MATH1050 Assignment 1 (Answers and selected solutions)

1. (a) Solution.

We proceed to solve the equation (*):

r+vVe+1l = 11 — (%)

Ve+l = 11—z
Va+1)? = (11-)?
r+1 = z2-22z+121
r? =232z 4+120 = 0
(r—8)(xz—15) = 0

r=8 or x=15

Checking:

e 8+V8+1=11

e 15415 +1=19# 11.
The only solution of (x) is z = 8.

(c) Solution.

We proceed to solve the equation (*):

logs_,(215—2%) = 3 — (%)
In(215 — %) _ 3
In(5 — x)
In(215 —2%) = 3In(5—x)
215 -3 = (5-2x)3
2 —5r—6 = 0
(z4+1)(z—6) = 0
r=—1 or =20

Checking:
e 5—(=1)=6>0and 215 — (1) = 216 > 0. We have logs_(_,(215 — (—1)?) = log(216) = 3.
e 5—06 < 0. Then logs_g(u) is not well-defined for whatever real value of .

The only solution of (x) is z = —1.

(f) Solution.

We proceed to solve the equation (*):

(r—4)2 =5z —4/+6 = 0 — (%)
|t —4> —=5lz —4|+6 = 0
(lz—4]=2)(jz -4/ -3) = 0

lt—4]=2 or |r—4|=3
r—4=2 o x—-4=-2 or x—-4=3 or xz—4=-3

r=6 or x=2 or x=7 or xz=1

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solutions of (x) are given by x =1lorz=2orx=6o0r z ="7.

(m) Solution.



We proceed to solve the inequality (x):

< 1 — (%

2B3—2) < (3—2)> andz#3
(x—=32%+2xz-3) > 0 andz#3
(x—1)(xz—=3) > 0 andz#3
(<1 or x>3) andax#3

r<1l or x>3

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solutions of the inequality () are given by = <1 or & > 3.

(p) Solution.
We proceed to solve the inequality (*):

|2 =5z < 6 — (%)
2> —5x> -6 and 2°-5r<6
2> —52+6>0 and x®—-5x-6<0
(x—=2)(z—3)>0 and (x+1)(z—6)<0
(r<2o0orz>3) and —-1<x<6
(r<2and —1<z<6) or (z>3and —1<z<6)
—-l<x<2 or 3<x<6

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solutions of the inequality () are given by —1 <z <2 or 3 <z < 6.
(s) Solution.

We proceed to solve the inequality (x):

@? =3 < 2l — (%)
(2% —3)? < 427
2 —6224+9 < 422
' =102 +9 < 0
(2 = 1)(2*-9) < 0
(+3) @+ -1)(x-3) < 0
3 <r< -1 or 1<x<3

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solutions of the inequality () are given by —3 <ax < —-lorl <z <3.

Answer.

The only solution of the equation z + vz +1=111is z = 8.

The only solution of the equation 2(4% +4-7) = 7(2* +277) +10=0is = 0.
The only solution of the equation log;_, (215 — 23) = 3 is z = —1.

)
)
)
(d) The solutions of the equation |22 — 5z + 6| = z are given by 2 = 3 — /3 or = 3 + /3.
) The only solution of the equation z|z|+ 5z +6 =0 is z = —1.

)

(f) The solutions of the equation (z —4)? — 5|z —4|+6=0aregivenbyz=1lorzx=2orz=6o0r x = T.
ry + = = 6

(g) The solutions of the system Y are given by (z,y) = (2,2) or (z,y) = (3,1).
ry — Yy = 2



Ty = 35

(h) The solutions of the system are given by (z,y) = (5,7) or (z,y) = (7,5).

rlogs(y) = 7
(i) The solutions of the inequality ¥? — 3z < 10 are given by —2 < x < 5.

