1. Real-valued functions of one real variable in school mathematics.

Below is a typical ‘explanation’ of the notion of real valued functions of one real variable
in school mathematics:

Let D be a subset of R (very often R itself or R with a few points deleted).

A real-valued function defined on D is a ‘rule of assignment’ from D to R, so that
each number in D is being assigned to exactly one element of IR.

When we refer to such a function by f, the set D will be referred to as the domain of this
function f.

Whenever x € D, y € R and x is assigned to y, we write y = f(x).

The set G = {(z, f(x)) | x € D} is called the graph of f. Note that G C IR*.



How about ‘general’ functions?
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A realvalued function defined-on is a ‘rule of assignment’ from K to )I{ so that
each-numberinD is being assigned to exactly one element of K.

When we refer to such a function by f, the set )?( will be referred to as the domain

of this function f The &K B is called +he rame o) £
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Whenever x € B{, y € K and z is assigned to y, we write y = f(x).

The set G = {(z, f(z)) | z € D} is called the graph of f. Note that G C IR,
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. In-formal definition of function.
Let A, B be sets.

A function from A to B is a ‘rule of assignment’ from A to B, so that

each element of A is being assigned to exactly one element of B.

Conventions and notations.

« When we denote such a function by f, we refer toit as f: A — B.

Whenever x € A, y € B and z is assigned to y, we write y = f(x) (or :Ul?y)

« A is called the domain of f. B is called the range of f.

Remark. We postpone the generalization of the notion of graphs of functions.



3. ‘Blobs-and-arrows diagrams’.
We may visualize a function by its ‘blobs-and-arrows diagram’.
We illustrate the idea with the example below:
Let A={m,n,p,q,7,8,t,...}, B={c,d,e,g,h,...}, and f : A —> B be defined by
flm)=d, f(n)=e, f(p)=e¢ flg) =h,f(r)=h,f(s)=h, f(t)=h,--.
By definition, f assignsm tod, n toe, p toe, q toh,r toh,stoh,ttoh, ---.

We draw the ‘blobs-and-arrows diagram’ of the function f as:
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. Notion of equality for functions.

We regard two functions to be the same as each other exactly when they ‘determine the
same assignment’.

Definition.
Let Ay, Ay, By, By be sets, and f, : Ay — By, fo : Ay — By be functions.

We agree to say that fi is equal to fy as functions, and to write f; = fo, exactly when

Ay = A and By = By and fi(x) = fo(z) for any x € A;.
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5. Compositions.

Out of two functions, the range of one being the same as the domain of the other, we may
construct a third function

Definition.
Let A,B,C besets,and f : A — B, g: B — C be functions.
Define the function go f : A — C by (go f)(x) = g(f(x)) for any x € A.

g o f is called the composition of the functions f, g.
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Lemma (1). (Associativity of composition.)
Suppose A, B, C, D be sets, and

fA—B, ¢g:B—CC, h:C—D

are functions.

Then (hog)o f=ho(go f) as functions.

Remark. Hence there is no ambiguity when we refer to (ho g)o f (and ho (go f)) as
hogo f.

Proof of Lemma (1).

Let A,B,C,D besets,and f: A— B, g: B— C, h: C — D be functions.
Note that (ho g)o f, ho(go f) have the same domain, namely, A.

Also note that (ho g)o f, ho(go f) have the same range, namely, D.

[We want to verify: For any z € A, (hog)o f)(x)=(ho(go f))(z)]
Pid oy <ef .
im §> ﬁ)u)— Cheg) (FE) = [ (g5 )y |
Cheeg+§)) 0= H&g §)0)) = L (3 SPDI
\qm Cchog) ef Yo = (o (g j))@_ |
Tt fllew ok Chog)eS = he (5of)  ar fundios. g



6. Identity function, inclusion function, restrictions and extensions.

Here are the formal definitions (in terms of set language) of several miscellaneous notions
used in various ocassions.

Definition.
Let A be a set.

(a) Define the function idqy : A — A by ida(x) = x for any x € A. idy is called the
identity function on A.

(b) Let S be a subset of A. Define the function 1§ : S — A by 14(z) = x for any x € S.

14 is called the inclusion function of S into A.
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Definition.
Let A, B be sets, and f : A — B be a function.

(a) Let S be a subset of A. The function f o4 : S — B is called the restriction of f
to S. It is denoted by f|s.
(b) Let H be a set which contains A as a subset, K be a set which contains B as a subset.

Suppose g : H — K be a function which satisfies g o t'{ = 1% o f. Then g is called an
extension of f.
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7. Graphs of functions.

To generalize the notion of graphs of functions, we need bring in the notion of cartesian

products for two arbitrary sets.

Definition.

Let A, B be sets, and f : A — B be a function. Define G = {(z, f(x)) | v € A}.
(G is called the graph of the function f. Note that G C A x B.

Lemma (2). (Equality of functions and equality of graphs.)

Let A, B be sets, and f1, fo : A —> B be functions. Suppose G1, Gy are the respective
graphs of f1, fo. Then fi is equal to fy as functions ifft G1 = Gb.

Proof of Lemma (2). Exercise in set language.



8. ‘Coordinate plane diagrams’.
We may visualize a function, displaying its graph, by its ‘coordinate plane diagram’.
We illustrate the idea with the example below:
Let A={m,n,p,q,7,8,t,..}, B={c,d,e,g,h,..}, and f : A — B be defined by
fim)=d, f(n)=ce, f(p) =€ flg) =h, f(r)=h, f(s) =h, f(t) =h,---.
By definition, the graph of f is the set

G = {(m7 d)? (nv 6)7 (pa 6)7 <Q7 h>7 (Ta h)? (37 h)) (tv h)? T }

We draw the ‘coordinate plane diagram’ of the function [ as:
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Depending on how we like the ‘information’ concerned with a given function f: A — B
is presented, we may draw its ‘coordinate plane diagram’ or its ‘blobs-and-arrows

diagram’.

Each has its own advantage.

. ‘Blobs-and-arrows diagram’ versus ‘coordinate plane diagram’.

The two diagrams may be converted from one to the other in a systematic way.

[l1lustration:

Let A={m,n,p,q,7,8,t,...}, B={c,d,e,g,h,...}, and f : A —> B be defined by
f<m>:d7f<n>:eaf<p>:€7f<Q>:haf(r>:h7f(8):h7f<t>:h7 :

(a) ‘Coordinate plane
diagram’ of f:

(b) In-between the
two kinds of diagrams:

Ax B :
5 h,:
he S<0<0<0 ,
ge /\W Zo\
€ o <—6<0 tCS‘\C
d
d <O A A .\
cf L4 4 the Vo - 00& R,
; B
N S EERE S AR
Almn p gr s ¢- AXB
(o retady |
*h&hf%mikl\ﬁv

‘ Qw@v&b’ . Qewm‘

<he proves. lke gt D%‘S .

(c) ‘Blobs-and-arrows
diagram’ of f:
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10. Basic examples of functions in school maths and beyond.
We have encountered various examples of functions in school mathematics and in basic
MATH courses.
(a) Polynomial functions with real coefficients.
(b) Rational functions with real coefficients.
(c) ‘Algebraic functions’ in school maths.

(d) Elementary transcendental functions.

)
)
)
)
(e) ‘Multivariable functions’ in multivariable calculus.
(f) Functions of one complex variable.
(g) Infinite sequences and families.
(h) ‘Algebraic operations’ for algebraic structures.

)

(i) Linear transformations and ‘transformation for various algebraic struc-

tures’.

(j) Various ‘operations’ in calculus and beyond.





