(a + z) sin(a)

2cos(a + J;)Slf;#

250 sin(a + 2z) sin(a + z) sin(a)

_ 2cosa
 sinfa’
(c)
I s
im
=0 /1 4+ xsinx — \/cosx
B x? V1+xsinz + \/cosx

lim - . -
=0 /1 + xsinz — \/cosx 1+ zsinx + /cosz

22(v/1+ xsinx + \/cos 1)

= lim -

z—0 14+ zsinz —cosz

i 22(v/1+ xsinx + \/cos 1)
= lim

z—0 2sin? 5 +wsinw

. V1+zsinz + /cosx
= lim —
z—0 25111 2 +sinx

2 T

4

3



(d) First note that

one gets

and

1 — cosx cos 2x cos 3x

1—cosx

1 — cosx + cosx — cos x cos 2x cos 3x

1—cosx
1 — cos2x cos 3x
l1+cosg———m———
1—cosx
1 —cos2x + cos2x —cos2xcosd3x 1 —cos2z
1+ cosx- .
1 —cos2x 1—cosx
1 — cos3x 1 — cos2x
1+cosx- |1+ cos2x- .
1 — cos2x 1—cosx
1 — cos2zx 1 — cos3x
l1+cosx- — 4+ cosx-cos2x - —
1 —cosx 1—cosx

. 1——cosnx
lim ——
z—0 1 —cosx

1 — cosx cos 2x cos 3x

lim

z—0 1 —cosx

. 1 — cos2x 1 — cos3x
lim {14+ cosx+ — 4+ cosx -cos2x - ———
z—0 1—cosx 1—cosx
1+224+32

14.

19



lim

z—0

V14+xsine —1

er® — 1

(3’5 _,'_a)x—&-a(x + b)x+b
z—+oo  (x + a+ b)2rtath

(1+ %)x+a(1+ %)x-&-b

:L’Er}rloo (1 + (IT‘H?)2z+a+b
a z7a z1b
o LA )R] [+ 5]
» Ja+b
r—~00 |:(1+a7+17)1+%:| +
a\Z a\]® b\Z b\1P
lim [(1 +9)(1+%) [(1 +2)0 (1+Jbr ;)]
. a
ree {(1 4 oath) 3T (] 4 L‘HI)]
el . el
e2(a+b)
—a—b

I Vi+zsing—1 22
= lim

x—0 2 GIQ -1

V14 zsine —1+v1+asinz+1 22
m

= 1
z—0 2 Vit asine +1e” —1
I xrsinx 2
= lim
=0 22(/1+ zsinz + 1) e** — 1
. sinx 22
= lim = 3
=0 4/14+zsinz+1e* —1
_ 1
2

20



4 Continuity
4.1 Definition of continuity

Exercise 1. (Level 2)
The function f is continuous at = 0 and is defined for —1 < z < 1 by

Zn(1+2) if —1<2z<0

flz)=<b ifx=0
% if0<z<l.

Determine the values of the constants a and b.

Solution. Consider two-sided limits:

lim f(z) = lim 2aln(1+x)%

x—0~ x—0~

2a

and

z—0*t

f is continuous at 0, then 2a = b = 2, hence we get a =1 and b = 2.

Exercise 2. (Level 3)
Evaluate the following limits.

(a) lim (sinvz+1—siny/z)

r—+o0

x x x l
() lim (“H2+<)* (a,b,¢ > 0)

x—0

(d) lim (cos(xew)—gos(xefw))

x—0 z

Solution. (a) We have
lim (sin v+ 1—sin \/5)
T—+00
(cos x+1+\/§sin Tt _\/5>
2 2

= lim 2
T—+00

lim f(z) = lir{)l+ cosz(l++V1—22)=2.
T—

= lim 2 { cos x+1+\/§sin rHl-vevetltye
z—+o00 2 2 Ve+1+/z
. Ve+1+4+Vz . 1
= lim 2 |( cos sin
T— 400 2 2(\/1‘ +1+ \/E)
= O7

The last equality is justified by the sandwich theorem.

))

21
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(b) Note that

1
lim (cosnz)=? = lim (1 — 25sin? —)
z—0 x—0 2
1
nT\ 7z
lim ln(1—2 sin? 7) *
— ea;~>0 2
2 nx —1
—2sin” ¢ NI\ 352 oz
lim ————=— ln<172sin2 —) 2
n2
= e 2.

2

-

22
2

|
vl

1
W s cosx \ 2 _ . — _
eget i%(cos%g)z =e € =€

(¢) By using lim <=1 =1Ind for d > 0, one has
z—0 T

. (ax + b5+ ) g
lim { ————
z—0 3

lim In

1
i (e

lim
z—0 3x

a$—1+bw—1+c$—1l< a””—l—«—bw—l—l—cf”—l)”l“wslﬂ“
n| 1+
3

= €

Ina+Inb+4linc
= e 3

= vabc

lim cos(ze®) — cos(ze ))
z—0 3
. =2 . ef4e et —e "
= ilg%) gy sin( 5 x) sin( 5 1’))

2

. e®fe® _ . et _e T —
~ lm 7251n(Tm) e’ +e T sin(S=—x) e’ —e™*

. sin(%x) e’ e " sin(#x) e — 1)

eT fe—T 2 eT —e—T 2
2 T 2 T x

4.2 Intermediate value theorem

Exercise 3. (Level 3)
Suppose f : [0,1] — [0,1] is a continuous function on [0,1]. Show that there exists a point = € [0,1] such that

flz) ==
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Solution. Since 0 < f(z) < 1 for z € [0, 1], we may assume that f(0) > 0 and f(1) < 1. Otherwise f(0) =0 or
f(1) = 1, then we are done. Let g : [0,1] — [0, 1] is defined by g(x) = f(x) — « for € [0,1]. Note that g is a
continuous function. Since g(0) = f(0) > 0 and g(1) = f(1) — 1 < 0, by intermediate value theorem, there exists
a point € (0,1) such that g(z) =01ie. f(z) ==.

O

Exercise 4. (Level 4)
Let n be a positive integer greater than 2. Let f : [0,1] — R is a continuous function. Suppose f(0) = f(1).

Define a function g : [0,1 — 1] = R by g(z) = f(z + ) — f(z) for all z € [0,1 — 1].

n—1
(a) Show that Y g(£)=0.
k=0

(b) Deduce that there exists a point € [0,1 — 1] such that f(z + 1) = f(z).

n—1 n—1
Sotuton. (2) T o(£) =5 (F(452) - £(5)) = £1) - £0) 0.
(b) If there exists a point z € {0, %, 2 ... =1} guch that f(z + 1) = f(z). Then we are done.

Now suppose that for all k € {0,1,2,--- ,n — 1}, g(%) # 0. Then there exist ko, k1 € {0,1,2,--- ,n — 1}
such that g(%) > 0 and g(%) < 0. By intermediate value theorem with the continuity of g, we get a point
z € [0,1— 1] such that g(z) =0, that is f(z+ 1) = f(=).

O
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5 Differentiation

5.1 Definition of differentiability
Exercise 1. (Level 2)
Investigate the differentiability of the following functions at x = 0.

— _l=l
a Y= 1122

1
tan~ 'L 2 #£0
xr =
xr =

r?tan™t 1 2 £0

xT

{xtan 1240

z=0

Solution. (a) Let f(x) = 1+ L. Consider M. Note that hl_i}r(r){ w = hl_i}gf %% = —1 and
hli}rg+ w = hll)rng 3 1|+hi‘ﬂ =1, hence f(z) is not differentiable at « = 0.

(b) The function is not continuous at x = 0, so it is not differentiable.

ztan~lz 2 #0

(c) Let g(x) = {

0 r=0
Consider 20=90) "Note that lim 2OH=90) — Jim tan~! 1 = —Tand lim 2090 — iy tan~! L
—0- h—0- h—0t h—0t b
%, hence g(z) is not differentiable at x = 0.
(@) Let kz) = 47 0 5 2 #0
0 z=0
Consider w. Note that, by the sandwich theorem lim w = lim htan’li = 0 and
h—0~ h—0—

hlim+ w = hlim+ htan~! % = 0, hence k(z) is differentiable at « = 0.
—0 —0

Exercise 2. (Level 2)

Flnd , from the first principles, of the following functions:

(&) ¥ = eyt

(b) y = 2xsin2x

(c) y=6Vat+ =



Solution. (a)

dy o L 1 1
S jim = —
dx 0 h [(x+h)2+(x+h)+1 22+z+1
— fim 2z +h+1
 h=0 [+ h)2Z2+(z+h)F1(@2 4o +1)
_ 2r+1
B (22 4+ 2+ 1)?
(b)
dy . 2(x + h)sin(2z + 2h) — 2z sin 2z
— = lim
dx h—0 h
. 2z[sin(2z + 2h) — sin 2z] 4+ 2h sin(2z + 2h)
= lim
h—0 h
.4z cos(2x + h)sinh + 2hsin(2z + 2h)
= lim
h—0 h
4 2z + h)sinh
_ iy |AEC0s(2z+ h)sin +2sin(2x+2h)]
h—0 h
= 4xcos2x + 2sin2x
()
dy 4 4 4
— = lim — |6 h)s + —— — 623 — —
dx hlg%)h_(x—’— )3+($+h)% v xé}
170 4 4 4 4
= 1 —_ 3 — 3 —_
e L S T w%}
. 6(x + h)* — 624 4o — 4(x + h)
= lim - 3 11 5t 1 T 1 I
h=0h | (z+h)s + (x+h)525 +235  z2(x+h)2[z2 + (z+h)2]
_ b [ 6(4a® 4 6262 + 4zh® + %) 4 }
=0 h [ (z+h)5 4+ (z+h)5a5 +25  z2(z+h)2[z? + (v 4 h)2]

o

= Sx% —2r7 2

5.2 Derivatives and Chain Rule

Exercise 3. (Level 1)
Let f: (—1,1) — R be a function defined by f(z) = €%’ @ sin cos 2 sin~ " tan MT_”. Find f/(0).

Solution. We start by the first principle:

- 3 2 —
f(0) = lim f(h) — 1(0) = lim (esec hsin cos hsin™! tan ™! M) =0.

h—0 h h—0 9



Exercise 4. (Level 2)
Find the derivative of the following:

sin z

@) Y= Tmas s

b) y =2 +a* +a* + 2 + 2% +a* +2% +a”
(¢) y=210"

(@) y =

(e) y = x(sinx)

(f) Yy = ($2 + 2x — 1)%(934 _3)3

Solution. (a)

%
dz

—2a? cos z sin x + 2b? sin z cos

cos J:\/a2 cos2 +b2sin’ x — sinx

2\/(12 cos? +b2sin?

