MATH1050 Assignment 3 (Answers and selected solutions)

1. Solution.

(a) Suppose (,n are complex numbers.
We have ¢n = (Re(¢) + ilm(¢))(Re(n) + ilm(n)) = (Re(¢)Re(n) — Im(¢)Im(n)) + i(Re(¢)Im(n) + Im(¢)Re(n)).
Then (7 = (Re(¢)Re(n) — Im(¢)Im(n)) — i(Re(¢)Im(n) + Im(¢)Re(n ))
We have ¢ -7 = (Re(¢) — /(<)) (Re(n) — ilm(n)) = (Re(¢)Re(r) — Im()Im(n)) — i(Re(¢)Im(n) + Im(C)Re(1)).
Therefore (n = C - 7.

(b) Suppose ¢ is a complex numbers.
Then (¢ = (Re(¢) + ilm(¢))(Re(¢) — ilm(¢)) = (Re(¢))? + (Im(¢))* = [¢[*.

(¢) Let ¢,n be complex numbers. Suppose 1 # 0. Then g = % S/

(d) Suppose ¢,n are complex numbers.

Then [(n|?> = (¢n) - (Cn) = ¢n- ¢ -7 = () () = [¢)*n]>
Since |¢] > 0, [n] > 0 and [¢n| > 0, we have [(n| = [¢] - |n]-

2. Solution.
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4. (a) Answer.
(D) (z+w)(Z2+w) = 22 + w + 20 + zw = |2|* + |w|? + 2w + zZw
D) |22 4 | — w|? + 2(—w) + 2(—w) = |2|> + |w|?> — 20 — Zw
(1) 2|2]2 4 2Jw|? + 210 + 2w — 20 — Zw = 2|2|? + 2|w|?

(b) Answer.

(I) r, s,t are complex numbers
(I1) 27 — sf2 + 2 — 1 — |(r — 5) — (r — D)2
(IID) 2|s — t|% + 2|r — s|? — |t — r|?
(IV) |2t —r — s> =2|t —r|> + 2|s — t|* — |r — s|?
(V) 3(ls =t + [t — 7[> +|r — s?)



(c) Solution.

Let ¢, o, B be complex numbers. Suppose ¢ = o2 + 2.

By the Parallelogramic Identity, we have |¢ + a|* + [¢ — a]? = 2|¢|* + 2|a|?.

Then

(I¢+al+1¢—al)?

[C+al’ + ¢ —al* +2/¢ +all¢ —af
2[¢” + 2]af? + 2|(¢ + @) (¢ -
2(¢1% + 2|af* + 2|87
21¢I* + 2laf* + 2187

a)l

Modifying the above argument (by interchanging the roles played by o and 3), we have (|¢ + 3| + ¢ — 8])? =

2[¢1* + 2[81* + 2|,

Therefore (|¢ +a| +[¢ —al)* = (IC+ 8] + [ = B])*.
Note that [( +a|+ [ —a| >0and |[(+ 5]+ |(—8] >0. Then [ +a|+|(—a| =|C+ 6|+ |¢— 0
5. Answer.
(@) la| =2.
(b) a=vV2+vV2%iora=v2—v2iora=—v2+V2 or a = —/2 — 2i.
6. Answer.
z=2o0r z=4+2i.
7. Answer.
(a) 2+ 2i, 4i
(b) V2
(¢) =1+
8. Answer.
T . T
(a) z=2- (cos (—g) + isin (—g))
(b) 92019 + 92019 \/g’L
g V6 v2, V6 V2
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9. Solution.
2 2
Let ¢ = sin(i) + icos(l).
3 3
(a) (= cos(z - 2—7T) —|—isin(z - 2—7T) = cos(—z) + isin(—z)
23 2 37 6 6"
(b) The three cubic roots of ¢ are given by S, 82, 3, given by
Bi = (cos(—g) +isin(-10)).
s 21 T 27 117 117
By = (cos(—ﬁ+?)+zsm(—ﬁ+§) (cos(— T )+ isin(—— s ),
2 2 1 1
By = (cos(flls - g)Jrisin(—liS - g) - (cos(fli;r) +isi (f%)).
10. Answer.
. . . . U 27 .., 27
(a) z is a solution of the equation concerned iff z = 2(008(5 +N- ?) —i—zsm(g +N- ?)) for some N amongst

0,1,2,3,4.



s .. T 3m - 3m T .. T
(b) z= Q(COS(E) + zsm(m) or z = Q(COS(_E) + zsm(—l—o) or z = 2(005(—1—0) + zsm(—ﬁ)) .

11. Answer.

There are exactly two elements in C' N D. They are {0,1}, {1,2,3}.

There are exactly five elements in C U D. They are {0,1}, {1}, {1,2,3}, {3, 4}, {{3}, {4}}.
There are exactly two elements in C\D. They are {1}, {3,4}.

There is exactly one element in D\C. It is {{3}, {4}}.

There are exactly three elements in CAD. They are {1},{3,4}, {{3},{4}}.

There are exactly four elements in B(C\D). They are §, {{1}}, {{3,4}}, {{1},{3,4}}.

12. Answer.

) Five.
) Nine.
) Six.
(d) One.
) Two.
) One.
) ¢ r.
)

0. {ct {r}{e,r}.

13. Answer.

(a) A=0.
(b) B # (; 125 is an element of B.

14. (b) Solution.

We proceed to determine all the solutions of the equation (f) by the sequence of manipulations below.

