MATH1050 Proof-writing Exercise 1 (Answers and selected solutions)

1. Solution.

(a)

Let x,y be real numbers. Suppose z <y < 1.

-y 1-z  (I-2)(1-y) (1-a)(1-y)
Since z < 1, we have 1 —x > 0. Since y < 1, we have 1 —y > 0.

Note that —2 v _yl-z)-z(l-y) _ y—=x (%)

Since z < y, we have y —z > 0.
y—z

Since 1l —x>0and 1 —y >0and y — z > 0, we have —————— > 0.
(1-2z)(1-y)

Then by (%), we have L4 TS0

n we hav — .

v oD 11—y 1-=x
Therefore — < v
l—2 1-y
Argument with the help of the previous part.
Let x,y be real numbers. Suppose 0 < x < y < 1.
By (#), we have 1fx< 13@ )
. a? z y
By assumption, we have z > 0. Then by (f) also, we have =x- <x- . (1)
1—x 1—x 1—y
By assumption, we have 0 < y < 1. Then 1 L > 0.
)
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Therefore by (1) also, we have x - LA Y- y_ v
L—y l—y 1-y
a? y y y?
We now have <x- and x - < .
11—z 1—y 11—y 11—y
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Then < Y .
l—-z 11—y
Direct argument.
Let x,y be real numbers. Suppose 0 < x < y < 1.
2 2 2 1— 2 1— _ 1—(1-— 1—
Note that % _ & _y(-a)-*(1-y) _ o)l -1 -2)(1—y)] )
l—y 1-uz (1-=z)(1-y) (1-=z)(1-y)

Since0<x<1l,wehave 0 <1—2 < 1. Since 0 <y <1, wehave 0 <1—y < 1.
Nowwehave 0 < 1—z <land0<1—y < 1. Then0 < (1 —2)(1—y) < 1. Therefore 1 — (1 —xz)(1—y) > 0.

Since z < y, we have y —z > 0.
—z)1-Q0-2)1-y)]

Sincel—z >0and 1—y >0and y—a > 0and 1—(1—2)(1—y) > 0, we have > 0.

mnit=y o0y
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Then by (%), we have -y 1-z > 0.

2 Y2
Therefore < .
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Hint.

Make use of the ‘rationalization formula’ /u — /v = (But be careful on whether the formula is

u—v
Vu+ o
indeed valid with what you ‘substitute’ into u,v.)

Hint.

Make use of the ‘telescopic formula’

(w1 —ug) + (ug —ur) + (ug —uz) + -+ + (up — Up—1) = up — Uo.



3. Hint.

(@ — o)t 1)

mern

1 1
Start by verifying the equality (xm + m) — (x” + n) = Study the factors in the
T T

right-hand side.
4. (a) Hint.
Start by re-expressing (u? + v?)(2% + y?) — (ux + vy)? as a ‘whole square’ of real quantities.
(b) —
5. (a) Solution.
Suppose u, v are positive real numbers.
Vi, /v, y/Juv are well-defined, and v = (y/u)?, v = (Vv)2, Vuv = Ju/v.
Vu — /v is well-defined as a real number. Then (y/u — /v)? > 0.

Therefore u +v = (vi)? + (v0)? = (Vi = v0)? + 2//ay/o > 2/t = 21/,

u;v > VJuv.

Remark.  Much of the work done prior to presenting the calculations should be about explaining why the

Hence

expressions involving the ‘square root’ in the calculations are well-defined, and clarifying the behaviour of
such expressions.

(b) Hint.
1 b d b d
Make use of the chain of inequalities 3 (a—2|— + c—|2— ) > \/CT;— Ved > 4/ (\/CE) . (\/a)
(¢) Hint.
. - " r+s+t
With the positive real numbers r, s,t, define the positive real number u = — Now r,s,t,u are four

positive real numbers, on which the result in the previous part may be applied.
6. —
7. (a) Let a,b be real numbers, and h : R — R be the function defined by h(x) = 23 — 3a?z + b for any z € R.
Suppose a > 0.
Pick any s,t € [a,+00). Suppose s < t.
Note that

h(t) —h(s) = (t*—3a®t+0b) — (s*> — 3a’s +b)
= (t*—5%) —3d%(t - s)
= (t—s)(t? + st + s> — 3a?)

Since s < t, we have t — s > 0.

Since 0 < a < s < t, we have 0 < a? < 52 < st < t2.

Then 2 + st + s > 3s% > 3a>.

Therefore 12 + st + s2 — 3a% > 0.

Hence h(t) — h(s) = (t — s)(t? + st + 52 — 3a®) > 0. Then h(s) < h(t).
It follows that h is strictly increasing on the interval [a, +00).

(b) Let a be a real number, and h : (0,+00) — R be the real-valued function of one real variable defined by
2
hiz)=x+ 2 for any z € (0,400). Suppose a > 0.
x
Pick any s,t € (0, a]. Suppose s < t.
Note that
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h(t)fh(s) = (t+*)*(5+?) g

. )=(t—s5)— —(t—s) = . ~(stfa2)

t_
Since 0 < s < t, we have t — s > 0 and st > 0. Then—ts>0.
s



Since 0 < s < t < a, we have 0 < st < t2 < a2. Then st —a? < 0.

Therefore h(t) — h(s) = t—Ts - (st —a?®) < 0. Then h(t) < h(s).
s

It follows that h is strictly decreasing on (0, a].

(a) Hint.
Start in this way:
Let a,b be real numbers, and h : R — R be the function defined by h(z) = 2 + ax + b for any x € R.
Remember that we want to verify the statement (for such a function h)
For any s,t € R, for any 6 € (0,1), if s <t then h((1 — 0)s + 0t) < (1 — 0)h(s) + Oh(t).
So we continue with these words:
Pick any s,t € R. Pick any 0 € (0,1). Suppose s < t.

Then patiently verify (1—60)h(s)+0h(t)—h((1—0)s+6t) = §(1—0)(s—t)?, and argue that the ‘right-hand-side’
of this equality is a positive number.

(b) —