2

a?cos? +b2sin” x

cos z(a? cos? +b? sin” x) 4 (a® —

b?) cos zsin?

(a2 cos? +b2 sin’ z)
a? cos x(cos? + sin® )

(a2 cos? +b2 sin® z) 3

a’cosx

(a2 cos? +b2 sin” x)

3
2

(b) Note that

xw)/ _ (ea:ln:r)/ _

—~

= (' +az* 'n

x

(@®) = (e*" ™ = 2" Ina(l +Inz

and

we have

dy

dx

a a—1_z°

(:Ea )I — (eaz lnz)l — (% +lnaa$ IH(E)eaI Inx

(ch )/ _ (€£ lnx)/ _ mx(lnx + (1n$)2 + 7)61 Inz
x

3
2

(1+Inx)z”,

z)e™ M = 2971 + alna)z™,
1 ®

=a”°(=+Inalnz)z®
T

)e? M = 27 Ina(1 + Inx)a®

z

1
=2%(Inz + (Inz)?® + =)z,
T

= a2 ' +alnaz® 'a® + (Ina)?a®a® 4+ 2z (14 alnz)z®

—|—a:’3(5 +Inalnz)z® +2°Ina(l+Inz)a” +2"(Inx + (Inx)? + E)mx .

x

26



d . )
Y 10" + £10°In 10
dx

dy  desnrine sin sin x

_ z sin x
T s =( . +coszlnx)e

sma:lnw:( +COS$1D$)(L’

(e) Note that

((Sin x)cosm)/ —_ (ecoszlnsinx)'

= (cotxcosx — sinz Insin z)ecs e nsine

)cosx

= (cotzcosz —sinzInsinz)(sinz ,

we have
dy

dz

= z(cot z cosx — sinx Insin z) (sin 2)°**® + (sin ) *.
(f) Taking the natural logarithmic

3 2 4
Iny = 5 In(z* + 22 — 1) + 31n(z" — 3),

and differentiation give

dy 3 2+ 2 4o3
dx 2 r242x-—-1 x4t —3
5 3,y 3 3z + 3 1223
- 22 —1)3(a* — 3 .
(" 420 —1)%(z ) <x2+2x1+x43
Exercise 5. (Level 2)
If 2¥ = y®, prove that % = %

z dy

Solution. Differentiation both sides gives x¥ (% + lnz%) =y (ny+ 32

), and hence 7% =
T

Exercise 6. (Level 3)
Using the identity

z T T sin x
COS — COS — - -+ COS —

2 4 2n 27sin g%

derive the sum

Su=stanZ 4 Ltan? 1o Lpan &
n = 5 tang + 7 tan - 5 Al o

dy _ zylny—y®
zylnz—x2"°

27



28

Solution. Taking the natural logarithmic

T x x . . X
1ncos§ —|—1ncosz —|—~~+1n0082—n =Insinz —In2" —lnsmﬁ,

and differentiation give

¢ :c_'_lt x +1t T ¢ tac
2an2 4an4 2nan2 =cotzx 002

Exercise 7. (Level 3)
Find a polynomial P(x) such that
P'(z) —2P(z) = 2",

n being a given positive integer.

Solution. Let P(z) = Y a,a”, then from P'(z) — 2P(x) = 2™, we have

r=0

m
Zrar QZarmr = z"

r=0

m—1

Z (r+ Dapsq1z” —QZar = "

r=0 r=0

n—1 n—1 m
Z(r+1)aT+1xT—22armr+Z (r+1ar12" —QZar = z"

r=0 r=0 r=n r=n

Comparing coefficients, one gives when m > r > n + 1, then a,, = 0. Hence we have

n—1 n—1
Z(r + Dayp1z” —2 Z a,x” — 2a,z" = "
r=0 r=0

Again by comparing coefficients, it gives
—2a, =1 and (r+1)ayy; —2a,=0 forr=1,2,3,--- ,n—1,

then
r+1

1
an = —5 and a, = ary1 forr=1,23,--- ,n—1

Thus, for r =1,2,3,--- ,n

implies that



5.3 Higher derivatives (Leibniz’s Rule)

Exercise 8. (Level 3)
Let f(xz) = a™e® where n is a positive integer.

(a) Prove that

n

|
e_r (n)x _ n:
@) =3

r=0

(b) Evaluate f(2")(0).

Solution. (a) By Leibniz theorem,

}2

which gives the result.
(b) By Leibniz theorem,

2n

dl.2n
r=0

n—r

T

r!

d2n
(l,nex) _ chn(xn)(r)(em)(%tfr)

= Zr'(@n)'n(n— 1) (n—r+1)z" e

2n —r)!

which gives ™) (0) = 222

n!

Exercise 9. (Level 4)
Let y = (sin~' z)?

(a) Prove that

() A—a?)y” —ay =2,
(i) (1 —a2)y™D — (2n + Day™tD — 2y =0,

(b) Deduce that 3"+ (0) = n?y(™(0) and that

y(0) = 2[(2n — 2)(2n — 4)---4 - 2)?

and y®" D (0) = 0.



Solution. (a) Prove that

i) v = 2\;11{—;; gives V1 — 22y = 2sin~! x. Differentiation gives /1 — 22" —

(1—2?)y" —ay =2.

(ii) Differentiate n times by Leibniz theorem, we have that

0 = (1-2)y" —ay)™
= (- ety g (a4 MO
= (1-22)y" — (20 + Doyt — pZy™
(b) Putting = = 0 in (a)(ii), we get that y(*2)(0) = n2y(™)(0).

_ 2sin”'0

By the preceding equation and y'(0) = = = 0, we have
y 2 (0) =y (0) =+ =y/(0) = 0.
Again, by y”(0) = 2, one obtains
yE0) = (20 —-2)%2(0)

[(2n —2)(2n —4) ---4-2]*y"(0)
2[(2n —2)(2n —4)---4 - 2)%

30

(—2)y™ -

\/1:62 y = \/12_362, that is,

2y D) g
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6 Application of differentiation

6.1 Rolle’s Theorem

Exercise 1. (Level 3)
Prove that the equation

a1x+a2z2+~-+anz":%+%+~ najl
is solvable.
Solution. Let f; R — R defined by
flay= 9T ot and” —((“+(12+--~+ an )x
2 3 n+1 2 3 n+1

for all # € R. Note that f is differentiable on R and that f’(z) = a12+ag2?+- - -+ap,2" — (“71 + 2+ + ﬁ) .

For f(0) = f(1) = 0 therefore, by Rolle’s theorem, there is an ¢ € (0,1) such that f’(¢) = 0 which shows the

result.
O

Exercise 2. (Level 3)
Let f be a smooth function. Prove that, if a < ¢ < b, there is an ¢ € (a,b) such that

f(a) (0 &P
(a—b)la—c) (b-c)(b—a) (c—b)(c—a) 2

(Hint: Consider F(z) = f(x) — E=PE=9 f(a) + G=9G=4) f(p) + E=PE=1) £(c).)

Solution. Let F(x) = f(z) — gi 2)(2 ng( )+ (QIL, z)(f ,f))f( ) + (i Z)Ej j)f( ). Also F' is smooth. Since F(a) =

F(b) = F(c) = 0, by Rolle’s theorem, there exist £ € (a,c) and n € (b, ¢) such that F(§) = F(n) = 0. Again, by
Rolle’s theorem, there is an ¢ € (£,n) C (a,b) such that F”(¢) = 0. This shows the result.

O

6.2 Lagrange’s mean value theorem and Cauchy’s mean value theorem

Exercise 3. (Level 1)
Suppose a function f is continuous on [a, b] and differentiable on (a, ). Decide whether it is possible to find for
each point £ of (a,b), there are two points ¢, d, a < ¢ < £ < d < b, such that

Solution. Tt is impossible. Suppose not, we consider f(x) = x® and £ = 0. Then ¢ must be negative while d must
be positive, and

0=3(0)?%= ) = >0

which is absurd.
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Exercise 4. (Level 2)

Show that for 2 € (0, F), f(z) = sinxztanx — 2Insecx is always positive.

Solution. Differentiation gives

. 2secxtanx .
f'(x) = cosztanx + sinwsec? x — —————" = sinz(secx — 1)% > 0,
secx

therefore f(x) > f(0) =0 for all z € (0, ).

Exercise 5. (Level 3)
Let I be an open interval and a,b € I with a < b. If f is differentiable on I and if A is a number between f’(a)
and f'(b), show that there is at least one point ¢ € (a,b) such that f'(c) = A.

. _ _ . 1 (a) ift=a
Hint: You may start with defining a function f,(t) = .
(Hi y w g fa(t) {f(at)—j(t) ift+a

Solution. Define functions fq, f» : [a,b] — R by

f(a ift=a
fa(t) ={ <<(z>2f<t>

and
() ift==5b
t = . o .
fo(t) {j(bzzg(t) 14D
Since f is differentiable at * = a, * = b, f, and f, are continuous. From the definitions, it follows that

fala) = f'(a), fa(b) = fu(a) and f,(b) = f/(b). Hence X lies between f,(a) and f,(b) or A lies between f;(a) and
fu(b). Without loss of generality, we assume A lies between f,(a) and f,(b). By the intermediate value theorem,

there exists s in (a,b) such that

a)— f(s
N OO}
a—s
Thanks the mean value theorem, there is an ¢ € (a, s) such that
a—s
O
Exercise 6. (Level 3/Level 4)
Showthat,when0<9<27r71—§+g—1>0050>1—§.
Solution. Let f(0) =1 — % + % — cosf. Note that for 0 < 6 < 2m,
93
o = -0+ < sin 6,
92
') = —1+ 5+ cos 0,
fO) = 0—sin,
f@@B) = 1-cosh >0,
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and
1(0) = f(0) = 1"(0) = /(0) = f*(0) = 0.
It follows that f() is increasing on [0,27], and hence f3)(0) > f©3)(0) = 0 for 0 < § < 27. Apply the argument
in the same manner, we get f (6) > 0, f (0) > 0 and f(6) > 0 for 0 < § < 27. Then one gets when 0 < 6 < 2,
- % + % > cosd.

