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Unsupervised deep learning approaches to inverse problems
Deep image prior

DIP for compressed sensing
DIP acceleration
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model setting: linear inverse problem

yo=Ax+n

B Xx: unknown image / signal
m y’: noisy measurements
m 7): data noise

m A: linear forward operator

The problem is often ill-posed

Traditionally, it is estimated through regularized reconstruction.
Can we design a neural solver with quantified uncertainty?
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Deep learning for inverse problems
m there are many successful supervised approaches using deep
learning for solving inverse problems.
0" € argmin 3 [16(y) = X2, X9 = - (y7)
i

m unrolling (ISTA, ADMM, GD, PDHG, EM, ...)
m learned prior / likelihood
E ..

features
m cheap at deployment (passing through the network)

® require (abundant) paired training data {(x’, y')}", (scarce in
medical imaging)

m performance may degrade significantly when the test data
distributes slightly differently from the training data! v antun, F Renna,
Poon, B Adcock, A C Hansen. PNSA 2020
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The peril of training data

sensitivity of classification neural networks

K. Eykholt et al CVPR 2018
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The peril of training data v. antun, F. Renna, C. Poon, B. Adcock, A. C. Hansen. PNAS 2019

Original =

MRI-VN f(Ax)
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Deep image prior
inversion tasks via energy minimization
x* = minyE(x; xo) + R(x)
B Xxo: corrupted image

B E(x; xo): task specific term (penalty)

deep image prior: x = f5(z) maps a random code vector z to an
image x, and no explicit prior R(X) ulyanov-vedaldi-Lempitsky 2018

0" = argming E(f5(2); X0), X" = fy-(2).

procedure: 8* computed by randomly initialized gradient descent,
converges to a local minimizer
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deep image prior: D Ulyanov, A Vedaldi, V Lempitsky CVPR 2018, 9446-9454

0" = arg min ||Af(2) — YO|?, x* =fe(2)
0€R%
z: random input, 8: DNN parameters

insight: architecture alone can regularize inverse problems in imaging
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Image

—— Image + noise

0.06 —— Image shuffled
U(0, 1) noise
0
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—— Image + noise

—— Image shuffled
—— U(0,1) noise

10! 102 103
Iteration (log scale)
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(a) GT
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(b) Input () Ours (d) CBM3D

(e) NLM
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(a) Original image

(b) Corrupted image

(c) Shepard networks |
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(d) Deep Image Prior
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(a) Original image

(b) Corrupted image (c) CsC [J 1]

(d) Deep image prior
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overfitting without regularization o uiyanov, A Vedaldi, v Lempitsky CVPR 2018

Corrupted

100 iterations

600 iterations

message: early stopping is needed !

M) | MR

2400 iterations

50K iterations

effective strategy: regularize explicitly (via total variation) b. otero Baguer, J
Leuschner, M. Schmidt. Inverse Problems 2020
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electrical impedance tomography

{v (cVu)=0, inQ

u=f, onadQ
many Cauchy data pairs: (f,d,u(f)) = o

EIT reconstruction [0SS Bar-sochen siaAM J. Imag. Sci. 2021

t{otun) =

l
Z\E ?+ S 1L
‘Z“ELOPK(‘Ezn
1 &
Rl

(0) = o) | + il + 1= Z Va(a,
b=1

other approaches: physics informed neural networks, deep Galerkin
method, deep Ritz method
WIH.PJ\RM\HI‘I)\ILIIEIS
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EIT reconstruction
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(d) no noise (€) Onoise = le—6 (f) Onoise = 5e—6
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EIT reconstruction
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(a) Ground truth (b) Proposed
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o 0
(c) EIDORS [1] (d) D-bar [24]
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short history of the method

m first proposed by D Ulyanov, A Vedaldi, V Lempitsky CVPR 2018
image denoising, super-resolution, inpainting, delurring

m deep decoder R Heckel, P Hand IGLR 2019

m theory: DIP for compressed sensing with convolution type
architecture, smooth components converge faster than noise
R Heckel, M Soltanolkotabi ICML 2020

m theory: connection with Tikhonov regularization (analytic DIP)
S Dittmer, T Kluth, P Maass, D Otero Baguer JMIV 2020; Clemens Arndt 2022, Inverse Problems

m many applications: CT, PET, MRI, MPI, ...
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compressed sensing (sparse reCoVery) Heckel et al 2020 ICML
observations

m Un-trained CNNs are empirically most effective when they are
over-parameterized

m Early stopping can be critical, e.g., for denoising
goal:

m why for CS, gradient descent can reconstruct a good signal
estimate without any regularization

m prove that this is possible with a minimal number of meas. prop.
to signal dimen.
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compressive sensing

y = Ax* € R™
recover x* € R” from m < n linear measurements

method: use an over-parameterized untrained CNN prior
G:RN 5 R”

m N > n, parameter-vector C € RN (over-parameterized)

m G: deep decoder, simple un-trained convolutional network
m randomized initialized (without training)

