












6. Polynomial functions on C.
We introduce these definitions:

(a) Let n ∈ N. A degree-n polynomial with complex coefficients and with
indeterminate z is an expression of the form anz

n + · · · + a1z + a0 in which
a0, a1, · · · , an ∈ C and an ̸= 0.

(b) Let f : C −→ C be a function. f is said to be a degree-n polynomial function
(with complex coefficients) on C if there exist some a0, a1, · · · , an ∈ C such
that an ̸= 0 and f (z) = anz

n + · · · + a1z + a0 for any z ∈ C.

The examples above are special cases of these results:

Theorem (1).
Let n ∈ N\{0, 1}. Every degree-n polynomial function on C is surjective.

Theorem (2).
Let n ∈ N\{0, 1}. Every degree-n polynomial function on C is not injective.
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Theorem (2).
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Theorem (1) is logically equivalent to the Fundamental Theorem of Algebra:
Every non-constant polynomial with complex coefficient has a root in C.

We can deduce Theorem (2) from Theorem (1) with the help of the Factor Theorem :
Let α ∈ C, and p(z) be a degree-n polynomial (with complex coefficients).
Suppose α is a root of p(z).
Then there is a degree-(n−1) polynomial q(z) (with complex coefficients) so that p(z) =
(z − α)q(z) as polynomials.
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