MATH1050 Examples on argument by mathematical induction

1. Recall the notion of predicate:

A predicate with variables z,v, z, - - - is a statement ‘modulo’ the ambiguity of possibly one or several variables
TylYy 2y
Provided we have specified x,y, z, - - - in such a predicate, it becomes a statement, for which it makes sense to say

it is true or false.

Also recall the statement (UPMI) (together with the logically equivalent statement (VPMI)) from the handout Argu-
ment by mathematical induction:

(First) Principle of Mathematical Induction (in its ‘usual’ formulation). (UPMI).

Let P(n) be a predicate with variable n.

Suppose the statement P(0) is true.

Further suppose that for any k € N, if the statement P(k) is true then the statement P(k + 1) is true.
Then the statement P(n) is true for any n € N.

Principle of Mathematical Induction, (variant of its ‘usual’ formulation). (VPMI).
Let R(n) be a predicate with variable n. Let M be an integer.
Suppose the statement R(M) is true.
Further suppose that for any k € [M, +00), if the statement R(k) is true then the statement R(k + 1) is true.
Then the statement R(n) is true for any n € [M, +00).
Here we give some examples on argument by mathematical induction. As explained in the handout Argument by
mathematical induction, each of them has to follow a certain format, as dictated by the role played by the statement
(UPMI) (or the statement (VPMI)) in such an argument.
2. Example (A).
We want to verify the statement
n?(n+1)2

1 for any n € N.

(%) 3413425 +... 403 =
Observation.  Note that (x) is of the form
‘for any n € N, P(n) is true’,
in which P(n) is the predicate with variable n that reads:

n*(n+1)%,

403+13+23+._.+n3: 1

So it makes sense to attempt to argue for (x) by mathematical induction.

Justification of (x) (by mathematical induction).

e For any n € N, denote by P(n) the proposition

03+13+23+---+n3:M
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e 032=0= M Then P(0) is true.
k?(k + 1)
e Let k € N. Suppose P(k) is true. Then 03 + 13 +23 +... + k3 = %
We prove that P(k+ 1) is true:
We have
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Hence P(k + 1) is true.



o By the Principle of Mathematical Induction, P(n) is true for any n € N.

3. Example (B).
We want to verify the statement (x):

3

(x) n® —n is divisible by 3 for any n € N.

Observation.  Note that (x) is of the form
‘for any n € N, P(n) is true’,
in which P(n) is the predicate with variable n that reads:

3

‘n®> — n is divisible by 3’.

So it makes sense to attempt to argue for (x) by mathematical induction.

Justification of (x) (by mathematical induction).

e For any n € N, denote by P(n) the proposition below:

n? —n is divisible by 3.

e 0°-0=0=0-3and 0 € Z.
Hence, by definition, 03 — 0 is divisible by 3.
Then P(0) is true.
e Let k € N. Suppose P(k) is true. Then k* — k is divisible by 3.
We prove that P(k + 1) is true:
By definition, there exists some ¢ € Z such that k® — k = 3q¢.
We have (k+ 1) — (k+1) = (k* — k) +3k? + 3k = 3(q¢ + k* + k).
Since ¢,k € Z, we have g + k*> + k € Z.
Then, by definition, (k + 1)3 — (k + 1) is divisible by 3.
Hence P(k + 1) is true.

e By the Principle of Mathematical Induction, P(n) is true for any n € N.
4. Example (C).
We want to verify the statement

(2n)!  4n
)2~ n+1

(%) for any n € N\{0, 1}.

Observation.  Note that (x) is of the form
‘“for any integer n no less than 2, P(n) is true’,
in which P(n) is the predicate with variable n that reads:

(2n)! - |
(n)?2 = n+1°
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So it makes sense to attempt to argue for (x) by mathematical induction.

Justification of (x) (by mathematical induction).

o For any n € N\{0,1}, denote by P(n) the proposition

(2n)! 4n
>
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« Note that ((2')2) = Z =6> ? = 2+ 1 Then P(Q) is true.
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o Let k € N\{0,1}. Suppose P(k) is true. Then

We prove that P(k + 1) is true:
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[We intend to deduce the inequality [CESE > TESVES ]
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Hence P(k + 1) is true.

o By the Principle of Mathematical Induction, P(n) is true for any n € N\{0, 1}.

