1. Definitions.

Let A, B be sets and f : A — B be a function from A to B.

(a) Let S be a subset of A. The image set of the set S under the function f is
defined to be the set

{y € B : There exists some x € S such that y = f(x)}.

It is denoted by f(S).

(b) Let U be a subset of B. The pre-image set of the set U under the function f
is defined to be the set

{x € A: There exists some y € U such that y = f(z)}.
It is denoted by f~1(U).



2. Theorem (1).
Let A, B be sets, and f : A — B be a function. The following statements hold:

(1a) (0 ):(z)
(1b) f7H(0) =
(1c) f(A) C B.
(1d) f~1(B) =
(1b) Let x € A. f({:z:}) ={f(x)}.
(lc) Let x € A, y € B. The statements below are logically equivalent:
i)z e f~({y}).
(1) flz) € {y}.
i)

f(z)=y.



3. Theorem (2).
Let A, B be sets, and f : A — B be a function. The following statements hold.:

(2a) Let S, T be subsets of A. Suppose S C T'. Then f(S) C f(T).
(2b) Let H, K be subsets of A.

) F(HUK) > f(H) U f(K),

(2) (HUK) C f(H)U f(K).

(3) (HUK) = f(H)U f(K).
(2¢) Let H, K be subsets of A. f(HNK) C f(H)N f(K).

4. Proof of Statement (2a) of Theorem (2) .
Let A, B be sets and f : A — B be a function.
Let S,T be subsets of A. Suppose S C T'.

[We want to deduce that f(S) C f(T).
What to do, really? We want to prove:
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Think about this before proceeding any further.]



Proof of Statement (2a) of Theorem (2) . ,
... Suppose S C T {\JQ;N '(o‘i)ro‘;(i ’g(&) Cfﬁ). T[\‘.s vesoks - qLu« oy Y, ?% 76%@) f[xu‘]é‘%("() }

(1) o (3) e el
-\u tye ) Peimile- oy & ‘
K¢ 1 < N o |

NP s T e ¢
v 1 ';LE'}" :V},/M SL / \; \\‘J'f/) X €
.................. : \ ‘ &JL .
...................................... .. \1& %(T) . J w =

...... | Y e{C7) !
........................................................ o)1)
1T v v 10 g

d .
...................................................... 7(9) T HS)
e | RS R | Fry S
""""""""""""""""""""""""""""""""" e E f(4)
N i - i sl f -

N\ ’,.\' A e
N\ 5
J % € \Q‘\‘f"./;‘ 4y €T L
A TAZAS o -to o sl . / ) )
d P | ~ - \ ) . /
-~ S VM ™ Y= HiE
K™ 1 n | £5
\1 E_K &"’\7' | el
g, V ........................................ > oy
3e y= f(z) 4 T y=f(z) dg
e [T SRR f(S) T :.f.ig:.),,;;;;m..;
T ey L, 2o - S MR - B SIS EIL TS ey i 7(T)
............................................ ? @ T [ A




Proof of Statement (2a) of Theorem (2) .
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5. Proof of Statement (2b) of Theorem (2).
Let A, B be sets and f : A — B be a function. Let H, K be subsets of A.

(1) [We want to prove that f(H)U f(K) C f(HUK)]
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Chee FEH) e FHOK) ok qu < FHIK), we howe FeeyOfE) < JHUE).

(2) [We want to prove that f(H U K) C f(H)U f(K).
What to do, really? We want to prove:
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Think about this before proceeding any further ]
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(3) By (2b1), (2b2), we have f(H U K) = f(H) U f(K).



6. Proof of Statement (2c) of Theorem (2).
Let A, B be sets and f : A — B be a function. Let H, K be subsets of A.
(We want to prove f(HNK) C f(H)N f(K). |
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7. Theorem (3).
Let A, B be sets, and f : A — B be a function. The following statements hold.:

(3a) Let U,V be subsets of B. Suppose U C V. Then f~Y(U) C f~4V).

(3b) Let U,V be subsets of B. (3c) Let U,V subsets of B.
(D) fFHUUV) D AU U V). (D) fFHUNV)C U n f=(v).
(2 fFHUVV) C fFHU)U V). (2) fFHUNV) D fFHU) N V).
B) fFHUUV)=fHU)U V). B) fFHUNV)=fHU)N V).

8. Proof of Statement (3b2) of Theorem (3).
Let A, B be sets, and f : A — B be a function. Let U,V be subsets of B.
[We want to prove that f~H(U UV) c f~{U)U f~HV).
What to do, really? We want to prove:
T oamy et x, s FTUOV) e x e W) 0 )
Think about this before proceeding any further.]



Proof of Statement (3b2) of Theorem (3).
.. Let U,V be subsets of B.
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9. Remark.

Which of the statements is true? Which not?

(a) Let A, B be sets, and f : A — B be a function.
Let S, T be subsets of A.
Suppose f(S) C f(T'). Then S C T.

