
MATH1050 Examples: Mathematical induction.

1. Apply mathematical induction to justify each of the statements below:

(a) 1

1 · 4
+

1

4 · 7
+

1

7 · 10
+ · · ·+ 1

(3n− 2)(3n+ 1)
=

n

3n+ 1
for any n ∈ N\{0}.

(b) −12 + 22 − 32 + 42 + · · ·+ (−1)nn2 = (−1)n · n(n+ 1)

2
whenever n is a positive integer.

(c)
(
1− 1

22

)(
1− 1

32

)(
1− 1

42

)
· ... ·

(
1− 1

n2

)
=

n+ 1

2n
for any n ∈ N\{0, 1}.

(d) 0

20
+

1

21
+

2

22
+ · · ·+ n

2n
= 2− n+ 2

2n
for any n ∈ N.

(e) (12 + 1) · (1!) + (22 + 2) · (2!) + (32 + 3) · (3!) + · · · (n2 + 1) · (n!) = n · [(n+ 1)!] for any n ∈ N\{0}.

(f) 02 + 12 + 22 + · · ·+ (2n− 1)2 =
n(2n− 1)(4n− 1)

3
for each positive integer n.

(g)
n∑

k=0

k5 =
n2(n+ 1)2(2n2 + 2n− 1)

12
for any n ∈ N.

(h)
n∑

k=0

k4 =
n(n+ 1)(2n+ 1)(3n2 + 3n− 1)

30
for any n ∈ N.

(i)
2n∑
k=1

1

k(k + 1)
=

2n

2n+ 1
for any positive integer n.

(j)
n∑

k=2

(
n

2

)
=

(
n+ 1

3

)
for any integer n greater than 1.

2. Apply mathematical induction to prove the statement below.

• Suppose α is a number, not equal to 1.

Then
n∑

k=1

kαk−1 =
1− (n+ 1)αn + nαn+1

(1− α)2
for each positive integer n.

3. (a) Suppose θ, α are real numbers.

i. Verify that cos(θ + kα) sin(α) =
1

2

(
sin(θ +

2k + 1

2
α)− sin(θ +

2k − 1

2
α)

)
for each integer k.

ii.♢ Now suppose sin(
α

2
) ̸= 0 also. By applying mathematical induction, or otherwise, prove that

n∑
k=0

cos(θ + kα) =
cos(θ + nα/2) sin((n+ 1)α/2)

sin(α/2)
for each n ∈ N.

(b) Suppose sin(β) ̸= 0. By applying the results above, or otherwise, prove that
2m∑
k=1

cos2(kβ) =
cos(Amβ) sin((Bm+ C)β)

D sin(β)
+

Em+ F

2
and

2m∑
k=1

sin2(kβ) =
cos(Amβ) sin((Bm+ C)β)

D sin(β)
+

Gm+H

2
for each positive integer m.

Here A,B,C,D,E, F,G,H are integers whose respective values you have to determine explicitly.

4. Apply mathematical induction to prove the statement below:

• Let {an}∞n=1 be the infinite sequence of real numbers defined by{
a1 = 0

an+1 = 2n− an if n ≥ 1
.

Then an = n+
(−1)n − 1

2
for each positive integer n.
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5. Apply mathematical induction to prove the statement below:

• Let a, b be distinct positive real numbers, and {cn}∞n=1 be the infinite sequence of real numbers defined by
c1 = a+ b

cn+1 = a+ b− ab

cn
if n ≥ 1

.

Then cn =
an+1 − bn+1

an − bn
for each positive integer n.

6. Prove the statement below:

• Let α, β are the two distinct roots of the polynomial f(x) = x2 − 2x − 1. Let {an}∞n=1 be the infinite
sequence of real numbers defined by{

a1 = 1, a2 = 3,

an+2 = 2an+1 + an if n ≥ 1
.

Then an =
1

2
(αn + βn) for each positive integer n.

Remark. You have to think carefully which proposition is to be formulated and proved by mathematical
induction.

7. Apply mathematical induction to prove the statement below:

• Let {an}∞n=0 be the infinite sequence of real numbers defined by{
a0 = 1, a1 = 6, a2 = 45,

an+3 = 9an+2 − 27an+1 + 27an if n ≥ 0
.

Then an = 3n(n2 + 1) for each n ∈ N.

Remark. You have to think carefully which proposition is to be formulated and proved by mathematical
induction.

8. Apply mathematical induction to prove the statement below:

• Let {an}∞n=1 be an infinite sequence in N. Suppose n ≤
n∑

j=1

aj
2 ≤ n+ 1 + (−1)n for each positive integer

n. Then an = 1 for each positive integer n.

Remark. You have to think carefully which proposition is to be formulated and proved by mathematical
induction.
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Answer.

4. (a) ——

(b)
2m∑
k=1

cos2(kβ) =
cos(2mβ) sin((2m+ 1)β)

2 sin(β)
+
2m− 1

2
and

2m∑
k=1

sin2(kβ) =
cos(2mβ) sin((2m+ 1)β)

2 sin(β)
+
2m+ 1

2
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