Similarly, let g(f) = cosf — 1+ %. Note that for 0 < 6 < 27,

g0 = —sinf+0,
g"(0) = 1—cos >0,
and
9(0) =¢'(0) = 0.
We get when 0 < 0 < 27, cosf > 1 — §7 sol— % + % >cosf >1— % is established. O

Exercise 7. (Level 5)
(a) Prove that for 0 <6 < 7, tanf > 6 > sin6.
(b) (i) Show that C3"~ — 203"~ —2¢2n+l _oCnt!l = (2 +3,
(if) Show that 2C3H + 2054 — Cony + 2050 — C31 =y = O30 for r € {2,3,--+ ,n —1}.

(iii) Prove that for n € N,

sin(2n 4 1)0 = sin®"*1 9 Z(—l)’“CSf_ﬁll (cot? )",

r=0
where 0 < 0 < 7.
(c) (i) Given that ay,:-- ,a, are the roots of a,z™ + a,_12" ! + -+ + ag = 0 where a,, # 0.
A. Show that ay + --- + o, = —*2=L,
B. Furthermore, ay, - - , a;, are pairwise distinct, does there exist a 5 & {a1,- - , @, } such that a, 8™ +

an—1B" 4 +ag =07
(ii) Using (b), show that

Xn:cotQ km _ n(2n — 1)’
— 2n+1 3

and deduce that

", km n(2n + 2)
Z csce = .
P 2n+1 3

n

(d) Let A, = > 5. Show that

k=1
2 2n 2n—1 2 2n 2n + 2
— <A, < — .
6 \2n+1 2n+1 6 \2n+1 2n+1

Hence evaluate lim A,,.
n—-+oo
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Solution. (a) Let f() =tanf —6 and f(f) = sinf — 0 for 0 < § < %. Differentiation gives f'(6) = sec? —1 > 0
and ¢'(#) = cos —1 < 0. Then f is strictly increasing and g is strictly decreasing. Thus, for 0 < 6 < 7,
f(0) > f(0) and g(f) < ¢(0), i.e. tan® > 6 > sin6.

(b) (i) Compute in a straightforward way.

(ii) Using the fact that C" + C"_; = C"T! repeatedly, one obtains for r € {2,3,--- ,n — 1}
Oyt = oot
= gt oo g
and
it - 204+ y
— CIH - O OpH - g
= O3+ 03 —C3r = O3 + O30 + O3y — O3 = O3
= O3y — O3 + 05, = O3
e i e G N

_ 2n—1 2n—1 2n—1
- C2r+1 - 2027‘—1 + C127‘—3 .

Combining, we have for r € {2,3,--- ;n—1}

2n+1 2n+1 2n—1 2n—1 2n—1

2C¢2r—i—1 + 2021“—1 T M2r41 + 2027"—1 - C2r—3
2n+1 2n+1 2n+1
CQrJrl + 202'r + 027‘71

_ 2n+3
- 027“-1-1 .

(iii) For n = 1, we have

sin30 = sin(20 +6)
= sin 26 cos 6 + sin 6 cos 20
= 2sinf cos® f 4 sin A(cos® 6 — sin® )
= 3sinfcos®f —sin® 0

= sin®f(3cot? 6 — 1)
= SiHSQZ(—l)TC§T+1(cot2 0)' =",
r=0

Suppose that

k
sin(2k + 1)0 = sin®* 16> " (—=1)"C3E (cot? 6)F7,
r=0



for all k£ < n. Noting that sin(2n + 1)0 cos 26 = 3 (sin(2n + 3)6 + sin(2n — 1)6). It gives that

sin(2n + 3)0
—sin(2n — 1)0 +

n—1
sin®* 10y (—1)
r=0

+sin®" 1 g Z(—

r=0

n—1
sin®" 3 ¢ Z(—l)
r=0

+sin?"t3 ¢ Z(—
r=0

n—1

sin?"*3 ¢ Z (-1
r=0

n
+sin® 0 (-
r=0

2sin(2n + 1)6 cos 20

r+10227zj11 (C0t2 e)nflfr
1)"C3mH 2 cos 20(cot® )"
T+102277:LJ:11 (C0t2 9)"_1_T CSC4 A

2 cos 260 _
1)TC'§77.’I11 20 (cot2 o)n—r

O (cot? 0)" 1T (cot? 6 + 2 cot? 6 + 1)

)O3t (2 cot? 6 — 2) (cot® 0)™ .

The first and second summations would be treated as follows:

n—1
sin®" 3 ¢ Z(—l)
r=0

n—1
sin?" 3 ¢ Z(—l)
r=0

n—1

+sin?" 3 9 Z(—

r=0

n—1

+sin?" 3 9 Z(—

r=0

n—1
sin®" 3 ¢ Z(—l)
r=0

n
+sin?" 3 9 Z(—

r=1

n+1

+sin?" 3 9 Z(—

r=2

e (cot? 0)" T (ot 6 + 2 cot? § 4 1)

r+1022;1;11 (COt2 a)n-i-l—r

1)T+12022:LJ:11 (C0t2 a)n—r

1)7’—}-1022?;11 (COt2 e)n—l—r

r4+1 022:1;11 (C0t2 9)n+1—7‘

1203 (cot? g)" 17

17O (cot? )1
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2n+3 0 Z
2n+3 0 Z

+sin?"t3 9 Z(—l)

r=0

2n+3 0 Z

n+1

+sin*" 3 9 Z(—

r=1

) 3 (2 cot? 0 — 2)(cot? 0)" "

2n+1 2
"2C5,"1 (cot

2n+1 2
"2C5,7 (cot

rriaci

0)n+177’

TQCgfill (cot2 o)

9)n+1—r

(cot? g)" 1=,
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Add up, by the above results, one arrives

sin(2n + 3)0

n—1
= sin®0 ) " (—1)"H 3 (cot? )" (cott 0 + 2cot® 0+ 1)
r=0

+sin®" 9 Z(—l)rcgfjf (2cot? 6 — 2)(cot? 6)" "
r=0

n—1
= sin®"* 0> (—1)" O3 (cot® 0)" T
r=0

n
+sin® 0 "(=1)72C5" 7 (cot? )T
r=1

n+1
+sin® 0 (1) O3 (cot? 0)" T
r=2

+sin®" 80> "(—1)"2057H (cot 0)
r=0

n+1
+sin®" 80 " (=1)" 205 (cot? 0)" T

r=1
= sin?" 3 G(—CP T 4 207 (cot? 9)

+sin2M 2 (O3 — 203 — 203 — 207 (cot? 6)"

n—1

+5sin®" 3 g Z(*I)T(QO%-E + 202277}1-11 - 022::11 + 202277}—_11 - 02277}—_31)(00t2 gyt

r=2
+sin®" TP 9(—1)" (205~} — C3h =3 + 2050 + 20307 cot?
s (1) (O3t + a0k
= sin?" "3 0(cot? 0)" T + sin®" T (—C3"3) (cot? )"

n—1

+sin 303" (<1)7(CR) (cot? 0)" T 4 sin R 6(— 1) (O3t

r=2
4 Sin2n+3 9(_1)n+1

n+1
= sin®"*0 " (=1)7CE (cot? )"
r=0

Hence, we are done by mathematical induction.

(i) A. Note that

xn_i_bxn_l_*_..._'_i — (x_al)(x_az).(m_an)

— xn—(a1+...+an)xn_1+...

The result follows by comparing the coefficients of 2™~!

)cot? f

+a1...an
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B. No. Otherwise 0 = a," +an_18"" 1+ +ag = a,(8—a1)
It contradicts the given condition.

38

-+ (B — ay,) which implies that a,, = 0.

r02n+1xn—r

(ii) From (b), we may observe that cot? 5% for k = 1,2, - - ,n are distinct roots of Y;"_(—=1)"C3" ] =

0. By A. of (i), we get

zn: cot? km ot p(2n 1)
2

— n+1 012n+1

and hence
n

3 )

k=1 k=1

(d) By (a), for k € {1,2,--- ,n}, we get

Summing k from 1 to n, one obtains

3 3

km " km ni2n—1) n(2n+2)
2 _ 2 _
E csc 2n+17§ <1+cot 2n+1>n+ .

i km " /oan+1 2 km
t2 < < 2 .
;CO on + 1 ;( ke ) ;CSC o+ 1

7‘_2

Applying the results of (¢)(ii) and multiplying the constant =—5, we have

COESER

ﬂi 2n 2n —1 <A <7ﬁ 2n
6 \2n+1 2n+ 1 "6 \2n+1

2n+1  2n+1 2n+1 2n+1

) (e2),

Since lim ( In_ 2"_1) =1land lim ( In_ . 2"+2) = 1, by the sandwich theorem, one gets lim A, =

n—-+oo n——+oo

sl
6

6.3 First and second derivative check

Exercise 8. (Level 3)
Prove that the function

n—+oo

1
has a maximum point and a minimum point.
Solution. Note that
—6)(x —3) 18 2
/ = —8—(x d " = 3 .

The critical values are z = 0, 3,4, 6. f’ does not change sign through z = 0 and x = 4, so z = 0 and = = 4 do not

serve as an extremum point. (Or, you may say z = 0 and = = 4 are not any candidate for extremum point, since

the domain of function exclude those two points.) Because f”(6) < 0 and f”(3) > 0, by the second derivative

test, the maximum point is (6, f(6)) and the minimum point is (3, f(3)).

O
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Exercise 9. (Level 5)
Let I = [2,3] and g(z) = § (z + 2), where z € I. Let 2 € I and define z,41 = g(z,) forn =1,2,3,--- .

(a) Show that the equation x = g(x) has exactly one root in 1.
(b) Show that z,, € I forn=1,2,3,--- .
(¢) Show that |¢g/(z)| < 2 forall z € 1.

(d) Let a be the root of g(z) = 2 mentioned in (a).

(i) Show that |z, — a| < 2|z,—1 — a.

(ii) Show that {x,} converges and find the limit.

Solution. (a) Let f(x) =  — g(z). Since f(2)f(3) < 0, by intermediate value theorem, f(z) = 0 i.e. z = g(z)
has at least one root in I. Note that f/(z) = % + % > 0 for all z € I. It says that f is a strictly increasing,

and the root in [ is unique.