Then

5. Example (D).

We want to verify the statement
(x) For any n € [8,+00), there exist some u,v € N such that n = 3u + 5v.
Observation.  Note that (x) is of the form
‘for any integer n no less than 8, P(n) is true’,
in which P(n) is the predicate with variable n that reads:
‘there exist some u,v € N (dependent on n) such that n = 3u + 50"

So it makes sense to attempt to argue for (x) by mathematical induction.

Justification of (x) (by mathematical induction).

o For any n € [8, +00), denote by P(n) the proposition below:
there exist some u,v € N such that n = 3u + 5v.
o Note that 1 € N and 8 =3-1+45-1. Then P(8) is true.
o Let k € [8,400). Suppose P(k) is true. Then there exist some u,v € N such that k = 3u + 5v.
We prove that P(k + 1) is true:

Note that v =0 or v > 1.
% (Case 1). Suppose v = 0. Then k = 3u.
Since k > 8, we have v > 3. Then u — 3 € N.
Note that k+1=3u+1=3(u—3)+5-2.
x (Case 2). Suppose v > 1. Then v —1 € N.
Since u € N, we have u+ 2 € N.
Note that k+1=3u+5v+1=3(u+2) +5(v —1).

Hence, in any case P(k + 1) is true.

o By the Principle of Mathematical Induction, P(n) is true for any n € [8, +00).

6. Example (E).

We want to verify the statement (xx):

1—a™
l—«
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(%) Suppose « is a number, not equal to 1. Then Z of = for each positive integer n.

k=1
Observation.  Note that (xx) is of the form
‘Suppose blah-blah-blah. Then for any positive integer n, P(n) is true’,

in which P(n) is the predicate with variable n that reads:
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It makes sense to attempt to argue for (%) by mathematical induction. However, the process of the argument is
conducted under the ‘overarching assumption’

‘ o is a number, not equal to 1.

Justification of (xx) (by mathematical induction).

Suppose « is a number, not equal to 1.

o For any positive integer n, denote by P(n) the proposition
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o Let m € N\{0}. Suppose P(m) is true. We deduce that P(m + 1) is true:
We have
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Hence P(k + 1) is true.
o By the Principle of Mathematical Induction, P(n) is true for any n € N\{0}.

7. Example (F).

We want to verify the statement ():

(xx) Let {a,}>2 be the infinite sequence of real numbers defined by

aq 0
py1 = 2n—a, Iif n>1

(=H" -1

Then a, =n + 5 —— for each positive integer n.

Observation.  Note that (xx) is of the form
‘Suppose blah-blah-blah. Then for any positive integer n, P(n) is true’,
in which P(n) is the predicate with variable n that reads:

(=D" -1
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It makes sense to attempt to argue for (%) by mathematical induction. However, the process of the argument is
conducted under the ‘overarching assumption’

“{a,}22, is the infinite sequence of real numbers defined by so-and-so.’

Justification of (xx) (by mathematical induction).

Let {a,}2°; be the infinite sequence of real numbers defined by

a1
Ap+1

o For any positive integer n, denote by P(n) the proposition

0
2n —a, if n>1

-1t —1
e Note that a; =0=1+ % Then P(1) is true.



o Let k be a positive integer. Suppose P(k) is true. Then

(=DF -1

ar, =k + B

We verify that P(k + 1) is true:
We have
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Hence P(k + 1) is true.

o By the Principle of Mathematical Induction, P(n) is true for each positive integer n.

8. Example (G).

We want to verify the statement (xx):

(%%) Let n be an integer greater than 1. Suppose uy,us,- -+ ,u, are real numbers.

Then |uy +us + -+ -+ up| < |up| + Jug| + -+ + |uy|.
Remark. Refer to the handout Absolute Value and Triangle Inequality for the Reals. This statement is the
‘inequality part’ in the Generalization of Triangle Inequality on the real line.

