MATH1050 Assignment 4 (Answers and selected solutions)

1. Solution.

(a) Denote by P(n) the proposition
1-242-54+3-84---+n(3n—1)=n*(n+1).

o Note that 1-2=2=1%(1+ 1). Then P(1) is true.
o Let k be a positive integer. Suppose P(k) is true. Then

1-242-543-8+---+k(Bk—1)=k*(k+1).

We verify that P(k + 1) is true:
We have

124254384 +kBk—1)+ (k+1)[3(k+1)— 1]
= Fh+D)+E+D)BE+2) =+ DE +Bk+2)]=---=(k+1)*(k+1)+1]

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any positive integer n.

(b) Denote by P(n) the proposition
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o We have 1 > /1. Hence P(1) is true.
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o Let k be a positive integer. Suppose P(k) is true. Then 1+ — 4+ — +--- +
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We verify that P(k 4+ 1) is true:
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Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true whenever n is a positive integer.
(c¢) Denote by P(n) the proposition
n? < 2n 1
o We have 7% = 49 < 64 = 27 — 1. Then P(7) is true.

 Let k be an integer greater than 6. Suppose P(k) is true. Then k% < 2=, Therefore 2#~1 > 2k,
We have

(kD=1 _ (k4 1)2 2k — (k® + 2k +1)

> o k2 2k —k
= 2F _k? -3k
> 2FE? —k-k=202"1' -k >>0.

Then (k + 1)2 < 2(-+D=1 Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true whenever k is an integer greater than 6.



(d) Denote by P(n) the proposition that n(n? + 2) is divisible by 3.

o We have 0-(02+2)=0=3-0and 0 € Z. Hence 0- (0% + 2) is divisible by 3.
Then P(0) is true.

 Let k be a positive integer. Suppose P(k) is true. Then k(k? + 2) is divisible by 3. Therefore there exists some
q € Z such that k(k* +2) = 3q.
We verify that P(k + 1) is true:
We have

k+D[(k+1)2+2] =k +3k* + 5k +3 = k(k? +2) + 3k +3 =3¢ + 3k + 3 =3(¢ + k* + 1).
Note that g + k* + 1 € Z. Then (k + 1)[(k + 1)* + 2] is divisible by 3.
Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N.
(e) Denote by P(n) the proposition that 7*(3n + 1) — 1 is divisible by 9.
o We have 7°(3-0+1) — 1 = 0. 0 is divisible by 9. Then P(0) is true.
o Let k € N. Suppose P(k) is true. Then 7%(3k + 1) — 1 is divisible by 9. Therefore there exists some ¢ € Z such
that 7%(3k + 1) — 1 = 9q.
We verify that P(k + 1) is true:
THBER+1)+1] -1 = 7-7[Bk+1)+3] -1
= 7-7"@Bk+1)+3- 7" -1
= 7-[T"Bk+1)—1]+3(7F —1)+9

k k
= T-9¢+3(7T-1)Y T+9=9[Tg+2> 7 +1
=0 =0
k .
Since g € Z and k € N, we have 7q + 22 77 +1 € Z. Therefore 7*+1[3(k + 1) + 1] — 1 is divisible by 9.
=0

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N.

(a) i. Answer.

n

@ Z(akﬂ —ag) = any1 — ag

k=0

0
(I1) Z(ak+1 —ag) =a; —agp = ag41 — do-
k=0

(III) Suppose P(m) is true
(IV) am+1 — ap

m—+1 m
(V) Z (ak-i-l - ak:) = Z(ak+1 - ak) + (am+2 - am+1) = (am+1 - CLO) + (am+2 - am+1) = am+42 — a0 =
k=0 k=0
A(m+1)+1 — @0-
(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.
ii.
(b) Solution.
Let {c,}22, be an infinite sequence of numbers. Let a, 8 be numbers, with a # 1. Suppose ¢,+1 = acy, + § for
each n € N.

c
For each n € N, define a,, = —.
a’ﬂ
.. Cn acp, +8 ¢y 5 B
Then by definition, for each n € N, we have a,11 = ol = ol g Tt an + P



By the result described in the statement (A), for each n € N, we have

n n 5 o n . oy 1_ an+1
an+1_a0:Z(ak+1_ak):ZW:a " BZa =a " ﬂ'ﬁ
k=0 k=0 k=0
Therefore
1
o1 — "o = a"May i —a™lag = " ang1 —ag) = 5(1%@:”.

Remark. The key step in the application of the telescopic method is displayed below:

By assumption, for each n, we have

Cht+1 — & Cn = 6
o e  — a1 = Ba
042 Cpn—1 — O£3 Cn—2 ﬂaz
an—2 cs _ an—l Co — Ban—Q
a1l ey — a” c1 = ﬂa”’l
am c1 — o™l ¢ = Ba™
B —a™th

n n
Then c,q1 — a"Tleg = E a" kg = E alp = .
—«
k=0 j=0

(¢) i

ii. Solution.