(b) We shall investigate the absolute maximum and minimum of g on I. The derivative ¢’(z) = % (1 — f—z) From

g’ (x) =0, we have z = V5 or —v/5. We look at z = /5. Note that

5
1

g"(V5) = —— >0,

(V5)3

by the second derivative test, g(z) attains the local minimum at = /5. Comparing the following three

candidates:

92) = 1.0(VE) = VB and g3) = 5,

one obtains V5 = g(v/5) < g(z) < g(3) = Z, and hence 2 < g(z) < 3 for all z € I. From z,, = g(z,_1), we
have 2 < z,, < 3.

(c) For g/(z) =1 (1— %) and ¢’(z) = % > O for all z € I, so ¢ is increasing, therefore,

x2

1 2
—2=9@2)<d @) <gB) =5
8 9
Then, we get |¢/(z)| < £ for all z € I.
(d) (i) By the mean value theorem, there exists £ € (2,3) such that
g\ Tn-1) — glo
(@) = @) _ g,

Tp—1 — &
Then, by (c), we have

2
Tn — 04\ = \9/(§)||=’17n—1 - a| < §|93n—1 — Q.
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(ii) Inductively, we get

2 2\ "
|xn—a|§§|xn_1—a|---§ <9> |xo — af.

Because lim (%)n |zo — a] = 0, the sandwich theorem tells us that lim |z, — «| = 0. It implies, by
n— oo n— oo
the sandwich theorem with the inequalities —|x, — | < z, — a < |z, — @, that lim z, —a =0, i.e.
n—oo

lim x, = «. The sequence {z,} converges. From z,1 = g(x,) = % (3:” + xi), we have
n— oo n

. .1 5
lim zp41 = nl;rgo 3 Tp+— |.

n— oo n

One arrives a = % (a + g) which gives a? = 5. Since a € [2,3], then we have a = /5, in other words,

lim z, = /5.

n—oo
O
6.4 Curve sketching
Exercise 10. (Level 4)
Let f(x) = (1 + 2)e~2* be a real values function defined on R.
(a) Find f/(z) and f”(z).
(b) Find, if any, the relative maximum and minimum points and the point of inflexion of f(x).
(¢) Find, if any, the equation of asymptote.
(d) Sketch the graph of y = f(z).
(e) Sketch the graph of y? = f(z).
(f) Sketch the graph of y = |f(z)|.
(g) Sketch the graph of y = f(|z]).
(h) Sketch the graph of y = f(—|z]).
(i) Sketch the graph of y = f(3z + 5).
Solution. (a) Differentiation gives f'(r) = —(2x + 1)e™2* and f”(z) = 4we=2*.
(b) f(z) = 0 gives # = —3. Because f’(—3) < 0, by the second derivative test, the maximum point is
(=3 f(=3) = (=3,5):
Note that
<0 ifz<0
ffx)¢=0 ifzx=0.
>0 ifx>0

Therefore the point of inflexion is (0, f(0)) = (0,1).
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(¢) First notice that lim f(xz) = co. Making use of the mean value theorem, we get e* > 1+ x for z > 0,
Tr—r— 00

and hence 0 < (1 + x)e”?® < e~ for # > 0. Then, by the sandwich theorem, we have lim f(z) =

Tr——+00

lim [(1 + x)e_%] = 0. Therefore, y = 0 is the equation of asymptote.

T—+00
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7 Indefinite integration
7.1 Primitive functions

Exercise 1. (Level 2)
Find [ f(z)dz for the following functions f(z).

(a) f(z) =ma
(b) f(z)==a"
(€ fl@)=a""
(d) f(x)= Yz
() fla)=a"=
(f) flz)=e"
(g) f(z) ==*

(h) f(z) =Inxzlog,

(i) f(z) = log, =

Solution. (a) [ f(z)dz =5z*+C

$w+1

(b) [ flz)dx = T tC

—m+1

(©) [f(@)de = g +C

(d) [ fz)de = Zqa™= +C

=1

(e) [flz)de = F=a"= +C

) [ flz)dz=e"z+C

x In 7

(&) [fx)de = [e*mde="" 4 O =" 4 C

Inm Inm

(h) [ fx)de = flnx%dx =zlhr+C

() [f@)de = [ fzde = 5z +C
Exercise 2. (Level 2)
Let |z| < 1. Show that the following three functions cos™!z, —sin™'z and 2cos™ /% (z + 1) are the primitive

functions of a same function.



Solution. Differentiation gives

d -1 1 d

_ _ d(_qin—1
q5CosT T = — s, +=(—sin

1

x):fmand
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1

1
d 1 NSt
% (2 C0871 i(x + 1)) =-2 2V2Veil

\/1—%(:104—1)

. Thus they are the primitive functions of a same function.

O
Exercise 3. (Level 3)
Find [ f(z)dx for the following functions f(z).
(x+2)? forxz>0
(a) f(x) =<2 for x =0
1 for x <0
() f(x) = |22+ z + 6|
(¢) f(x) =2 +z—6|
(d) f(z) = |z +3[+ ]z - 2|
(e) f(2) = praray
(z+2)3 >
Solution. (a) [ f(x)dz = F(x) + C where F(x) = 5 for z 2 0
r+35 forz <O
) [ flz)de =% + £ 462+ C
%3 + % 6x for x > 2
¢) [ f(z)dz = F(z) + C where F(z) = %3—%4—6334— for -3 <z <2
g—d—i—% 6x—3—7 for z < =3
¢+ for x > 2
(d) [ f(z)dx = F(z) + C where F(z) = { 5z — 4 for -3 <z <2
—2?—x—13 forx < -3
% for z > 2
(e) [ f(z)dx = F(x) 4+ C where F(z) = ¢ 24125 2 for -3 <z <2
lnl%ﬂl +In5-1 forz< -3
O

Exercise 4. (Level 3)
Find

(2) [ sz comry do and

b) [ mdx provided that b # c.

V1= 22



Solution. (a)

1 sin? z 4 cos?
) 5 dr = ) 5
sin? z cos? x sin? z cos? x

7/ L
N sinz  cos?w

= tanz —cotx +C

dr =

dx

dzx

/ 1 \/aa:+b+\/am+cd

Var +b—ar +c (axz +b) — (ax + ¢) o

3
2

2
3a(b— o) (02 +b)

7.2 Integration by substitution

Exercise 5. (Level 2)
Evaluate the integrals.

) | Amde
) [ Va3 + 12%de
¢) [e*cose®dr

) Jda

Solution. (a) [ “E=dr =3 Ly \/1}+7d(1 +a2?)=V1+22+C
) [Vad T la2de =L [VaF 1 1d(1+2%) = 2(2®* +1)% +C
) [e”cose®dr = [cose®de” = sine” + C

fln z I _fln z J1n ln4x+c

Exercise 6. (Level 3)
Evaluate the following integrals.
a) [1+ tan®zdx

211.1

(b) ac"+1 d

(©) | v de

Inx

x+/ 1+ln:r

(ax—l—c)%] +C

44



Solution. (a)

/ 1 + tan® zdx

45

/(tan4 x —tan?z + 1)(1 + tan® z)dx

2

/(tan4 x — tan® z + 1)(sec? z)dx

/(tan4 r—tan?z + 1)dtanz

tan® x
3

tan® x
+tanz +C

/ xQn—l ir = / xn—l(xn + 1) _ xn—ldx
zn +1 zn +1
= /a:"_l— o x
" +1
" 1 1
= _—— = n 1
n n/x"—i—l (2" +1)
" o In(z"+1
o n(z™ + )—I—C.
n
(¢) Let t =a 4+ Va2 +1, thena:ztzg—;land dx:t;jgldt. We have
1 t? 41
———dx = ——dt
/x+\/x2+1 / 2t3
1 /1 1
= - [ -+ =dt
2/t+ﬁ
1 1
= Z(Inlt] - —
2(n|| 2t2>+C
= 1(ln|m+\/:c2+1|—1>+C
2 2(xr + Va2 4+ 1)2 '

(d) Let t =1+ Inz, then 22dx = (t — 1)dt. We have

Inx

———dx
zv/1+Inz

:/f%(t_

Exercise 7. (Level 3/Level 4)

2 1 2 1
1)dt = g(t—?))ﬁ +C= g(lnz —2)(14+Inx)2 4+ C.

Using cos(A — B) = cos A cos B + sin A sin B, find the following integrals.

(a) f m if COS(CL — b) # 0.

Cosn—l z+4a

2
an+l z—a
sin 5

M) [ dx if cosa # 0.
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Solution. (a)

/ dx _ / cos(a — b) da
sin(z +a)cos(z +b)  cos(a—b) ) sin(z+ a)cos(z + b)

[(z +a) — (x + b))
sin(x + a) cos(x + b)
(

/
_ / cos x—l—a sin(m—&-b;dx
i/

cos
dzx

cos( a—b

cos(a—b) J sin(z+a) cos(x+b

dsin(z + a) / dcos(z + b)
s

cos(a -b in(z + a) cos(x + b)
1 sin(z + a
= ( ) +C
cos(a —b)  |cos(x +b)
(b) Let t == then df = —SnB2sin 5 4eos Hrcos 5% ) cosa gy One obtains
" sin 2z a ’ 251n2 L;’a - 2 sin? # ’
cos~1 zta 1
sin" ™ 254 cosa
tn
" ncosa
1 cos™Zte
= - —ia +C
ncosa sin™ L5

7.3 Integration by parts

Exercise 8. (Level 2)
Evaluate the following integrals:

a) [wsec? zdx
b) [Inzdx

c¢) [sec?zlntanzdz

Solution. (a)

/xsechdx:/azdtanx:xtanxf/tanxdx:xtanx71n|seca:\+C’
/lnxdx=xlnx—/xdlnx:xlnx—/ldmzxlna:—x—FC

/sechlntanwda::/1ntanxdtana::tanxlntanm—tanx—I—C



Exercise 9. (Level 3/Level 4)
Evaluate the following integrals:

(a) [sin® zdx
(b) [ e

(c) [a?Initidy

(@) Jer (Haiez) do

(e) [sinlnazdx

Solution. (a)

/sin2 zdr = —/Sinacdcosx

= —sinxcosx+/cos2xdx

—sinxcosx+/1—sin2xdz
o . .92
= fsmxcosquxf/Sln zdx

gives that

/siandx _ _smx;osx n g L

z° —a® 3\—2
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1+ 1 1+
2
| dr = = [ 1In da?
/x nl—a:x 3/ l—xx
3 1 1 1
- U +£r—7/9&%11 R
3 11—z 3 1—=2
2 14z 2/ 23
= —In - T
3 1—2z 3J) 1—22
¥ 14+x 2 [z@?-1)+x
= —1 - d
3 M1 2 3/ 1— 22 o

<1 +smx)
dx
1+ cosx

1+b1na:) .
e

1+ cosx
B el_d(l—i—sinx)
1+ cosx
1

/<
/

—|+

sinx + cosx
—— | dx
1+ cosx)? )

v dx_/ez _sinz
1+ cosx 1+ cosx

1

e | —— dzf/e‘”d ;

1+ cosx 1+ cosx

sinx

1 1 1
—Jdr—€"{—— |+ [ | ——— | dx
1+ cosx 1+ cosx 1+ cosx

48
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(e) Note that

/ sin In xdx

= xsinlnm—/xdsinlnx

= xsinlnm—/coslnxda:

= xsinlnxfxcoslnz+/xdcoslnx
= xsinlnxfxcoslnxf/xsinlnxdm,

then, by rearrangement, we get

1
/sinlnajdx = i(xsinlnx—xcoslnx) +C.

