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Review of previous lecture

The truncated SVD solution: for N 5 k < rank(A), there exists a
unique xx € X s.t.

AXk = Pky7 Xk L ker(A)

with Py : Y — span(u;)X_, is the orthogonal projection. This solution

can be given as
k

j=1

m the method is convergence with proper choice of k

m the index k by Morozov’s discrepancy principle
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For a matrix A € R™*" the SVD is usually written as
A=USVT

with S € R™*" has nonnegative singular values on its diagonal, and
the columns of V € R™" and U € R™*™ are orthonormal basis. The
truncated SVD solution of order k is given by

xk = VS[U Ty, S =diag(s;",...,5:",0,...,0) € R™™.

pseudo-inverse: k = rank(A)

m an approximate SVD is viable using randomized SVD, if the
singular values decay rapidly
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Motivation of Tikhonov regularization

The norm of the residual
|Ax — y||

is minimized by the sequence of truncated SVD solutions (xx) as k
tends to rank(A). Unfortunately, for inverse problems, we typically also
have

IXc]| = oo as k — rank(A)

and it seems well motivated to minimize the residual and the norm of
the solution simultaneously
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Tikhonov(-Phillips) regularization

A. Tikhonov 1943, 1963, D. Phillips 1¢62 (linear integral equations)

Tikhonov’s lemma

Let F be a continuous injective mapping from a nonempty compact
set A onto the compact set C. Then the inverse F~' is continuous.

a general strategy: restrict the solution to a smaller set (often with
better Sobolev regularity), impose the constraint by a penalty, i.e.,

Ja(X) = | AX = y|I? + allx|?

and take the minimizer (if it exists) as an approximation
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Tikhonov regularization

Ja(X) = [|AX = y|* + a|x]|?

m like k, a has to be specified (a priori / a posteriori)
m intuition: look for a solution with small || x|| = weak compactness
B can incorporate a differential operator L

m the penalty term often induces a (weak) compact subset

A. N. Tikhonov. On the stability of inverse problems. Doklady Akademii Nauk SSSR 39 (5): 195-198, 1943.
A. N. Tikhonov. Doklady Akademii Nauk SSSR 151: 501-504, 1963.

D. L. Phillips. J. ACM 9: 84, 1962
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What is nice about Tikhonov regularization?

m J, is strictly convex
Ja(txi + (1 = t)x2) < to(X1) + (1 — t)da(xe) Ve [0,1]
with strict inequality when t € (0,1)
m J, amounts to solve a linear system (if a solution exists)
(A'A+al)x = Aly

hence it avoids SVD ... = (hopefully) cheaper than SVD
efficient solvers for dense SPD linear systems

m can handle box constraint easily ...

mig a4

nearly impossible with truncated SVD
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There are a number of basic questions on the approach
existence Is there a solution to the Tikhonov model?

stability Does it depend stably on the perturbation of model parameters
etc so that it is numerically tractable ?

accuracy How good is it as an approximation ?
a. choice How to choose the regularization parameter o ?
solver Is it efficiently solvable ? (Not easy for large linear systems!)

discret. (for PDE related): Is the discretization convergent, and can
quantify the reconstruction error ?
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existence of Tikhonov minimizer:

let A: X — Y be linear and bounded, X and Y are Hilbert spaces
Consider the functional

Ja(X) = A = yII5 + ol x[I%

existence/uniqueness

For any « > 0, there exists one and only one solution to J,,.

proof by direct method of calculus of variations (later)
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A Tikhonov regularized solution x,, € X is a minimizer of the
functional

Ja(X) = | AX = y|I? + al|x||?

where o > 0 is called the regularization parameter.
Theorem

A Tikhonov regularized solution exists, is unique and is given by

S.
Xo = (A*A+a) Ay =Y " (y,u)v
2 alr
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simple case: X = R"and Y = R™. The general case follows the
same idea but requires some functional analysis. Note that

xT(ATA+ al)x = | AxIP + af|x|> = af}x| > 0

if x # 0. In particular, AT A+ ol € R™" is injective, i.e., it is invertible
due to fundamental theorem of linear algebra. Hence

Xo=(ATA+al) ATy e X

is well defined.
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Let (sj)/_, be the positive singular values of A, and (v;)i_, and (u));_4
the corresponding sets of singular vectors that span ker(A)* and
range(A), respectively. Then we expand x,, by

