
1. Let f1, f2, f3, f4, f5, f6, f7, f8 : R −→ R be the functions defined by

f1(x) = 0.1x3, f2(x) = 5
√
x− 1, f3(x)=x5−2x3+x, f4(x) = 0.25x2 sin(10x),

f5(x) = 1.3x, f6(x)=
ex−e−x

ex+e−x
, f7(x) =

1

x2 + 1
, f8(x) = 4sin(4x)

for any x ∈ R.

Rough sketches of the respective graphs of the above functions:
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2. Which of f1, · · · , f8 is/are surjective? Which not?

• f1, f2, f3, f4 are surjective. • f5, f6, f7, f8 are not surjective.

Question. How to see the answer for such functions from R to R?

Answer (b1). Inspect the graph of
f1, · · · , f8 on the ‘coordinate plane’.
• i = 1, 2, 3, 4. Why surjective?

At each ‘altitude’ b ∈ R, the horizontal
line y = b cuts the graph of fi at least
once.
Some xb ∈ R satisfies y = fi(xb).

• i = 5, 6, 7, 8. Why not surjective?
At some ‘altitude’ b0 ∈ R, the hori-
zontal line y = b0 cuts the graph of fi
nowhere.
No x ∈ R satisfies b0 = fi(x).

Answer (b2). Re-interpret (b1) in
terms of solving equations.
• i = 1, 2, 3, 4. Why surjective?

For each b ∈ R, the equation b = fi(u)

with ‘unknown’ u in R has at least one
solution in R.

• i = 5, 6, 7, 8. Why not surjective?
There is some b0 ∈ R for which the
equation b0 = f (u) with ‘unknown’ u
in R has no solution in R.
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3. Which of f1, · · · , f8 is/are injective? Which not?

• f1, f2, f5, f6 are injective. • f3, f4, f7, f8 are not injective.

Question. How to see which is injective and which not, for such a real-valued function
of one real variable?

Answer (b1). Inspect the graph of
f1, · · · , f8.
• i = 1, 2, 5, 6. Why injective?

At each ‘altitude’ b ∈ R, the horizon-
tal line y = b cuts the graph of fiat
most once: no two distinct x,w satisfy
fi(x) = fi(w).

• i = 3, 4, 7, 8. Why not injective?
At some ‘altitude’ b0 ∈ R, the hori-
zontal line y = b0 cuts the graph of fi
twice or more: some distinct x,w sat-
isfy fi(x) = fi(w).

Answer (b2). We re-interpret (b1) in
terms of solving equations.
• i = 1, 2, 5, 6. Why injective?

For each b ∈ R, the equation b = fi(u)

with ‘unknown’ u in R has at most one
solution in R.

• i = 3, 4, 7, 8. Why not injective?
There is some value b0 ∈ R for which
the equation b0 = fi(u) with ‘unknown’
u in R has two or more solutions in R.
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