Reminder.
Line 1. sin(2x) +sin(8z) = sin(bz) —— (1)
Line 2. sin(5x — 3x) +sin(bz +3z) = sin(bz)
Line 3. 2sin(5z) cos(3x) = sin(5x)
Line 4. (2cos(3xz) — 1)sin(bz) = 0
1

Line 5. cos(3z) = 3 or sin(5x) =0

(Case 1).

1
Line 6a. cos(3x) = 3
Line 6b. 3r = :i:g + K - 27. (K may be an arbitrary integer.)
Line 6¢c x = = + K 2
‘ 9 3

(Case 2).
Line 7a. sin(bz) = 0
Line 7b. b = Mm. (M may be an arbitrary integer.)
Line 7c. r = M- %

Checking:



2
o Let x € IR. Suppose there exists some K € Z such that x = g—i-K-g. Then sin(2x)+sin(8z)—sin(5z) = - - - = 0.

Therefore sin(2z) + sin(8x) = sin(5x).

2
o Let x € IR. Suppose there exists some L € Z such that z = —g +L- % Then sin(2z) + sin(8z) — sin(bz) =
.- = 0. Therefore sin(2z) + sin(8z) = sin(5z).

e Let x € IR. Suppose there exists some M € Z such that x = M - g Then sin(2z) + sin(8z) — sin(5z) = --- = 0.
Therefore sin(2x) + sin(8x) = sin(5x).
Define
A = {xEIR ;v—f—l—K forsomeKEZ}
B = {xEIR x——§+L 3f0rsomeL€Z}
Cc = {xEIR:x:M-%forsomeMGZ}

The solution set of (1) is given by AU BUC.
(d) Solution.

4
Note that 62 + 8% = 100 = 10%. Take o = arcsin(g). Then 10sin(a) = 8, 10 cos(a) = 104/1 — sin*(a) = 6.

We proceed to determine all the solutions of the equation (f) by the sequence of manipulations below.

Reminder.
Line 1. 6sin(z) +8cos(z) = 5 —— (V)
Line 2. 10sin(x) cos(a) + 10 cos(x) sin(ar) = 5
Line 3. 10sin(zx +a) = 5
. . 1
Line 4. sin(z +a) = 3
Line 5. r+a = (-1)V. % + Nm. (N may be an arbitrary integer.)
. N 7T
Line 6. x = a+(-1) -E—&—Nﬂ'
Checking:
o Let z € IR. Suppose there exists some N € Z such that z = oz—&—(—l)N-%—l—Nﬂ'. Then 6sin(z)+8 cos(x) = --- = 5.

The solution set of (1) is given by {x eER:z=a+(-DV. % + N7 for some N € Z}.

(f) Solution.

We proceed to determine all the solutions of the equation (f) by the sequence of manipulations below.

Reminder.
1
Line 1. —) =1 —
ine COS(Q:v) (1)
. 1 . .
Line 2. 7 = 2N - 7. (N may be an arbitrary integer.)
x
, 1 . .
Line 3. x = . (N is required to be non-zero.)
AN -
Checking:
1 1
o Let x € IR. Suppose there exists some N € Z\{0} such that x = iN Then cos(2—) =...=1
- x



The solution set of (1) is given by {fc ER:z= 4N1 - for some N € Z\{O}}
Answer.
(a) Define
A = {xeIR:x:—g+K-2wforsomeKeZ},
B = {xeIR::U:(71)M~%+M7rforsomeM€Z}.

The solution set of the equation cos(2x) = sin(x) is given by AU B.

(b) Define
A = {xGIR a:—f—|—K 3f0rsomeK€Z}
B = {$€|R m——§+L 3forsomeLEZ}
C = {33 eER:z=M gforbomeMEZ}

The solution set of the equation sin(2x) + sin(8x) = sin(5x) is given by AU B U C.

(¢) Define
A = {.Z‘E|RZZ‘=%—|—K-27TfOI‘SOH1€K€Z},
B = {xeIR:z:ngrK-QﬂforsomeKGZ},
Cc = {xEIR:x:g—i—MWforsomeMGZ}
The solution set of the equation ZSin(g) sin(:%x) =...=1isgiven by AUBUC.

4
(d) Take a = arcsin(g). The solution set of the equation 6sin(z) + 8 cos(x) = 5 is given by

{xeIR:x:a+(71)N~%JerforsomeNGZ}.

2 2
1
(e) The solution set of the equation tan(3+/x) =1 is given by {x ER:z= <4 + N) . % for some N € N}.

1 1
f) The solution set of the equation cos(=—) =1 is given by cxz € R: z = for some N € Z\{0} ».
2 4N
x T

15. Answer.

(a) Let A, B be sets. We say that A is a subset of B if the statement (}) holds:
() For any object x, if x € A then z € B.
(b) i MHzeA

IT) There exists some

VII) 2(8m®) = 2(2m?)3 = 2n3

i.
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I 1
III) xg € B
IV) Suppose it were true that o € A.

~

V) there would exist some m € Z
VI) 2 (4m®) =8mb =1

VII) 4mb € Z

VIII) divisible

I) Suppose ( € A

II) €| <2

III) <

IV) (Im(¢))?

V) IRe(Q)] < [¢

VI) |Re(¢)| <2

VII) (Im(©))? < (Re(0)” + (Im(Q))” = ¢

VIII) Since [Im(¢)| and |¢| are non-negative, we have |Im(¢)| < |¢|. Then by (%), we have |[Im(¢)| < 2.
IX) and

X)zeB

I) Let (o =2+ 2i.

1) Re(Go)

1) \Im(@)\ <2

IX )C0¢A