20/39


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

FHEFIKRE

The Chinese University of Hong Kong

reconstruction: (randomly initialized) gradient descent on the loss

L£(C) = 3|IAG(C) - y|?

m two-layer convolutional generator G : R™*" — n
G(C) =ReLU(UC)v

mv=[1,...,1,-1,...,-1]/Vk fixed weights
m C < R™X: coeff. matrix of generator (network weights in layer 1)
m U: convolution with fixed kernel u, circulant matrix U € R"*"

m deep decoder (d layer)

G(C) = ReLU(UBdCd)V, B,‘+1 = cn(ReLU(U,B,-C,-)), i= 0, ey ad—1.
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warmup: recovery with over-parameteried linear generator
G(c) = Je,

with J = R™N_full rank
y = Ax*
A € R™" Gaussian meas. matrix, iid N(0, m~") (approx. norm
preserving, i.e. ||z|]| = ||Az||)
L(c) = 3/|Ade — y|?
gradient descent with small step size = minimum norm sol.
¢ = (A)) AdJc* = Pyrarc?
and

X —x" = J(&— C*) = J(I— PJTAT)C*
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Let A € R™<" be random Gaussian matrix with m > 12, wy, ..., w, be
the left singular vectors of J associated with o1 > - -- > o,. Then for
any x* € R", with prob. at least 1 — 3¢z, the signal est. X = JC
based on y = Ax*,

n
1% = x[? < e Do o720 wi?) 3 of.
i=1

>3

good approxim. if
m x* lies in the span of leading O(m) sing. vectors of J

m S.V. of J decay sulfficiently fast
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L(C) = }|IAG(C) - y|?
A € R™<": Gaussian r.v. with iid N(0, m~") entry
m gradient descent with constant step size
m random initialization, Gaussian N(0, w?)

m iteration
C[+1 = C[ — HVE(C[)
oG

m key: replace J with J(C) = 52
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key facts: left singular vectors of J

1, i=0,
], — 1 | V2cos(2mjin), i=1,...,n/2 -1
YV (-1Y, i=nj2

V2sin(2mji/n), i=n/2+1,...,n—1

/ U®U
1

with g(z) = (1 — <=-2)z

singular values
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Let A € R™<" be a random Gaussian matrix with m > 12 and
suppose we are given a linear measurement y = Ax* of an arbitrary
signal x* € R". If k > Cy g (for € < 1), w o |ly||/v/n, and the stepsize
is sufficient small

1G(Coo) = x*II7 < C( Y- o72(wi,x*2) 3 o + 2llx"|2

=

key idea: for wide networks, in the neighborhood of random init., the
Jacobian does not change much .... (similar to NTK)
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original recovered (a) loss (b) loss w.r.t. image
100 E7 T T E T T T
F 1 w0 e
107t E F 1
m . B - B
7 F p L i
= 1072 E E L |
1073
£ 1 L 1 102L, L I |
100 102 10% 100 102 10*
iteration £ iteration ¢
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pros and cons of DIP
m free from any training data, robust w.r.t. distributional shift
m the need of early stopping
m fresh training for each new data = expensive to deploy

m Nno uncertainty estimate
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deep image prior for inverse problems

0" = arg min {£(0) == |Af(2) — VP |2 + Ay(2) v}, X' = fye(2)
6cR%

1 128 128 1

m Unsupervised learning 1 H
m Ordered-pairs-of-ground-truthsimages ' 1
andreatmeastrementdata? - -
+ PR
m Robust to out-of-distribution samples? - —|~
+ .t
[ Sgitable for imaging _applli_cations M
with scarce data availability?? —

U-net architecture
Ronneberger et al MICCAI 2015
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Accelerating DIP with pretraining

Can DIP benefit from pretraining for accelerating subseq.

reconstructive tasks? If so, can we easily construct an informative

dataset to warm—start DIP? How do inductive biases of pretraining
impact the reconstructive task?