Observation.  Note that (x%) is of the form
‘for any integer n greater than 1, P(n) is true’,
in which P(n) is the predicate with variable n that reads:

‘Suppose u1,us, - ,uy, are real numbers.
Then |uy 4+ ug + -+ + up| < |ug| + Jug| + -+ + |unl.’
It makes sense to attempt to argue for (xx) by mathematical induction.

Justification of (xx) (by mathematical induction).

o For any integer n greater than 1, denote by P(n) the proposition below:
‘Suppose uy,uz,- - ,u, are real numbers. Then |uj + ug + -+ - + up| < |ug| + |ua| + -+ + |un|’
e P(2) is an immediate consequence of the Triangle Inequality on the real line.
o Let k € N\{0,1}. Suppose P(k) holds.
We verify P(k + 1):

Suppose u1,ug, - - , Uk, Uk4+1 are real numbers.
Define v1 = uq, vo = ug, ..., vg—1 = ug—_1, and define vy = ug + Up41-
By P(k) and P(2) in succession, we have

luy +ug + -+ up—1 + up + U] [v1 +v2 + -+ vp—1 + ]

< ur| + Jve| + - A o=+ v
= Jup| + Jua| + - 4 Jug—1] + |uk + vgia]
< fua| A+ fugl e uga | |ug] F ugga

Hence P(k + 1) is true.

e By the Principle of Mathematical Induction, P(n) is true for any integer n greater than 1.
9. Example (H).
We take for granted the validity of the statement known as Euclid’s Lemma:
Let h,k € Z, and p be a prime number. Suppose hk is divisible by p. Then at least one of h, k is divisible by p.
We want to verify the statement (*):

(%%) Suppose p is a prime number. Then, for any integer n greater than 1, for any integers ay, as, -+ ,ap, if ajas - ... ay
is divisible by p, then at least one of a1, as," - ,a, is divisible by p.



Remark. We may think of the statement (%) as a generalization of Euclid’s Lemma to the product-of-many-integers
situation.

Note that (%x) is of the form
‘Suppose blah-blah-blah. Then for any integer n greater than 1, P(n) is true’,
in which P(n) is the predicate with variable n that reads:
‘for any integers ai,asg, -« , Gy, if ajas - ... - ay is divisible by p, then at least one of a1, as, - - - ,a, is divisible by p’.

It makes sense to attempt to argue for (%x) by mathematical induction. However , the process of the argument is
conducted under the ‘overarching assumption’

‘ p Iis a prime number.’

Justification of (xx) (by mathematical induction).

o Let p be a prime number. For any n € N\{0, 1}, denote by P(n) the following proposition:
Let a1,as, -+ ,a, € Z. Suppose aias - ... - a, is divisible by p. Then at least one of a1, as, - ,a, is divisible
by p.
e P(2) is an immediate consequence of Euclid’s Lemma.
o Let k € N\{0,1}. Suppose P(k) is true. (Therefore, for any ¢1,co, -+ ,cx € Z, if ¢1ca - ... - ¢k is divisible by p then
at least one of ¢1,co, -« , ¢y is divisible by p.)
We prove that P(k + 1) is true:
Let a1,as2, - ,ak,ax+1 € Z. Suppose aias - ... - apai4+1 is divisible by p.
Note that ajas - ... - ax € Z and (ajag - ... - ap)agr1 = @102 - ... - AGr41-
Then by Euclid’s Lemma, at least one of ajas - ... - ag, ap41 is divisible by p.
* (Case 1). Suppose a1 is divisible by p. Then at least one of ay, ag, - - , ak, ag41, namely ay1, is divisible
by p.
x (Case 2). Suppose ajas - ... ay, is divisible by p. Then, by P(k), at least one of aq, as, ..., ay, is divisible by
p. Therefore at least one of a1, as,--- ,ar,axr1 is divisible by p.

Hence P(k + 1) is true.
o By the Principle of Mathematical Induction, P(n) is true for any n € N\{0,1}.



