1. Lemma (1).
Let a,b be real numbers.
Suppose 0 < a < 1land0 <b< 1.
Then (1 —a)(1—=b)>1—(a+0b).

Proof of Lemma (1).
Let a, b be real numbers. Suppose 0 < a < 1and 0 < b < 1.
Note that (1 —a)(1 —b) — [1 — (a + b)] = ab.
Since a > 0 and b > 0, we have ab > 0.

Then (1 —a)(1 —b) —[1 — (a+b)] > 0.
Therefore (1 —a)(1 —b) >1— (a+b).



2. Theorem (2).
Let n € N\{0,1}. Suppose x1,xs, -+ ,z, € (0,1).
Then (1 —x1)(1 —x9) - oo. - (L —zp) > 1 — (1 + 22+ -+ 23).

Remark.  What is Theorem (2) saying? It says that each of the (infinitely many)
statements below is true:

« Suppose x1,x9 € (0,1). Then (1 — xq1)(1 — x9) > 1 — (x1 + 2).
« Suppose x1, 22,23 € (0,1). Then (1 — 21)(1 — x9)(1 — x3) > 1 — (1 + 22 + 3).
e Suppose 1, To, x3, x4 € (0,1).
Then (1 — x1)(1 — x9)(1 — x3)(1 —x4) > 1 — (21 + 22 + 23 + T4).
« Suppose 1, Ta, T3, Tq, T5 € (0,1).
Then (1 —z1)(1 —x9)(1 —23)(1 — 2g)(1 —x5) > 1 — (21 + 22 + 23 + T4 + T5).

So the statement of Theorem (2) is of the form

‘for any n € N\{0, 1}, P(n) is true’,
in which P(n) is the predicate

‘ifxy,xe, -+ ,x, € (0,1) then (1 —xq)(1—29) .- (1—x,) > 1—(x1+ 20+ +1,)"
We shall apply mathematical induction to prove Theorem (2).



3. Proof of Theorem (2).

For each integer n greater than 1, we denote by P(n) the proposition below:
Ifxy, w0, - ,x, € (0,1) then (1 —x1)(1—29)-...- (1 —xp) > 1 —(x1+ 224+ -+ 2,).]
« By Lemma (1), P(2) is true.
« Let £ € N\{0, 1}. Suppose P(k) is true.
(Therefore, if ¢y, o, -+, cx € (0, 1), then the inequality
(1—c)(l—co) .- (I —cp)>1—(c1+ca+---+ci) holds.)
We verify that P(k + 1) is true:
|Reminder. What we are trying to do is to deduce
‘if by, bo, -+ b, by € (0, 1) then
(1—=01)(1—bg)«ee - (L =bp)(1 —bpy1) >1—=(by+ba+ -+ bp + bpi1).
We expect somewhere along the argument we need to use P(k).]
Suppose by, by, -+, by, bpr1 € (0,1).
|Ask. Is it true that the inequality

(1—=01)(1 —bg)« oo - (L —=bp)(1 —bpy1) >1—=(by+by+ -+ b + bpi1)
holds?

Observe. There is the expression (1 — by)(1 — bo) -+ (1 — by) in the left-hand side
of the desired inequality. It seems to link up with the content of P(k).]



Proof of Theorem (2).
For each integer n greater than 1, we denote by P(n) the proposition below:
Ifxy, w0, - ,x, € (0,1) then (1 —x1)(1—29)-...- (1 —xp) > 1 —(x1+ 224+ 2,).
« By Lemma (1), P(2) is true.
« Let £ € N\{0, 1}. Suppose P(k) is true.
(Therefore, if ¢y, o, -+, cx € (0, 1), then the inequality

(1—c)1—cy)-ee- (I —cx) >1—(c1+co+ -+ cg) holds.)
We verify that P(k + 1) is true:

Suppose by, b, -+, by, bpr1 € (0,1).
By P(k), the inequality (1 —by)(1 —bg)-...- (1 —bg) > 1 — (by +by+ - - - + by) holds.
Note that 1 — b1 > 0. Then
(1—=01)(1—bg) e+ (1 —bg)(1 — bpsq)
> [1—(by+ba+ -+ bp)](1 — bip1)
= 1—(b1+by+---4+bp) — b1+ (bt +ba+ - bp)bpr1
> 1—(by+by+ -+ bp+bpi1)

(Note that (by 4+ by + - - - bg)br+1 > 0. It is used in the last inequality.)
Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any n € N\{0, 1}.



4. Theorem (3).
Let n € N\{0, 1}. Suppose t1,ts,--- ,t, € (0, 4+00).
Then (1 +1¢1)(1+to) ... - (1 +t,) >1+(t1+ta+ - +1,).

Proof of Theorem (3).

Exercise in mathematical induction. (Imitate what is done in the proof of Lemma (1) and
Theorem (2).)

5. Theorem (4).

Let n € N\{0,1}. Suppose x1,xs, -+ ,x, € (0,1).
1
1+ (o + 22+ 4+ x)

Then (1 —x1)(1 —x9) ... - (1 —z,) <



6. Proof of Theorem (4). |We apply Theorem (3).]
Let n € N\{0,1}. Suppose 1, x2, -+ ,z, € (0, 1).

1
For each 7 =1,2,--- 'n,wehave l —2;* < 1. Then 0 < 1 —z; < .
1—|—ij
Therefore
1 1 1
1 — 1 — (=) < : .
( Zl71>< x2> < . ) 1—|—5131 1—|—CEQ 1—|—£Cn

By Theorem (3), we have (1 +x1)(14+22) - ... (1 4+z,) > 1+ (x1 + 22+ -+ - + ).
Then

(1—2)(1—29) - (1 — 2 1 1 1 1

< - C <
1421 1429 l+x, 1+(x1+a0+---+x,)

7. Summarizing the results above, we have the result below:
Theorem (5). (Weierstrass’ Product Inequalities.)
Let n € N\{0, 1}. Suppose x1, 2, , 2, € (0, +00).
Then
1
1+ (1 +20+ -+ x,)

|~ (mdaat ) <(I—a)(l—29) o (1—m,) <



