MATH1050 Examples: Inequalities and mathematical induction.

1. Apply mathematical induction to prove the statements below.

(a) n? < 2™ whenever n is an integer greater than 4.

(b) n® < 3" whenever n is an integer greater than 4.
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(c) 172+272+372+_,,+ﬁs2_ﬁ whenever n is a positive integer.
1 1 1
(d) g<§+§+-~-+27<nf0ranyn€N\{0,1}.

(e) H[(?k)‘] > [(n 4+ )| whenever n is an integer greater than 1.

() n! < (%) for any integer n greater than 5.

22n 2n 22n
(g) — < ( ) < for any integer n greater than 7.
n

[\

. Apply mathematical induction to prove Bernoulli’s Inequality in the formulation below:

Suppose a € (—1,+00). Then (14 a)™ > 1+ na for any n € N\{0,1}.

w

. Apply mathematical induction to prove the statement ():

(#) Suppose a,b are positive real numbers. Then

a”™ + b" S a+b
2 - 2

) for any n € N\{0}.
4. (a) Let u,v,x,y be real numbers, and { = u + vi, n = x + yi.
By considering the number (7, or otherwise, deduce the inequality (uz + vy)? < (u? + v?)(2? + y?).

(b) Apply mathematical induction, with the help of the result above where appropriate, to prove that the
statement (#):

(#) Let a,b,c be positive real numbers. Suppose a? + b?> = c¢?. Then a™ + b" < c" for each integer n > 3.

(V31

. Apply mathematical induction to prove the statement ():

a <
l+ax+a2+-- 422" = 2n+41

(#) Suppose x is a positive real number. Then for any positive integer n.

6. (a) Apply mathematical induction to prove the statement (f):

() Suppose z is a positive real number. Then n(z?"*! +1) 4 22"+ 4+ 22n+2 < (n 4 1)(2?"+3 + 1) for any
n e N.

(b) Hence, or otherwise, prove the statement (f):

(1) For any a > 0, for any n € N\{0}, a + a® + a® + - - - + a®" < n(a® ! +1).

EN|

. Apply mathematical induction to justify each of the statements below:

(a) Let n € N € \{0,1}. Suppose z1, 22, - , z, are complex numbers. Then

VIzR + 22+ [2af? < o] + 22|+ Lzl

(b) Let n € N\{0,1}. Suppose 61,02, ,0, € (0, 7).
Then |sin(¢1 + 02 + - - -+ 0,)| < sin(f1) +sin(bz) + - - - +sin(6,).
(¢) Let n € N\{0}. Suppose a1,as,- - ,a, are positive real numbers. Then

11 1 )
(a1 +az+-+ap) | —+—+-+— | >n"

a1 az an
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(d) Suppose s,t € Q, with t > 0, and n € N\{0}. Then there exist a,b € Q such that (s + )" = a + b\/t.

Remark. You have to think carefully which proposition is to be formulated and proved by mathematical
induction. Do you ‘fix’ s, t right at the beginning, so that your proposition handles the same s, ¢ throughout
the argument? Or do you accommodate all possible ‘s,t’ inside the same proposition?

(a) Apply mathematical induction to prove the statement (f):

(#) Let n € N\{0,1}. Suppose ay,az, - ,an,b1,ba, - , b, are real numbers. Further suppose a1 < as <
- <apand by <by <---<b,. Then