7.4 'Trigonometric substitution

Exercise 10. (Level 2)
Evaluate the following integrals:

) [ o
(b) f\/ﬁdaﬁ
(¢) [Va?+9dx

(e) [ V25— 22dx
() f\/ﬁdm

(g) [ Va?—16dx

Solution. (a) Let x = 3tanz. Then dz = 3sec? zdz, we get

1 _ 1 9 _ _ 1T
/x2+9dx_/9sec2z 3sec” zdz = 3z + C = 3tan 3+C’.



(b) Let x = 3tan z. Then dx = 3sec? zdz, we get

- 3sec? zdz

/ 1 i _/ 1
Va2 +9 - 3secz

= /sec zdz

= In|tanz +secz| + C’

z  VaZ+9

= Injz+Va2+9/+C.

| +C’

/\/x2+9dx = x\/a:2+9—/a:d\/m2+9

2
T
= .’E\/J)2+9_/\/x2jd$

:x\/aﬁi/x+9da:+/\/$27

= x\/z2+97/\/x2+9dz+91n|:17+\/:172+9|

gives that

V49 9
/\/a:2+9dx:%—&—glnu—i—\/aﬁ—l—%—i—c

(d) Let = 5sinz. Then dz = 5cos zdz, we get

-5coszdz =z+ C =sin! % + C.

1 1
/\/25—x2dx_/5cosz

/\/25—x2dx = x\/25—x2—/xd\/25—x2
= 257x2+/7x dx
V25 — x2
x2—25 25
= xv25 — 22+ 7da:+/7dx
V25 — 2 V25 — x2

25
= zx 25—1‘2—/ 25—x2dx+/7dm
\/ \/ V25 — 2

gives that

V25 — 2 2
/\/25—x2dx:x 52 v +?5 1n1%+0.
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(f) Let = 4secz. Then dx = 4sec z tan zdz, we get

-4sec ztan zdz

1 1
_ dr =
/\/1:2716 v /4tanz

= / sec zdz

= In|secz + tanz| + C’

x Va2 —16
= gt

In|z+ 2?2 — 16| + C.

| +C’

/\/3:2—16d3: = x\/x2—16—/xd\/a:2—16
= zvx2-16—

z? — 16 1
= zvz2-16 — 76&3—16/76@
/\/%2—16 vx? —16
= x\/x2716—/\/x2—16dz716

/xzdx
V2?2 —16

1
—dx
/ Va2 —16
gives that

2

V2 —16
/\/x2—16dx:L—Sln\x—&—\/mQ—lGH—C.

Exercise 11. (Level 3)
Evaluate the following integrals:

(a) [ 7””564*“20&:

(b) [ ey de

2sinz
(C) 3sin? z+4 cos? © dx

) [ —g——dr (0<a<m)

2 —2x cos a+1

(o) [ 2 da

O | armv=ede



Solution. (a) Let z = asecz, then dz = asecx tan zdz

V2 —a? atanz
74dx = ———asecztan zdz
T

atsect z

1
= sin? z cos zdz
a2

= —/sm zdsin z

1 sin® 2
= C
a2 3 +

(a2 —a?)?

= S +C

3a2x3

1 1 2 22 + 1
——dx = ———dx tan_l +C
/x2+x+1 /(x+§)2+j V3 V3

/ 2sinz d 2/ dcosx 2 tan—1 %% o
T =— ———— = ——=tan .
3sin?2 4 4cos? x 3+cos’zx V3 V3

R L=
r = €
x2 —2xcosa+1 x2 — 2z cos a + cos? a + sin? a

1
= dz
/ (z — cos a)? + sin® o

1 T — Cos
= — tan 'T——— 4 C

S ¢« Sl v

(e) Let z = sin z, then dx = cos zdz. We get

/ (sin™! Z°coszdz 2 cos zdz 2y zj’ L= (sin™! )3 L

1*3?2 \/1—smz 3 3

(f) Let z = sinz, then dz = cos zdz. We get

/W“ = /(Hl)d

/ csc? 2
= —dz
(14 csc?z)

|
|
Sl
[N}
[l
o
=}
L
_
MI
8
N8
[ V)
+
Q



7.5 Integration of rational functions

Exercise 12. (Level 2)

33

Find [ %5 100
Solution. Put —m = xflo + x+10 Then we have 1 = A(z + 10) + B(z — 10), hence A = 55 and B = — 5.
Thus,
/ dz / 1 1
= — dz
22 — 100 20(z — 10) 20(x T 10)
1
= %ln|x 10| — 1n|:1c—|—10|+C
1 rz —10
20 Mot 10‘ e
O

Exercise 13. (Level 3/Level 4)

(a) (i) Show that 131“ = 3(1+m) + 3= m+xz)

(i) Find [ igde
. 1 z4+2 =2
(b) (i) Show that s el o PEiav o Bl T pr Vo

(ii) Find [ 7=da.

Solution. [(Level 3/Level 4)]

(a) (i) The solution is omitted since it is straightforward.

(ii) Noting that

/ 2—x d -1 2x-1 Jr1 1 d
—dx = — = x
31—z + 22) 6 1—z4+22 21—z+2?
_l/d(l—ﬂ“f”f?)Jrl/dx
6 1—x+ a2 2) (z—-1)2+3
1 1 2z -1
= ——In(l—-z+2%)+ —tan~* +C,
g ) V3 V3
and using (a)(i), we get
1 1 2—z
—dr = d
/x3+1 v /3(1+x)+3(1—x+x2) v
1 1 1 2 — 1
= —Injz+1]—=In(l —z+2?)+ —=tan"! + C.
giie il =gt BT A

(b) (i) The solution is omitted since it is straightforward.



(ii) Noting that

and

one obtains

Exercise 14. (Level 3)

Let I, = [ sin™ x cos™ zdzx.

(i)

o4

/ T ++/2 du
2v/2(x2 + V22 + 1)

B 1/ 2z + V2 N V2
a2 ) 2242241 224241

1 /d(x2+\/§x+1)+1/ 1 "
W2 24Vl 4 @+ 5Pt
1

1
= 4\/§1n(9132 +V2z+1) + mtan_lﬁx—i— 1)+ Cy

dx

/ —z+/2
2v2(22 — 22 + 1)

/_ y+v2 d
N+ V2 + 1)

1 1
= —— I +V2y+1) — ——tan" 12y + 1)+ Cy

dx

42 2v/2
= fﬁln(:ﬁf\/§z+1)+2—\1/§tan*1(2x71)+02,
1
/7x4+1dx
/ z+2 B =2 i
2v2(22 +V2x 4+ 1)  2v2(22 — 22 +1)
1 1
Wi In(z? +v2zx 4+ 1) + WG tan™!(2z + 1)
1 1
—mln(xg—\/ﬁx—i—l)—l—ﬁtan_l(Qx—l)—i—C

1 2242 +1 1

n + tan_1(2x +1)+ L tan_1(2a: -1+cC.
42 a2 —\V2r+1  2V2

2v2

7.6 Reduction formulae

(a) Derive the following reduction formulae for m +n # 0

I sin zcos" ey n—1 7
m,n = m,n—2
m+n m-+n




(i)

%)

sin™txcos" e m—1
Im,n = - m+n m+n m,n—2
(b) Find [ sin* z cos* zdz.
Solution. (a) (i) Using integration by parts,
Imm = /sinmxcos" zdz
1 n—1 om—+1
= p—— cos xd sin T
m
cos" lxsin™tlr n-—1
= — T /siner2 zcos" 2 zdx
m m
cos" lxsin™tz n-—1
= | 1 /sinm x(1 — cos® x) cos" 2 wdx
m m
~cos"lrsin™tz n—1 n— 1[
— m+ 1 m+1 m,n—2 m+ 1 m,n
gives the result by a simple rearrangement.
(ii) Using integration by parts,
Iy = /sinm x cos” xdx
1 coom—1 n+1
= — ) sin xd cos T
n
sin™ txcos"axy m—1
= — 1 1 /simm_2 xcos" 2 zdx
n n
sin™ lzcos"zr m—1 i i
= - 1 1 /smm’2 zcos” z(1 — sin’ z)dx
n n
B sin™ tzcos"tlz m—1 m — 1[
a n+1 nEl I

gives the result by a simple rearrangement.