Xo = Z(Xou V/)V/ + QXOH
J
where Q : R"” — ker(A) is an orthogonal projection. Then

.
(ATA+ al)xo = (88 + @) (Xa, )V + aQXa
j=1

and similarly

r
ATy =Y sy, 4y
j=1
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equating these two expression results in

Sj .
Xo, Vi) = —(V, Uj), =1,...
( i) S/‘?+a(y i), ]
and Qx, =0, i.e.,

r

Xa:zszi

S AL
j=1 %I
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Finally, consider x = x,, + z, where z is arbitrary. Then

Jo(X¥) = [[(A(Xa + 2) = YIIP + al|xa + 2|7
= | Axa = ¥ |1 + 2(Axs — y, A2) + || Az|)?
+allxa|? +2a(x, 2) + al|z|f?
= Jo(Xa) + [|AZ|? + ol 2|2+ 2(2,(ATA+ al)x, — ATy)
= Ja(Xa) + [AZ|? + af|Z|* > Ja(2)

where the equality holds iff z = 0. Thus, x, = (ATA+al)"'ATy is
the unique minimizer of the Tikhonov functional.
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What does SVD say about Tikhonov ?
(VETUTUZVT + al)xpn = VEUy,

si(y, u) (v, u)
Xiikh = Z @, Vi VS Xsg= Z Vi
§50 St a

s;>0 Si
so we approximate 1/s; by s;/(s? + «)

Si
S/2+oz

%

, forsi> a,
Si
Si Si

5 , forsi<a
S+ a «@

%
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practical implementation: X = R"” and Y = R™. The Tikhonov
functional can be written as

A
Val

The normal equation corresponding to this least-squares problem is

Ja(X) = |

X — lg”‘, € R™" 0cR"

AT A Ay
X =
Jal|  |val Jall |o
i.e.
(ATA+al)x=A"y
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One actually does not need to form the normal equation when using
Tikhonov regularization. Let

K=
Val

A ER(ner)xn and Z:[g]

the command x = K\ z computes the Tikhonov regularized solution
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backward heat problem with wedge initial data
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150

100 -

-100
0

least-squares
reconstruction for exact data
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0.4

0.3

0.2

0.1
0

0.5 1
noisy data, with a small amount of noise (¢ = 1e-4)
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0.5 0.5 0.5
0.4 04 04
0.3 0.3 1 0.3+
0.2 0.2 1 0.2-
0.1 0.1 0.1
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
a=1e-2 oa=1e-3 a=1e4
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0.5 0.5 0.6
0.4 0.4
0.4
0.3 0.3
0.2 0.2
0.2
0.1 0.1
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
a=1e-5 o= 1e-6 a=1e-7
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main messages:

m with proper «, the Tikhonov solution is good.

(kinks) ...

m The solution is generally smooth (and almost nowhere zero)
m tend to have big errors near the boundary / nonsmooth points
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proof technique (using functional analysis)

m J,(x) > 0 = there exists a minimizing sequence {x"}

inf Ju(x) = lim J,(x™)

xeX n— oo

m The minimizing seq. is uniformly bdd: {x"} is uniformly bdd. in X
m There exists a subseq. {x"} converges weakly to x* in X

m Ax™ — Ax* weakly (weak continuous)
(AX™, ¥)y, v = (X" A Y)x x- = (X", A" ) x x = (AX", ¥) v,y

m weak lower semicontinuity || x*|| < liminfx_ oo || X™||

m x* satisfies J,(x*) < liminfy_ oo Jo(X™) = infx Jo(X)
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ingredients: coercivity, weak continuity, weak lower semicontinuity
comments

m the proof is valid for any reflexive Banach space

m also valid for nonreflexive spaces with minor changes

m for nonlinear operators, the weak continuity of A can be delicate

m the w.l.s.c. is challenging for nonconvex functionals ...
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consistency

setting: given a sequence of noisy data {y° }s-0, with

Iy’ =yl =4
for each y°, construct an approximation x°
regularization

) by Tikhonov
X8 =

= argmin || Ax — y°||? + o|x|)?
Question: Does x5 converge to x' ?

