1. The statement (f) is true:

(8) Let A, B be sets and f : A — B be a function. For any subset U of B,
fUU) cU.
Proof of the statement (f)?

o Let A, B besetsand f: A — B be a function. Let U be a subset of B.
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2. The statement (b) is false:

(b) Let A, B be sets and f : A — B be a function. For any subset U of B,
U)o U.
Dis-proof of the statement (b)?

m\a@n%w ) weads
Thee ik wme 3 N B, tome fwﬂuxf AeB Some. kst U ) B
e e W)t\>U -

\;Q/ &N‘L N W:J(W“%%YLQ_/ ]QNJC{% AB‘P»’O‘% O%(k) :
b\ = H/ Btél,zj/ U:g\/%'

ke 4k U < B
DW\% the ‘E\V:JY'\P\ A7E L7 f(C’)'

Nde A (W) = o} MM) =117
We have 26 U oed 245 SECON
7\&\% U <F %Q% (U> Q

ﬁ




3. Follow-up questions:

(a) Can we impose further assumption on f to make the conclusion in the statement
(p) hold?

(We are looking for some sufficient condition(s) for the statement (b).)
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(b) What must happen to f if the conclusion in the statement (b) is true?

(We are looking for some necessary condition(s) for the statement (b).)
e Suppose that for any subset U of B, f(f~YU)) D U. [So what happens?]
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Follow-up questions:

(a) Can we impose further assumption on f to make the conclusion in the statement
(b) hold?
(We are looking for some sufficient condition(s) for the statement (b).)
(b) What must happen to f if the conclusion in the statement (b) is true?
(We are looking for some necessary condition(s) for the statement (b).)
e Suppose that for any subset U of B, f(f~}U)) D U. Then f is surjective.
(¢) Is the necessary condition sufficient?
We ask whether the statement below is true:
e Suppose f is surjective. Then for any subset U of B, f(f~1(U)) D U.
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4. Conclusion in this investigation? The statement (x) holds:

(x) Let A, B be sets and f : A — B be a function. The following statements are
equivalent:
(x1) f is surjective.
(%) For any subset U of B, f(f~(U)) D U.
(%3) For any subset U of B, f(f~1(U)) =U.

This is a characterization of the surjectivity of a function in terms of image sets and
pre-image sets.

Question. What about a characterization of the injectivity of a function in terms of
image sets and pre-image sets?”

The statement (x") holds:
(x") Let A, B be sets and f : A — B be a function. The following statements are

equivalent:
(x}) f is injective.
(x5) For any subset S of A, f~1(f(9))
(%4) For any subset S of A, f~1(f(9))
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