(b) Using the previous results, one obtains,

Iyy
B sin® z cos® z n 3[
- 8 g2
sinzcos®z 3 [ sinfzcosPz 3
= Pl B M D1
8 8 8 6
sin®zcos®z  sin® zcos® 3 [sin®zcosz 1
= - — |———+ I
8 16 16 4 4
_ sinzcos®z  sin®zcos®z  3sindzcosz 3 sinx cos + 1 I
- 8 16 64 64 2 9700
sinzcosdz  sin®zcos®z  3sin®zcoszr  3sinzcosz 3
_ _ — + —ax4+C.
8 16 64 128 128
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8 Definite Integration
8.1 Mean value theorem for integrals

Exercise 1. (Level 2)

Given that fol I%de = 7 and fol sinTxdr = % Show that there exist two points a and b in the closed interval

[0, 1] such that

L sinnx 2 T b
= = —sinwb.
o 22+1 w(a®+1) 4

Solution. Both functions I%H and sin 7z are continuous and positive for over (0,1). Applying the mean value

theorem twice, we get that
there exist two points a and b in the closed interval [0, 1] such that

/1 sin 7z 1 /1 N 2
—_—_ = SIN TXxadxr = ——F———
0o T2+1 a?+41 ), (a2 +1)’
and

1 . 1
1
/Sglﬂ:sinﬂb/ ?dm:zsinﬂ'b.
0o T +1 0o T +1 4

8.2 Fundamental theorem of Calculus

Exercise 2. (Level 2)
Evaluate the following integrals:

20 2
(@) [Zyy+5—{5dy
2
(b) [7 2y +3 — qmarsdy

(© [ZI1—yldy

(d) fog sec® ¥ tan 4dy

( ) 2017

2 20T (7102 4 7201 )y mor7 sin2L7 y In |y 7102 + 2017|dy

Solution. (a)

2 3

20 y 2 Ik
5V ay=|L g5y Y| =—1aa
/74y+ 16 [2+y 48}_4

2 1. .7

2

1 1
2y+3——— dy= |y’ +3y+-In|2x+3|| =6+ =In|=
/1y+ TR [y+y+8n|x+ IL +ghnlg]



2 1 2 1 ) 1 1 ) 2
/Il—yldy=/ 1—ydy+/ y—ldy=[y—2y] +[2y —y}
0 0 1 0 1

™

2 2 2 3

(e) Since the integrand is an odd function, the integral is 0.

Exercise 3. (Level 3)
Evaluate the following integrals:

43 1
(@) [,* st

(b) 01n2 Vet — 1dx
(c) ff 2% Inxdx

(d) ff 22 1n? zdx

Solution. (a)

V3 V3 .
/2 1 d /2 dsin™ " x
r =

L sin LoVl =22 1 sin Ly
V3

= [ln sin~? x} 2

3

= In2

(b) Let sec?y = €%, then do = 2tanydy. When x =0 or x =In2, y =0 or y = 7 accordingly. We have that

s

In2 5
ver —ldx / \/tan?y - 2tan ydy
0

I
= 2/ tan? ydy
0

0

z
= 2/ sec?y — 1dy
0

= 2[tany — y]o%

= 2 — —
2

2 3 2 5 2v8-2
/ sec3gtan%dy:2/ sec? Zdsec L = 2 {sec?’ y} ? = L
0 0

28



2 2 3
/ ZPlnzdr = / Inxd—
1 1 3

3 2 .2
= [xlnx] — x—dm
3 1 1 3
312
= 8ln2—{x}
3 9,
= §1112—z
3 9

2 2 23
/ 22’ xdr = / In? zd=—
1 1 3

3 2 .2
= {xln%c] — x—dln2x
3 1 1 3
8 2 92
= —In?2 — Inzdx
3 1
_ Sy2g 2(8y 5 7
3 3\3 9
1 14
= §1n22——61n2+—
3 9 27

Exercise 4. (Level 3/Level 4)
Using some suitable substitution, show that

e s om
2 sin”™ x _ .
(a) fO sin™ x+cos™ wdx - 4>

(b) JiF n Lfsine gz —

14cosx

5 1 _ .
(C) fOz 1+tan*zd$7 %’

3

1
@ Jy m+\/11_ﬁd33 =1

Solution. (a) By means of the substitution x = § —y,

ke . m ks m
2 sin™ z p 2 cos™ x d
———————dx = i dx
o sin™z + cos™x o sin™x 4+ cos™x



Thus,
usy om
2 sin’” x
——————dzx
o Smx+cos"zx

™ - m ud
2 sin™ z 2 cos™ x
o S x4+ cos™x o S x+cos"x

Il
N —
O\ PN
(SE
—
QU
5

BN

(b) Making use of the substitution z = § — v,

™

/2 In(1 + sinz)dx = /2 In(1 + cos z)dz.
0 0

We then have
T 14 3 3
/ L / In(1 + sinz)dz — / In(1 + cosz)dx = 0.
0 1+ cosz 0 0

(c) By substitution x = 5 — y, it suggests us that

B 1 B 1 3 tap?
/ ﬁdm:/ 7,\‘”":/ Lﬂi\dm
o l+tan*z o l+cot'z o l+tan*x

We hence get

INE

ME
—_
N —

1 3 tantz
———dr+ ———dx
o l-+tan*zx o l+tan*zx

i
2

ldx

[ ———
o l+tan™zx

P T
[}

(d) Let x = sinz, then dx = cos zdz and when = 0, z = 0; when x = 1, z = 7. One arrives that

[ME)

sinx

/1 1 J / de T

R P =
0o T+vV1— a2 o sinz 4+ cosz 4’
the last equality is justified by (a).

Exercise 5. (Level 2)
Find the derivative of the functions below.

(a) fjx sintIn(1 + ¢)dt

(b) ffz sintIn(1 + z)dt

60
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(c) [y, sintIn(l+t)dt

(d) f;f sintIn(1 + z)dt

Solution. (a) The derivative is 2sin(2z) In(1 + 2z).

2% sin tdt

(b) The derivative is 2In(1 + z) sin(2z) + Ji e = 2In(1 + 2) sin(22) + cosbcos(Zm)dt

14z
(c) The derivative is —2sin(2z) In(1 + 2z).

(d) The derivative is 0.

O
Exercise 6. (Level 2/Level 3)
Define for —§ <x < 7,
Flz) = / (V)" dt.
tanz
Solve F'(z) = 0.
olution. Write F'(x) = “dt = [°F B “dt, then we have
Sol Write F(z) = [oo " (V2) dt = [(°"(V2)!dt — [;™"(v/2)""dt, then we h
F'(z) = (V2)* T secxtanz — (v/2)' % sec? 2.
Then one has
F'(z) = 0
(\/ﬁ)seczwsecxtanm—(\/g)t"m%seCQx =0
tanx 2 2
_ (ﬁ)tan r—sec” x
sec T
si 1
inx = —
V2
- T
z =
O

Exercise 7. (Level 3)
Evaluate the following limits

(a) lim (& (1 +1)dt)

x—0 \ 7%

(b) lim (L Sl (14 :c)dt)

=3
z—0 \ 7

(©) lim (syraves — )

z—0



Solution. (a) Noting

lim SinimQ -1
x—0 x
and
1 1 2 2x
lim n( —&2—33 ) = lim 2% =1,
z—0 T z—0 2z
one gets
w1 v sint o\ (#2222 In(1 + 22))(22)
i\ o1 ), = mOHhdt ) = lim PP
1. sin?a2? In(1 + 22)
= —lim s lim ———=
2 2—0 1’4 x—0 {EQ
_ 1
= 5
(b) Noting
2,2
1 (" sin®t (2
ilg%) <x2 / t2 dt) o ilg%) 2x =1
and
In(1 1
g 2OE2) —1,
z—0 €T z—=01+x
one gets
1 [ sin®t 1 [ sin®t In(1 + z)
lim —3/ —— In(1 + z)dt = lim —/ —dt |- lim ———=
z—0 \ 0 12 z—0 \ 12 0 t2 z—0 xT
= 1.
(c) Noting
3 3 2
lim ———— = lim (—— ) =3
z—0 fO sin t2dt z—0 \ SInx
and
3 xT . 2 .
i x® — 3 [ sint?dt _ fim 322 — 3sin z2
z—0 x7 z—0 726
_ 62 — 6z cos 2
_ 1 — cos z?
o w1~>InO 7.’1)4
. 2rsina?
= lim
x—0 281’3
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it gives
1 -3 t2dt
lm | ————— — 34 = lim z l‘.fo_ s
@=0 \ z [ sint?dt z=0 g4 ["sint2dt
23 — 3 [ sint?dt 3
=0 T 20 [ sint2dt
_ 3
4
O
Exercise 8. (Level 3)
Let f is a continuous function on R. Suppose hm fo t)dt + f(x)) exists and that hm fo = 0.
Show that wgrfoof( x) =
Solution. By L’Hopital’s rule and the fundamental theorem of calculus, then we get
e® [ f(t)at
lim / fit)dt = lim 7% Q)
x— 400 0 T— 400 er
t)dt
T—+00
= xgrfoo(/o ft)dt + f(x)).
Hence hm fo t)dt exists and liril fz) =
O

Exercise 9. (Level 3/Level 4)

(a) For z € (—1,1), by considering [ 1= dt, show that

—ln(l—x)zz%.

X n
>

n
n=1

Solution. (a) Making use of geometric series, for x € (—1,1),

1 woon n ag
Hdt—/onzzjotdt Z/tdt n+1 Z;.

x

0
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On the other hand, we have f; t£dt = —In(1 — z). Hence

—ln(l—:v)zzxn—n.

n=1

(b) A direction calculation yields that

/ tn 1 i T tn—l
L) / a=Y [
0 —1Jo T

oo .’Ij/n’
dt=>
n=1

for z € (—1,1).

Exercise 10. (Level 5)

a) For 0 < x < T, show that Insecz < 1 sinztan .
2 2

(b) Define g(z) = [; (1 + sect)dt and p(z) = 8[1;2;3]” for z € (0, %).

(i) Show that g(z) > 0 for z € (0, %), and find g(z).
(ii) Show that p(z) is decreasing.
(Hint: Consider [g(z)]3p/(z) cot z.)
) Find i .
(iii) Fin lim p(z)
(iv) Find lim p(z).

™
=%

Define f(x 1+ sect)Insectdt and o(x =_J@0 __fo 5 ¢ 0,2).
0

~ g(z)Insecz

(i) Find lim o(z).

z—0t

(ii) Find lim o(x).

z—T-

(iii) It is given the following fact: Let u,v : [0,¢) — R be two continuous functions and continuously
differentiable on (0, ¢), in which satisfied that u, v and ;‘—: are positive and increasing. Furthermore if
u(0) = v(0) = 0, then * is increasing.

A. Show that 1 — cscx cot z Insec z is increasing.

1 1 . .
B. Show that W% is increasing.

(14secz) Insecx
C. Find mli%h tanz [ 14sectdt”

D. Show that o(z) is increasing.

Solution. (a) Let h(z) = Insec z—% sinz tanz. Differentiation gives h'(z) = tanz (1 — €SEEsCL) — _ fan g

0 for 0 <z < Z. Hence h(z) < h(0), that is, Insecz < 1 sinztanz.

cos T

(b) (i) Since the integrand 1+ sect > 0 for ¢ € (0,%), g(z) > 0 for # € (0,5). And g(z) = [; 1+ sectdt =

x + In(sec z + tan x).