(b) Let A, B be sets, and [ : A — B be a function.
Let U,V be subsets of B.
Suppose f~1(U) C f~4V). Then U C V.

(c) Let A, B be sets, and f : A — B be a function.
Let H, K be subsets of A.
FHNK) > f(H) N F(K).

‘They are all false. (Can you provide counter-examples for the respective dis-proofs?)



10. Theorem (4).

Let A, B,C besets,and f : A — B, g: B — C be functions. The following statements
hold:

(4a) Let S be a subset of A. (go f)(S) = g(f(9)).
(4b) Let W be a subset of C. (go f)"Y W) = f~1(g 1 (W)).
11. Proof of Statement (4b) of Theorem (4).
Let A, B,C besets, and f:A — B, g : B— (' be functions. Let W be a subset of C.
[We want to prove the set equality (go f)"HW) = f~1(g71(W)).
Hence we separate arguments into two parts, each on a ‘subset relation’.

Which two?
(@) (go /)W) C f~Hg ' (W)).

Thisreads: o oy Bk %, 1§ xe (52 (W) then xef (W) .7
(B) (go £y (W) D fHg™H(W)).

Hhis reacks Fov oy Sbjeri Y i]L xei}"(g“‘(w)) the. xe(qo7)7'(W)

Think about this before proceeding any further.]



(o) [We are going to prove that (g o f)~(W) C
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(a) [We are going to prove that (g o f)~YW) C f~H g~ (W)). ]

w
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y=f(z) y z=g(y)
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Proof of Statement (4b) of Theorem (4).
Let A,B,C besets, and f: A— B, g : B—— (' be functions. Let W be a subset of C.
[We want to prove (g o f)~' (W) = f~!(g~'(W)).

(a) ... Tt follows that (go f)~Y W) C f~ (g 1(W)). \»?‘W By B i& Kva‘(g'N))J
(971 (W) ]

(8) [We are going to prove that (g o f)~Y(W) D f~ (g~ - thee xe(ze5)HW).
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It follows that (g o f)"YW) = f~YHg 1 (W)).



12. Theorem (5).
Let A, B be sets, and f : A — B be a function. The following statements hold.:

(5a) Let S be a subset of A. f~1(f(S)) D S.

(5b) Let U be a subset of B. f(f~1(U)) c U.

(5¢) Let S be a subset of A. f(f~1(f(9))) = f(S).

(5d) Let U be a subset of B. f~(f(f~4U))) = f~YU).

(5e) Let S be a subset of A, and U be a subset of B. f(SN f~YU)) = f(S)NU.



13. Definition.

Let A, B besetsand f : A — B be a function. f issaid to be surjective if the statement
(.S) holds:

(S): For any y € B, there exists some x € A such that y = f(x).

Theorem (6). (Characterizations of surjectivity).
Let A, B be sets and f : A — B be a function.

The following statements are equivalent:

(I) f is surjective. (la) f(A)=B. (Ib)  f(A) D B.

(IT) For any subset U of B, f(f~1(U))>U.

(ITa) For any subset U of B, f(f~Y(U))=U.

(IIT) For any subset U of B, there exists some subset S of A such that U = f(S5).

(IV) For any subset T of A, f(A\T) D B\ f(T).

(V) For any subset U,V of B, if f~Y(U) Cc f~Y(V) then U C V.
)

(VI) For any subset U,V of B, if f~Y(U) = f~Y(V) then U = V.

Proof of Theorem (6)?



14. Definition.
Let A, B besets and f : A — B be a function. f is said to be injective if the statement
(I) holds:

(I): For any x,w € A, if f(x) = f(w) then x = w.

Theorem (7). (Characterizations of injectivity).
Let A, B be sets and f : A — B be a function.
The following statements are equivalent:
(I) f is injective.

(IT) For any subset S of A, f~Y(f(S)) C S.
(ITa) For any subset S of A, f~1(f(S)) = S.

(I1I) For any subset S of A, there exists some subset U of B such that S = f~1(U).
(IV) For any subset S, T of A, f(SNT) D> f(S) N f(T).
(IVa) For any subset S, T of A, f(SNT) = f(S)N f(T).

(V) For any subsets S, T of A, if f(S) C f(T) then S C T.

)

)
(VI) For any subsets S,T of A, if f(S)= f(T) then S =T.



15. Theorem (8).
Let A, B be sets and f : A — B be a function.

(8a) Let {U, }>°, be an infinite sequence of subsets of B. ({f~1(U,)}°%, is an infinite sequence
of subsets of A.) The following statements hold:

(1) FH0,T) = 077 T,

@ fHG,Un) = 0, (W),

(8b) Let {S,}°°, be an infinite sequence of subsets of A. ({f(Sn)}52, is an infinite sequence
of subsets of B.) The following statements hold:

(1) S50 C N FS).
2) £(U S = U f(Sh),

(8¢) The statements below are logically equivalent:
(i) f is injective.

(ii) For any infinite sequence of subsets {5, }>2, of A, f( O(jo Sn) = Fjo f(Sh).