n n n 1 n n
”Zajbj* Z%‘ (Zb’f) =52 (aj — ak)(bj — ).
Jj=1 Jj=1 k=1 Jj=1k=1
(b) Hence, or otherwise, prove the statement below, known as Chebychev’s Inequality:
Let n € N\{0,1}. Suppose ai,az," - ,apn,b1,ba, - , by, are real numbers. Further suppose a1 < az <
co-<ap and by <by <---<b,. Then
1< 1< 1<
— ; - < = b,
- Zaj (n Zbk> . Zajbj
j=1 k=1 j=1
(a) Prove the statement (f):
(#) Suppose (,n are complex numbers, and c is a positive real number.
1
Then ¢+ nf* < (14 o)|C? + (1+ ) nl*.
(b) Apply mathematical induction, together with the result above, to prove the statement (#1):
et n € ,1}. Suppose 21,29, , z, are complex numbers, and ay,as, - ,a, are positive rea
L N\{0,1}. S I b d iti 1
2
numbers. Further suppose Z a—j = 1. Then Z zj| < Zaj\zj| .
j=1 Jj=1 j=1
(a) Prove the statement (f):
Ty (1-2)1—-y)
(#) Suppose x,y € (0,0.5]. Then < )
R R (= R
(b) Apply mathematical induction to justify the statement (1) below:
(1) Let n € N. Suppose ai,as, - ,asn € (0,0.5]. Then
a1asg - ... agn (I1—-a1)(1—ag) ...- (1 —agn)
(a1 +ag+---+az)? 7 [(1—a1) + (1 —az)+ -+ (1 —az)*"
(c) Hence, or otherwise, prove that the statement ({}) below is true:
(1) Let n € N\{0,1}. Suppose a1, az,--- ,an, € (0,0.5]. Then
a1as - ... ap < (I—a))(l—ag) ... (L —ay)
(a1 +ag+---+an)" 7 [(1-a)+(1—ag)+-- + (1 —an)]"
Remark.  Equality holds iff a; = a3 = -+ = a,. (Prove it as well.) The result (together with the

‘equality condition’) that we have proved is known as the Ky Fan Inequality.

11. Let p be a positive integer.

(a) Let « be a real number. Suppose 0 < z < 1.

i. Prove that 1+ 2P > 2% 4+ 2P=% for each k =0,1,2,-- , p.
ii. Hence, or otherwise, deduce that (1 + z)P < 2P=1(1 + xP).
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(b) Prove the statement (#):

U+ v p< up—|—vp.
2 - 2

(#) Suppose u,v are positive real numbers. Then (

(¢) Apply mathematical induction to justify the statement (1) below:

(1) Let n be a non-negative integer. Suppose a1, as,- - ,asn are positive real numbers. Then

<a1+a2+"‘+a2n)p< a1p+a2p+"'+a2np
2n - 2n '

(d) Hence, or otherwise, prove that the statement (1) below is true:

(ft) Let n be a positive integer. Suppose a1, as,- - ,a, be positive real numbers. Then

(a1+a2+...+an)p<alp+a2p+...+anp

n n

Remark. Suppose p is a positive integer and ay,as,- - ,a, are n positive real numbers. Then the number
[T

is called the mean power of aj,as, - ,a, of order p. (When p = 1, this number
n

is the arithmetic mean of ai, a9, -+ ,a,; when p = 2, this number is more often called the root-square-mean
of a1, as, -+ ,a,.) What has proved here is that the mean power of a collection of finitely many positive real
numbers of order p is greater than or equal to the arithmetic mean of the same collection of numbers.

(a) Prove the statement (f):

(1) Suppose xz,y are positive real numbers. Then /(1 +z)(1 +y) > 1+ /zy.
(b) Apply mathematical induction to justify the statement (1) below:

(1) Let n € N. Suppose a1, as,- - ,asn are positive real numbers. Then

2V(1 + al)(l + ag) teee (1 + a2n) Z 1+ 2\"/a1a2 c ...t Agn

(¢) Hence, or otherwise, prove that the statement (f}) below is true:

(ft) Let n € N\{0,1}. Suppose a1, as,--- ,a, are positive real numbers. Then

YA +a)d+az) - (I+an) >1+ Yatag - an

(d) Hence, or otherwise, deduce the statement ():

(8) Let n € N\{0,1}. Suppose uy,us,- - ,Un,v1,va, - ,v, are positive real numbers. Then

’\‘/(ul For)(ug +v2) oot (Up +Up) > Yurtg - oo Uy + Y0102 o Uy