(cos z—1)?
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(ii) Note that, by the fundamental theorem of calculus, ¢'(x) = 1 + secx. Then

[g(2)])? tanz — 2¢'(2)g(x) Insec z

[g(=)]*

(9(z) — 2(cscz + cot x) Insec x)

px) = 8

which gives

[9(x)]3p' () cot z = 8(g(x) — 2(cscx + cot ) Insec x).

Note that lim+ I“MS% = lim+ tczi’i =0, and hence
x—0 x—0

lim ([g(x)]%p'(z) cotz) = lim 8(g(x) — 2(csca + cot z) Insecz) = 0.

z—0+ z—07+
Consider [g(x)]3p'(x) cot x. Then, by (a),

dlg(x)]p’ (x) cot &
dx

= 8(1+secx —2(cscx + cotx) tanx + 2 cscx(cscx + cot x) Insec x)

1
< 8(14secx —2(cscx + cotx)tanx + 2 cscx(cscx + cot x) = sinx tan )
= 0.

One arrives that for x € (0, )

[g(@)]* ' (@) cota < lim ([g(@)]*s (z) cotar) = 0

z—0t

which implies that p'(x) < 0 provided that g(z) and cot x both are positive on the interval. Thus p(x)
is decreasing.

. 3 sinx __ 713 cosx  __ 1
(iii) We first compute xli{]& G = xll)rng Tioees = 3- Then,
8lnsecx
lim p(z) = lim ———
z—0+ o) z—0+ [g(z)]?
. 4tanx
= lim

=0+ g(x)(1 + secx)

. 4 sinz
= lim (——
z—0+t \ 1+ cosz g(x)

= 1.
(iv) Using lim g(z) = lim (x + In(secz + tanx)) = co we get
=5 T 5"
lim p(z) = lim 8lnsecr lim 4sinx _
T3 T3 [g(CU)]Q T>5 " g(x)(1+cosx)

(¢) Define o(z) = Jo (tseet) Insectdt y ) o (0,%).

g(z) Insecz



(i) Note that, by the fundamental theorem of calculus,

) fom(l +sect) Insec tdt . Insecx
lim = im ——
z—0+ lg(z)]? a0+ 3[g(w)]?

. tan x
lim ———————
z—0+ 6g(x)(1 + secx)
. sin x
lim ————
z—0+ 6g(x)(1 + cos )
. cos
lim :
a—0+ 6((1 +secx)(1 + cosz) — g(z)sinz))
1
24’

and
8 [ (1 +sect) Insectdt

7@ = P

then we get

8 [ (1 + sect) Insectdt

lim o(z) = lim

0+ z—0+ p(z)[g(x)]3
8 [ (1 + sect) Insec tdt
= lim —— - lim fo ( )
w0t p(a) a—0t [g())?
1
= 3
(ii) When 2 — 77, 2 would be viewed as any number greater than %, then Insect > 1 for 5 >t >
49
For g >t > Wg’

xT
/ (1 + sect)Insectdt
0

—1

o=

xT Ccos
= / (14 sect)Insectdt + / (1 + sect)Insectdt
c 0

—-11
os™1 2

> / (14 sect)dt
Ci

;—1 1
08 -

1 1 1
= z+In(secx + tanx) — cos ! = + In(sec(cos =) + tancos 1 (=))
e e e

66
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100 °
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Using wﬂ% lngs(%)x = I]ﬁlrili Tmed =1, we get
2 2
xr
1+ sect)Insectdt
lim o(x) = lim Jo )
P oI g(z)lnsecx
. (14 secz)lnsecx
= lim
a—z- g(x)tanz + (1 4+ secx) lnsecx
. 1
- xgrg— g(z) tangx
2 Insecz 1+secx +
1
= 3

(iii) A. We need to show that the derivative is non-negative:

(1 — cscx cot xlnsecx)

cscz cot? zInsec + csc® zlnsec z — csc z cot x tan x

cscx(cot? zInsec x4 csc? zInsecx — 1).

To achieve that, we observe that for x > 0,

as, by (a),
>
>
then, lim 1B8¢ez — iy
a0+ ST o+
Hence

cot? xlnsecx + csc® zlnsecx — 1

is increasing,

(cot? zInsecz 4 csc? zInsecx — 1)’
((csc? —1) Insecx 4 csc? xInsecx — 1)’
(2csc® xlnsecx — Inseca — 1)

—4csc® xcotzlnsecx + 2csc? zcot  — tan

1
—4.csc? z cot x(§ sinz tan ) 4+ 2 csc? z cot © — tan

—2cosz + 2 —sin’x

sinx cos x
(cosx —1)?
sinx cos x

0,

tan x 1

= = gives us that

2sinxz cosz 2

cot? xlnsecx + csc zlnsecz — 1

> lim (cot?zInsecz 4 csc? zInsecz — 1)
z—0+

= 0

1 —cscxcotxlnsecx is increasing

because (1 — cscz cot zIlnsecz)’ > 0.
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. Note that
(I+secx)lnsecx  (cotx + cscx)lnsecx

tanx fO“L 1 +sectdt fow 1 + sectdt

)

((cot z + cscz) Insec x)’
(fy 1+ sectdt)

(cot z + cscx) tanx — csc z(cot x + csc ) Insec x

1+secx

= 1—cscrcotzlnsecx

Y

lim (1 — cscx cot x Insecx)
z—0+t

1
9’

tanx
cos T

and lim m;# = lim
z—0t r—0+

= 0. Since

x

lim ((cotz + cscx)lnsecz) =0 and lim 1+sectdt =0,
z—0t r—0Tt 0

and by the previous result, 1 — cscx cot z Insec x is positive and increasing, by the given fact we get

(14sec x) Insec

W 1S lncreaSIDg.

fom 1+sec tdt

li ! = 1 ltsecx __ 2 oi ,b b) (iii ,
(1+secx)Insecx
im =
2—0+ tanx [ 1 + sectdt
"1+ sectdt
= lim <(1 +cosz) - Jo - . p($)>
z—0F sinx 8
1
5
. Note that
lim (14 sect)lnsectdt =0 and lim (In secx/ 1+ sectdt) =0,
z—0t Jo r—0+ 0
and

(fy (14 sect) Insec tdt)’
(Insecw [; 1+ sectdt)

(1 +secx)lnsecx
(1 +secx)Insecx + tanz fox 1+ sectdt
1

tanz [7 14-sectdt
(14secz)Insecx

1+
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which implies that it is increasing by the previous result. And

(Jy (1 +sect) Insectdt) 1
T ] - tanz [ 1+sec tdt
(Insecx [ 14 sectdt) L+ Asec ) msecs
) 1
> lim =
z—0t 1+ W
(14secz) Insecz
_ 1
3

which says that it is positive. Using the given fact, one obtains that o(x) is increasing.

8.3 Reduction formulae

Exercise 11. (Level 4)
For any non-negative integer n, let

e” sinx cos™ xdx.

&
Il
\MH

VB

(a) Evaluate Iy and I.

(b) Show that for n > 2

(¢) Show that when n is odd
n!

[(n+1)2+1]---[22 +1]

I, =

and when n is even




Solution. (a) We first note that

It gives

e*dsinx

e” sin xdx
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By several times of integration by parts, we get

L = e” sin x cos xdx

——un

|
w3

sin x cos xde®

Il
—

|
B

= [e”sinxcos x]% — | e®d(sinxcosx)

us
2

——un

[N

2

e”(cos? & — sin® z)dx

Il
|
—un

|
[NE]

(cos? z — sin? ) de”

I
|
—— i

|
INE)

% + [ e®d(cos® x — sin® x)

S~

= —[e"(cos® z —sin® z)]

N

x
5
jus — .
= e2 —¢ 2 —4/ersmxcosxdx

Hence, one obtains that

fus
2

s —
€2 —e

= ¢~
0 22 41

(Remark: The calculation of I; will be much simpler, if double angle formulae are used.)

(b) Integration by parts, we get

e” sinx cos™ zdx

=
Il
\w\a

[NE

€” sin zd cos™ !

X

Il

|
3
+ |~
—_
\m\:a

|
w3

e sinz cos" ! zdx

I
S
—+ | =
[a—y
\I\JH




On the other hand, again, integration by parts tells us that

e” sin x cos” xdx

——un

I n =

[NE]

sin x cos™ zde®

Il
——un

[ME]

e®d(sin x cos™ x)

1
|
—

|
[SE]

e”(cos" ™ & — nsin® x cos" ! x)dx

I
|
S~

e”((n+1)cos"™ 2 —ncos" ! x)dx

I
|
\MH

w3

= —(n+ Dl +nlp_ 1.
Using the preceeding two equations, we have, for n > 2,
I, ==+ 1)y +nlyy = —(n+1)°L, +n(n— 1)I,_2,

that is,
[(n+1)2+1] I, =n(n—1)I,_».

(¢) By (b), we have, for n > 2,

B n(n —1)
In - mln72
nn—1) (n—2)(n-23)

n+12+1 (n—1)2+1

In—4

— €

+e

) when n is odd

[MERENVE]
[SERSIE]

n!
_ {quu(e
- @

) when n is even.
8.4 Improper integrals

Exercise 12. (Level 2/Level 3)
Discuss the convergence of the improper integrals below.

0 dx
(@) Jfy (1+2)(2+37)
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() Jy" sy

(c) fo =8sd

xT

(d) fol 32?2 Inxdx

Solution. (a) Note that m = 1%1 + %% Since
/°° dzx Cim X dz
o (1+2)(2+32)  X=oo)y (1+2)(2+32)
b'e
-1
= lim + 3 dx
X—oo g 14+2 243z
) 24321
= lim |In
X —o00 1+x 0
= lim [ln2+3X—ln2]
X —o00 + X
= ln§,
2

the integral is convergent.
(b) We examine the convergence for the following three cases:

k = 1: Since

> d X d
/ Y _ lim / T — lim [Inln x]S{ = lim [InlnX —Inln2] = oo,
9 xlnx X—oo )y zlnzx X-ow X —00

the integral is divergent.

k < 1: Since
< dx X dlnz 1 x
= 1li b | lnz)—*1" =
/2 :E(ln:r;)k Xgnoo 9 (lnx)k 1—k Xgnoo [( ngc) ]2 00,
the integral is divergent.
k > 1: Since
* dr X dlnz 1 x (1n2)1—k
= [l ——— = lim [(In2)'"*]] = —ZL—
/2 z(Inz)k X o 5 (nx)s  1-k o [( nz) ]2 o1

the integral is convergent.