; Sy =
5'&)]‘”)(”(5) x'|| =077
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essentially the same argument =
consistency

a(5)%0+%HOﬁX(‘i(é)%XTaS(;%O.

recover the exact solution as the data tends to the exact one ...

’The choice balances the approx. error with data error ! ‘

characterization of least-squares solution x' (for exact data y'):

-1- . .
X' = ar min X
gxeX:Ax:yT H ”
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The minimum norm solution xt exists and is unique.

m y' € range(A) = the set S = {x : Ax = y'} is nonempty
m The set S is (weakly) closed.

m The functional || x| is nonnegative, there exists a minimizing
sequence (x"),
lim ||x"|| = inf ||x||
n—o0 XES

m a subsequence converges weakly (x"), to some x*
m weak lower semicontinuity

[Ix*|I < liminf||x"|| = inf ||x]|
XeS

m existence of a minimum-norm solution

uniqueness via strict convexity of || - ||?
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By the minimizing property of x°: J,(x2) < Ja.(xT)
1AXS = ¥ |17 + allxall? < |AXT — 2|7 + a || xT||?

< 8% + o xT|?
implication:

Ixall? < a'6% + [|xT %,
1AXG = y° |1 < 6% + aIxT||?

m condition a(6)~"4% — 0 = the sequence (X} 5)s is uniformly bdd

m J a subsequence (Xg(g))(; converges weakly to x* in X
m by weak lower semi-continuity of norms

* (12 P 8 2 . —1¢2 2 2
x| < liminf x5 1% < lim a(8) 7167 + [|xT]|? = ||xT]|
6—0t
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B AX) ;) — Ax* weakly in Y

B AX) ;) — ¥° — Ax* — yT weakly

m weak lower semi-continuity of norms
Ax* —

Y12 < timin [ AxZ ) — y7IP

< lim 6% + ()| x| =
6—0+

under the condition lims_,o+ a(6) =0
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m the limit x* satisfies

I[F< 11Xl Ax" = yT| =0

x* is the unique least-squares solution x'

m x| < [lx*]| < limsup X3 < [[xT]. i.e

li X0 = ||x
s "EL | || [x]
+ weak convergence of x?

lim ||x? —xT| =0

m the standard subsequence argument implies the whole
sequence converges weakly to xf
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stability
m Forany a >0, x,(y") = x.(y)in Xas y" — yin Y.
mleta>0,foranyye VY, x,, = X, in Xas a, — «

the regularized scheme is stable = numerically feasible
proof is left as an exercise.
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What about the quality of approximation ? e.g., for some v > 0

X025 — X' < c5” asd — 07

m No extra conditions on xT, there can be no convergence rate !

m Under suitable conditions, we have sublinearrate, 0 < v < 1
by ill-posedness, we ALWAYS lose something !

The first point is not surprising: FEM/FDM have no convergence rate
if no extra regularity is available.
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canonical source condition

xt = A*w,

weY
Theorem

Under canonical source condition and o ~ §, ||xt — x| < ¢5'/?

proof follows by means of completing squares
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By the minimizing property J,(x3) < J.(x")
1AXS, = y°IIZ + allxal? < [ AXT = y° | + ol xT|1?
completing the square
1AXS = y°II7 + allxg = xT|[2 < [|AXT — y° |12 = 2a{xT, x5 — xT)
= y" = y°I? = 2a(A"w, x5 — xT)
= y" = ¥°IIP — 2a(w, A(x} — xT))
completing the square again
1AXS, = y° + aw|]? + af|x — xT(|?
< ly* = yHI? = 20w,y — y') + ®||w|f?
< (af|w| +4)?

the role of source condition is to link X and Y spaces
the choice o ~ § = O(0'/?) rate
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m there are more general conditions,
e.g., (A*A)*w = xT, or logarithmic type ..

H.W. Engl, M. Hanke, A. Neubauer. Regularization of Inverse Problems. Kluwer, 1996

m these are related to conditional stability estimates (in PDESs)
Cheng-Yamamoto Inverse Problems 2000
= Carlemann estimates m Yamamoto. Inverse Problems 2009

m variational inequality approach T. Schuster, B. Kaltenbacher, B. Hofmann and K.