0
Let 6 € IR. Suppose sin <2) # 0. Pick any n € N.

<1+2§;coqkw>snl(g> ﬁn(i)%;;?eoﬂkﬂshl(g>
an () +z (s (064 390) —sin (16 300))
a1+ o)

sin((n +1/2)6)

9 n
By assumption sin(g) #0. Then =142 Z cos(kf) =

Pt sin(6/2)
iii.
iv. ——
3. Answer.
n 1 +a 2
(a) (I) Suppose Zaj = ( 5 n) for each n € N.
7=0
(II) a, =2n+1.
2 1+a0\> 1
(III) We have ag = Zaj = ( 5 O) = Z(1+2a0—|—a02). Then (ag — 1)? = ag? — 2a9 + 1 = 0. Therefore
§=0

aw=1=2-0+1.
(IV) Let k € N. Suppose P(k) is true.
(V) We have

2 k+1 k 2 2

1+a 1+4+a 14+ (2k+1

<2k+1> = E a; = E aj + ag41 = ( B k) + a1 = {(2)] +agt1 = (k+ 1)2 + apy1-
i=0 §=0



4. (a)

(b)

1
Then 1(1 + 2ap4+1 + ak+12) = (k+ 1)2 + Agy1-

Therefore (apy1 — 1)? = apy1? — 2ar41 + 1 = (2k + 2)2.
Hence agy1 = 2k + 3 or a1 = —2k — 1. Since ag41 > 0, we have agy1 =2k +3=2(k+1)+1

(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.

(I) Let a, B are the two distinct roots of the polynomial f(x) = 22 — 2 — 1. Suppose {a, }5°; is the infinite
sequence of real numbers defined by
a = 17 a2 37
Gnt2 = Apy1+a, if n>1
IMH)1=—-(-1)=a+p
(ID) 3 = [-(-1)* = 2(-1) = (e + B)* — 203 = a® +
(IV) Let k be a positive integer. Suppose P(k) is true.
(V) k+1 + ﬁk-&—l
(VD) P(k)
(VID) apy2 = apyr +ax = (@1 4 ) 4 (oF + %) = o (a+1) + 5B+ 1) = o -a® + B §2 = ofF2 4 gEF2,
(VIII) By the Principle of Mathematical Induction, P(n) is true for each positive integer n.
Answer.
Lo @) P P2l v = (et o) (et v) =l 4 P+ 20l - 7] = - vr — o - iy
(I1) (Re(uw))?
(IIT) (Re(uw))? + (Im(pw))?
(V) [+ v < (Il + [v])?
(V) lpl+ v =0
ii. (I) Suppose 1, , pun € C.
I > <> Il
j=1 j=1
(III) P(2) is true
(IV) Let k € N\{0,1}. Suppose P(k) is true
(V) 11, Vg, Vi+1 be complex numbers
(VD)
k+1 k k k k+1
Dovil = Doyt ven| < Dovi| el <D0l 4 el < 1yl
j=1 j=1 j=1 j=1 j=1
(VII) the Principle of Mathematical Induction
Solution.
Let ¢ € €. Suppose 0 < [¢| < 1. Then we have
4060 4060 4060 3010 C o jqroso
> ol 3 jerl= D ol i - S
k=1050 k=1050 k=1050

The first inequality is a consequence of Statement (7).

The last inequality follows from [¢[19%° > 0 and 0 < |¢[31! < 1.

5. Answer.

(a)

D) r=a+by2and r =a +v'Vv2
(I) a=a’ and b=V
(ITT) and r = o’ +b'\/2



(IV) (b—-0')V2

(V) Suppose it were true that b # b
V1) va - 2=t
VII) v/2 would be a rational number
VIII) b = v/
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(III) Pick any a,a’,b, b €

(IV) Suppose

(V) = a'C + b¢?

(VI) ¢ 0

(VII) @’ —a

(VIII) Suppose it were true that b # o/
ad—a

b—-b

X) real

XI) ¢ is not real

XI)a' =a

=

X) >—

I) Suppose 7 € R.

IT) For any n,n' € Z,if n <r <n+1land n’ <r<n’+1then n=n'
IIT) Pick any n,n’ € Z. Suppose n <r <n+1landn’ <r<n'+1.
V) (r—=n)—(r—-m)<1-0

V)(r—=n')—(r—-n)>0-1

VI) n,n’ are integers

VII) an integer

VIII) only

IX) 0

(
(
(
(
(
(
(
(
(
(
(
(
(
X)yn—n"=0

IT) For any a,a’,b,b’ € R, 1f77faC+bC2 and n =a'¢ +b'¢? then a =a’ and b =10'.