(c) Because

X X X
1-1 1 1
/ 2nxdx = / —Qd:rJr/ Inxd—
2 € 2 X 2 €
X X X
- / Lizy {lnﬂ —/ L
2 X X 2 2 xr

InX In2

X 2
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and by I’Hopital’s rule, XlgnOO % = Xlgnoo % = 0, therefore,

*1-1 In2
/ andm:——n .
9 T 2

The integral is convergent.
(d) Apply integration by parts on [ 3z% Inzdz:

3

/3x21n:z:dx:/lnxd:c3:xSIsz/zzdz:z‘glnxf%.

Consequently,

1 1
/ 322Inzdr = lim 322 In zdx
0

e—0t Jo

237!
= lim [x?’ Inx — ]
e—0t 3 e

1 3
= lim [—3 +&3lne — 53}

The last equality is justified by the limit (obtained by L’hopital’s rule),

Ine
lim e3lne = lim — = lim 3
e—0+ e—0t+ £ e—0+ —3e~

Exercise 13. (Level 3/level 4)
z4+1)2(z— . 3 (z
Let f(z) = % Find [, %dw.

Solution. The integrand f(z) = %7%;1) is unbounded at x = 0 and = = 2. We first treat the following four

improper integrals:

L R O 0 R R (0 W O (O N
/_11+f2(x)d’ /ol+f2(z)d’ /11+f2(x)d d /21+f2(x)d'



’

Using [

f
1+f

Therefore, we arrive at

(f()x) dr = tan™! f(x) + C, we get

0 flx)
/4 1+ fQ(gU)dz

- ali%l* [tan™! f(@)]”,

- “ ()
= ali%l/,l T 2@

a

= lim tan™' f(a)

a—0~

™

27

- L)
- b1—1>%1+/b T+ )™

[tanf1 f(x)];

lim
b—0+

= lim —tan™' f(b
Jim —tan™" f(b)

27

> =) o ¢ fl=)
/1 @™ T 05%1/1 2@
= Clil;lﬁ [tan ™" f(x)];
= Cl_igl_ tan~! f(c)
= g, and
(=) o (=)
/2 @ dlﬁéﬂ/d P>
= lim [tan~! ()],
= dlirgr (ta111 z—i —tan™! f(d)>
— tan-! 32 7
= an ﬁ — 5
f'(z)
T+ 2@ ™
fl(x) 1 f/( ) 2 f’(:l? 3
et ), et Tt
T 32 0w
Ty g gt g
_4 32
1 ﬁ — 27T

(0]
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8.5 Inequalities Involving Integrals

Exercise 14. (Level 2)
By comparing 1+ 2z, 1 + 2 and 1+ §, show that, for > 1

InvI+ 2z <In(l+2z)<In(l+ g)?

Solution. Observe that for ¢ > 0,
1 1 1

< < .
1+26 = 1+t~ 144

Integrating from 0 to x, it gives

| | T
/ dtg/—dtg/ - dt
o L+2t o L+t o 1+1

Inv1+2r <In(l+z)<In(l+ §)2

which says that

Exercise 15. (Level 3)
Suppose that h is positive and continuous on [0, 00) and that h(z) > H(x), for x > 0, where

H(z) =1+ / " h(ydt.

Prove that, for any = > 0,
h(z) > €”.

Solution. Since h is positive, H is positive. By the fundamental theorem of calculus, H'(t) = h(t) > H(t), we
xT H/ t x
/ (>dt Z/ dt.
o H(t) 0

h(z) > H(xz) > e*.

then integrate from 0 to z,

With H(0) =1, we have In H(z) > z, i.e.

Exercise 16. (Level 3)

Let x be a real number. Express In(1+2?2) in integral form and, considering this integral, show that, when n > 0,

7’Ll‘2

T=2 < In(1 + 2%)™ < na?
=z



7

2
Solution. Observe that In(1+ 22) = f11+I %dt and for 1 <t <1+ 22,

Therefore,

and

Combining, we get
ne
1 =22

<In(1 + %)™ < na?,

as desired.

Exercise 17. (Level 5)
(a) Show that, for any real numbers a and z,

(1—la))? <1—2acosz +a® < (1+|a])%
(b) For any real number a such that |a| # 1, let

I(a) = / In(1 — 2acosx + a?)dx.
0

(i) By using (a), show that
(1~ lal)® < I(a) < 7(1 + |al)?,

and deduce that lim I(a) = 0.
a—0

2 2

(ii) Using cos(2z) = cos?x —sin®z = 2cos?z — 1 = 1 — 2sin? z, show that

I(a)+ I(—a) = I(a®) and I(a) = I(—a).

Hence show that

I(a) = 2%1(&")

for all positive integer n.
(iii) Show that

I(é) = I(a) — 27 ln|al.

(iv) Deduce from above results that

Ha) = {o if |a] < 1

2rlnlal if |a| > 1



()

Show that I(1) =I(—1) =0.

Solution. (a) We begin with

(b)

—2|a] < —2acosz < 2|al,
then we get
(1—la])? €1 —2acosz +a* < (1+|a])?
(i) Using the inequalities derived in (a),
/ (1 — |a|)2ds g/ In(1 — 2acosz + a2)dx g/ (1+ |a])2de,

0 0 0

h 71— Jal)® < I(a) < 7(1 + fal)?.

As limo(l + |a])? = 0, by the sandwich theorem, we get limO I(a) =0.
a— a—

(ii) We first have that

I(a) + I(—a)

In(1 — 2acosz + a*)dx + / In(1 4+ 2acos x + a?)dx
0

™

In(1 — 2a” cos(2z) + a*)dx

I
o— S—

1 27
= 7/ In(1 — 2a®cost + a*)dt
2Jo
L[ 2 4 Lore 2 4
= 5 In(1 — 2a”cost +a )dt+§ In(1 — 2a” cost + a*)dt
0 ™
N O 2 4
= §I(a ) — 3 In(1 — 2a* cos(2m — t) + a™*)d(2m — t)
N 2 4
= —I(a*)+ = In(1 — 2a* cos s + a”)ds
2 2./,
2y Lo
= 1)+ 51()
= I(a?)
and
I(—a) = / In(1 — 2acos x + a*)dx
0

= — /077 In(1 + 2acos(m — x) + a?)d(m — x)

= / In(1+ 2acost + a?)dt
0

= I(a).

78



Hence, inductively, we get

Ia) = 1@ =+ = 1)
(iii)
I(l) = / In(1 — fcosac—&— ! —)dx
a 0 a?

= /ln 1—2acosx+a)dx—/ In a®dx
0

(=)

I(a) — 2r1n|al.
(iv) When |a| < 1, h_>m a®" =0, by (ii) and (i)

I(a) = lim iI(a“'”) =0.

n—oo 21
When |a| > 1, we use the result in (iii), we then have
1
I(a) =1(-) + 27 1n|a| = 27 ln|al.
a

The last equability follows from I(1) =0 as mar < 1.

79

(c) The derivations of I(a) + I(—a) = I(a®) and I(a) = I(—a) haven’t used the assumption |a| # 1, the results

remain true when ¢ = £1. Hence solving I(1) + I(—1) = I(1) and I(1) = I(—1), we have I(1) =

as desired.

Exercise 18. (Level 5)

(a) Suppose f(z),g(x) are continuously differentiable functions such that f/(x) > 0 for a <z <b.

(i) Let w(z) = [ g(t)dt. Show that

b b
/ F(@)g(x)dz = F(b)u(b) - / P (@ )we)ds

(ii) Using the mean value theorem for integral, show that

/ab f(z)g(x)dz = £(b) /cbg(x)dx + f(a) /:g(x)dx

for ¢ € [a, b].

1) =0,

O

(b) Let F(z) be a function with a continuous second derivative such that F”(z) > 0 and F'(z) > m > 0 for

a <z <b. Using (a) with f(z) = *ﬁ and g(x) = —F'(z) cos F(z). Show that

/ab cos F(z)dx

(Remark: This lemma plays an important role in the theory of exponential sums.)

4
Si
m




(¢) (i) Show that

1 1
/ cosz"tldr < / cosx"dx.
0 0

. 1 .
Hence show that lim f cos " dx exists.
n—oo 0

(ii) Using (b), or otherwise, show that lim fo% cos z™dx exists.
n— oo

Solution. (a) (i) Note that w(a) = 0, we get

b b b
/ f(@)g(x)dz = / F(@)dw(z) = f(byu(b) - / £ (@yw(z)d.

(ii) By the mean value theorem for integral, there is a ¢ € [a, b] such that

b b
/ fl(@yw(x)de = w(C)/ f'(@)dz = f(b)w(c) = fla)w(c).

Plugging in the equation of (i), one obtains

b
/ f@)g(e)dr = Fbu(d) - / F @y ()dz

(b) Note that

ICIEES
b b b
|/ g(z)dz| = |/ F'(x)cos F(z)dx| = |/ cos F(z)dF(x)| = |sin F(b) —sin F(¢)| < 2,
and

|/ g@)ds] <2

80



F"(z) > 0 ensures that f'(z) = (5,/;% > 0. We are ready to use (a) and the estimations above

/abcosF(x)dx = [f(b) /Cbg(m)dx—i-f(a) /acg(x)dx

b c
< 110 [ st@ydsl + 1f() [ glo)ia
2 2
< Z+=
4
< —.

(¢) (i) For z € [0,1], 2™ > 2™, then cosz™ < cosz™t! < 1 so, by integrating from 0 to 1,

1 1
/ cosz"dx < / cosz"Tldr < 1.
0 0

. Then

81

Hence the sequence { fol cosz™dx} is increasing and bounded by 1, by monotone convergence theorem,

. 1 .
lim fo cos x"dzx exists.
n— oo

(i) For 1 <z < 2m, let F(x) = 2™ Then F'(z) = nz" ! > nand F"(x) =n(n—1)2"2 > 0for 1 <z < 2m.

We are in position to use the result of (b), we get

2m 4
|/ cosz"dx| < —.
1 n

By the sandwich theorem tells us that

27

lim cosxdxr = 0.
n— oo 1

. . 27 n T 1 n . 27 n T 1 n .
Hence, by (c)(i), Jim Jo coszdr = Jim Jo cosa™dx + lim. J; " coszdr = lim [ cosz"dx exists.

n—oo

O
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