R Barbano, J Leuschner, M Schmidt, A Denker, A Hauptmann, P Maass, B Jin. 2021. arXiv:2111.11926
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Educated DIP (EDIP)

N

m Step 1: Superv. pretraining on synthetic training data (x’, y?)V ,

* . 1 T ,0 i2
0z = arg min ; 1fa(ATy) = x|

Ground truth

Af: approx. inverse, e.g., filtered backpropagation for CT

U-Net

PSNR; 12,78 4B, SSIM: 0,0327

PSNR; 35,0208, SSIM; ©,9661

m Step 2: Unsupervised fine-tuning on real data

H 512
0; € arg_min [AG(2) = VP + Alfo(2) Iy X" = fyr (2)
0cR%
Barbano, R., Leuschner, J., Schmidt, M., Denker, A., Hauptmann, A., MaaB, P. and Jin, B., 2021. arXiv:2111.11926
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Iteration Q000D
EDIP (FEP) EDIP {noise) [warm-up] DIP (noise}

https://educateddip.github.io/docs.educated_deep_image_prior/
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Reconstruction with walnut dataset

EDIP (FBP) DIP (noise)

Ground truth

Ellipses-Walnut (Sparse 120)
* *

35 E

W) | \N f
EDIP takes approx. 3

*
PSNR: 33.31dB, SSIM: 0.7]

A
EDIP (FBP) initial

0 min against DIP, which takes 2 h and 30 min with NVIDIA | .
GeForce RTX 2080Ti. A TV regularized reconstruction of the Walnut takes

approximately 6 min and converge to 31.67 dB. EDIP takes only 3 min (i.e.

CE T
A Initial PSNR
-5

505000 7500 10000 12500 15000 17500 20000
* Risetime (to -0.1d8) - Steady PSNR of DIP (noise}
0 5000 10000 15000 20000 25000 30000
Iteration
—— DIP (noise) —— DIP-FE (noise) —— EDIP (noise) [warm-up]
—— DIP (FBP) = EDIP (FBP) —— EDIP-FE (FBP)
PSNR: 25.670B, SSIM: 0.7584  PSNR: 33.680B, SSIM: 0.8170  PSNR: 16,218, SSIM: 0.1398
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Reconstruction with 3D walnut dataset (resolution: 167°)

Ellipsoids-Walnut (3 Sparse 20)
Ground truth DIP (noise) EDIP (FBP)

Ellipsoids-Walnut (3D Sparse 20)

DIP (noise) EDIP (FBP)

Pt

‘“’wll

A T 2500 5m)u 7sou mm)o nsoo 15000 17500
A Initial PSNR & Rise time (to —0.1dB) -~ Steady PSNR of DIP (noise)

y - ‘ ‘ 0 5000 10000 15000 20000 25000 30000
7 % —— DIP (noise) ~—— DIP-FE (noise) —— EDIP (noise)
> —— DIP (FBP)  —— EDIP (FBP) —— EDIP-FE (FBP)

PSNR. 30,6448, S 09218 | PSNR: 308908, SM: 03230  PSAR: 130008, SIN: 01388
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Shedding insights into pretraining

Feature reuse plays a very crucial role

Ground truth

m The deployment of the pretrained
model on an out-of-distribution
task shows high input-robustness

The feature reuse mechanism leads to
hallucinatory behaviors

m Amending the knowledge acquired
via pretraining protects from
instabilities due to distributional
shifts
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spectral evaluation of pretraining

construct an approx SVD of the Jacobian via randomization

— EDIP (8°™) = = DIP (6°°%)
10% 4 m— EDIP (61100 = = DIp (6200
EDIP (8"%) DIP (§")

m SVs of DIP Jacobian shifts greatly

== ™ SVsof EDIP Jacobian are stable

= dynamics of training process

Magnitude

0 200 400 600 800 1000
# projections
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spectral evaluation of pretraining

construct an approx SVD of the Jacobian via randomization

N :‘\ 00>
T~ oo T4 |
~F Vgt %“1 .
B i
~— =] u\\‘l\\\ a
H Peramege, 2 , B
;2 8 " l1eg?  ©
Histogram (b)

— g gloo] P
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(very incomplete) references
= D Ulyanov, A Vedaldi, V Lempitsky. Deep image prior. CVPR 2018, pp. 9446-9454

m R Heckel, M Soltanolkotabi. Compressive sensing with un-trained neural networks: Gradient descent finds
the smoothest approximation. ICML 2020

m D Otero Baguer, J Leuschner, M Schmidt. Computed tomography reconstruction using deep image prior
and learned reconstruction methods. Inverse Problems 2020; 36(9): 094004

m R Barbano, J Leuschner, M Schmidt, A Denker, A Hauptmann, P Maass. An educated warm start for deep
image prior-based micro CT reconstruction? (2021) arXiv:2111.11926

m J Antoran, R Barbano, J Leuschner, JM Hernandez-Lobato, B Jin. Uncertainty estimation for computed
tomography with a linearised deep image prior (2022) arXiv:2203.00479

m R Barbano, J Leuschner, J Antoran, B Jin, JM Hernandez-Lobato. Bayesian experimental design for
computed tomography with the linearised deep image prior. (2022) arXiv:2207.05714
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