Kazimierski, Regularization Methods in Banach spaces, De Gruyter, Berlin, 2012.

m Kurdyka—Lojasiewicz inequality (very popular in optimization)
Gerth-Kindermann 2019

Generally, the verification of such a condition is very hard !
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Morozov’s discrepancy principle

How to determine a ?
Given the data y° € Y is a noisy version of the exact data y* € Y and

Iy’ —yf|~6>0

For Tikhonov regularization, Morozov’s discrepancy principle chooses

a S.t.
Ily® = AxS| = 6.

Such a regularization parameter exists if

Y =Py <é<lly’ll
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2

well-definedness of discrepancy principle

The function ¢(a) = ||Ax?
in o, and

y?||2 is continuous in «, strictly monotone
: — Iy _ pyd2 ; — 19|12
Jlim ¢(a) = [ly’ = Py’|2 and  lim ¢(a) = [ly’>.

Implication: there is a unique « satisfying the discrepancy principle, if
Iy’ -

Pyl <s<lyl
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By the representation

5 Si §

X% = UiV

o Ei 2 +a(y i)V
and thus, the residual

s.
Ax) —y° :Z s?_’ia(yéaui)AVi_yé
—ZSZ v, uui — y°

:Z<s.24i—a 1) 0w = (1= P)y’

Hence,
2
— lAXS — VO|12 = o S )2+ 11— P)yo|]2
¢la) = [[Axg = y°ll Z (SI?JFQ)Z(}/ N7+ =Py
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limit relation
2
5 1132 _ 5112
. ole) =32 i, g g+ 0= Py
= (/= P)y°|I?
§ 2 _ 5112
all—>moo¢ a) = Zah_)mooszi)(y )+ I(T= Pyl
=S )P+ U= PP =y’
i
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regularizing property of the discrepancy principle
Theorem

m Tikhonov regularization equipped with DP is consistent!
m Under the canonical source condition,

X35 — XTIl < cs2.

(i.e., the approximation x° (5) converges at a rate O(¢ : )
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By the minimizing property of x2: J,(x2) < J.(xT)

1AXS = y°II2 + allxal® < [AxT — y° || + afxT|?
< 6% + af|x'||?
discrepancy principle: [|[AxS — y°|2 =62 = |x2|]2 < ||xT[]?
m convergent subsequence to x*, with wisc: ||x*|| < ||xT||
m Ax? — y° converges weakly to AX* — yf
m the residual also converges to zero

|Ax* — yT|| < liminf||[AxS — y°|| = lim 6 =0
6—0
Xx* is the minimum norm solution
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By the minimizing property J,(x) < J.(xT)
1AXS = y°II2 + allxal® < [AXT — y°[| + o] x"|?

+DP = ||x3||2 < ||x"||? + source condition =
x5 —

X2 < 2(xt,x? — xT) = —2(A*w, x° — xT)

—2(w, A(xg — x1)) < 2| w|[|AxS s — ¥l
DP + triangle inequality =

1A sy = YT < A ) = YOIl + Iy = yTll < 26
convergence rate

133 — xt|| < 2f|w||2 2.
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discrepancy principle in action

0.4 '
0.3
=
0.2
0.1 '
0 0.5 1
noisy data, with a small amount of noise (e = 1e-4)
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(generalized) Tikhonov regularization

Ja(X) = [ AX = y|I? + of|Lx||?

m L: differential operator

m intuition: look for a solution with small derivative || x|| = weak
compactness ...

m the penalty term often induces a (weak) compact subset in
Sobolev spaces

49/52


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

The Chinese University of Hong Kong

104 10
[72] [2]
o o
108 100 /
1071® 10710 10" 10° 1071° 10710
H' seminorm

10°°

10°
H? seminorm

DEPARTMENT OF

ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG

50/52


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

The Chinese University of Hong Kong

10°
10°
5 5
10° 10°
107® 10710 10" 10° 1071® 10710
H' seminorm

10°°

10°
H? seminorm

DEPARTMENT OF

ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG

51/52


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

The Chinese University of Hong Kong

05 05
0.4 0.4
0.3 0.3
Y Y
0.2 0.2
0.1 0.1
0 0
0 0.5 1 0 0.5 1
H' seminorm H? seminorm
52/52
ATHEMATICS

THE CHINESE UNIVERSITY OF HONG KONG


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

	Main Part
	Tikhonov regularization


