1. Definition.
Let K, L be sets. We say K is a subset of L if the statement (1) holds:

(1) For any object z, [if (x € K) then (x € L)].
We write K C L.

Definition.
Let A be a set.
The power set of the set A is defined to be the set

{S| S is a subset of A}.

It is denoted by P (A).
Remark. By definition, S € P(A) it S C A.
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2. Refer to the Handout Examples of proofs for properties of basic set operations.

Recall a few results that we have proved:

(a) Statement (3) of Theorem (I).
Let K, L, M be sets.

Suppose K is a subset of L and L is a subset of M .
Then K is a subset of M.

(b) Statement (1) of Theorem (IV).
Let K, L, M be sets.
Suppose K is a subset of L and K is a subset of M .
Then K is a subset of L N M.

(c) Statement (3) of Theorem (IV).
Let K, L, M be sets.
Suppose K is a subset of M and L is a subset of M.
Then K U L is a subset of M.

We shall take these results for granted in the argument for Theorem (71).



3. Theorem ().

Let A, B be sets. The statements below hold: —

1. 0,A e PB(A). Moreover, P(A) # . 3@“%:“&&2_

2. (a) Suppose A C B. Then B(A) C P(B). 4) ch. Thew (PGT’(/—\) ‘
(b) Suppose P(A) C B(B). Then A C B. Al Thee Ae By
(c) A C B iff P(A) C P(B). T A

Proof of Statements (1), (2a) of Theorem (t;). .
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Theorem ().
Let A, B be sets. The statements below hold:

1. 0,A e P(A). Moreover, P(A) # .
2. (a) Suppose A C B. Then B(A) C P(B).
b) Suppose P(A) C B(B). Then A C B.

Ec) A C Biff B(A) CB(B).
Proof of Statements (2b), (2c) of Theorem (1,).
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Theorem ().

Let A, B be sets. The statements below hold: (30) J(/)QB\(\B) C‘&;( A) ﬂb( R)
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Theorem ().

Let A, B be sets. The statements below hold:

1. 0,A e P(A). Moreover, P(A) # .

2. (a)... (b).. (¢c)AC Biff'P(A) CR(B).
3. P(ANB) =P(A) NP(B).

4. P(A)UP(B) CP(AU B).

Proof of Statement (4) of Theorem (f;).
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4. Tt is natural to ask whether Statement (1) below is true:

(1) Let A, B be sets. ‘P(AU B) =P(A) UB(B).

This is the same as asking whether Statement (1) below is true:
(1) Let A, B be sets. B(AU B) C PB(A) UB(B).
How to approach such a question? Ask Question (<{>):
(<) What happens to the sets A, B if the conclusion “B(A U B) C P(A) UPB(B)’ holds?

Answer for Question ({):
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5. In fact a necessary condition for i IAS
B(AUB) C P(A)UB(B)
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Let A, B be sets. The statements below hold:
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6. Theorem (%). (Basic results in set language from another viewpoint.)
Let M be a set.

1.B(M) is partially ordered by the subset relation.

2.B(M) together with the set operations intersection, union, and complement in M
constitutes a boolean algebra.

3. P(M) forms an abelian group with symmetric difference in M as group operation.