(z + 1)(z — 6)

>
(j) The solutions of the system
3z —1 >

8
are given by x > 7.
5

(k) The solutions of the system (z + 1)2 > 16 or 2z + 5 > 7 are given by z < —5 or > 1.
(1) The solutions of the inequality (z —1)(x —2)(z —3) > 0 are given by 1 <z <2 or z > 3.
2
(m) The solutions of the inequality 32 < 1laregiven by z <1orz > 3.
-z

3
(n) The solutions of the inequality 2z — — > 1. are given by —1 <z < 0 or z > 1.5.
x

2
-1
5 4§72aregivenby72<x§f\/§or\/§§x<2.

(o) The solutions of the inequality z
x

(p) The solutions of the inequality |22 — 5z| < 6 are given by —1 <z < 2 or 3 < x < 6.

3 11
(q) The solutions of the inequality ‘ x I 5
x

’ < 2 are given by —7 < x < —3.

(r) The solutions of the inequality ‘ |z| — 4 ’ >3aregivenby —1<zx<lorx < —T7Torz>T.

(s) The solutions of the inequality |22 — 3| < 2|x| are given by —3 <2 < —lor 1 <z < 3.

(t) The solutions of the inequality |2z + 1| < 3z — 2 are given by x > 3.

2. Answer.

(a) (I
(11

(I1I
(IV) z >y

Suppose z +y > 1 and = >y
(z—y)(z+y—1)
Si

1mce

(V) z+y—1>0andz—y >0

(VD) (z=y)(@+y) = (z—y) >0

(VII) 22 —y2 > 22—y

(b) (I) Let x,y € R. Suppose x > 0 and y > 0.

)
)
)
)
)
)
)
)
() (z+y)(@? — 2y +9*) —ay(z +y) = (= +y)(@* =22y +¢*) = (x +y)(z — y)?
)
)
)
)
)
)
)
)

(ITI) = — y is (also) a real number
(Iv) >0
(V) (®+9%) —ay(z +y) >0
(c) (I) Supposey >z >0and z > —y
(I1) z > —y
(1)) >0
(IV) Suppose
(V) zy > zx
(vpy & Z;?y;i()y 2 2
(VII) Suppose z—f—z > Zj
(VI Tyl 2) > eyl 2)
(IX) zy — za = (ay + 2y) — (xy + 22) >0
(X) and

(XI) z<0andy—z <0



T T >0

XII
XI) 2= >3

3. (a) (I) Suppose
th— st = (12 — ) (12 4 57) = (t — s)(t + 5)(1* + 5?)

4. (a) Answer.

(I) There exists some non-zero complex number r

b
(IT) for any n € N, Z—H =r
(b) Answer.
by,
(I) there exists some non-zero complex number 7 such that for any n € N, bH =7
by

1) — =
(3 =r

b
11 =
(I1I) o

bil b72 bj bm—l bm m
bo b1 by T bz bmo
(V) bm = bo’/‘m

(IV)

(c) Solution.
Let {an,}52, be a geometric progression. Suppose k, ¢, m € N, and a;, = A4, ag = B and a,, = C.
By the result in the previous part, there exists some non-zero complex number r such that for any n € N, a,, = aor™.
In particular, a; = aor®, ap = agrt and a,, = agr™.

Then

Almemkakle — (ao,,,k)lfm(aorl)mfk(aorm)kfé

_ ao(me)Jr(mfk)Jr(kff)Tk(me)+€(m7k)+m(k7£)

= aq%’=1

5. (a) Answer.
(I) Suppose a, b, ¢ are in arithmetic progression.
(I1) d
(I) c—b=d
(V) b¥* —a®> —ca+bc=(b—a)(b+a)+ (b—a)c=d(a+b+c)



(V) [(¢2 —ab) — (b —ca)l]=c® —b* —ab+ca= (c—b)(c+b)+ (c—bla=d(a+b+c)
(VI) (b? — ca) — (a? — be) = (c® — ab) — (b* — ca)
(b) Solution.

Let a,b, ¢ be numbers. Suppose a? — be, b? — ca, ¢? — ab are in arithmetic progression. Further suppose a + b+ c # 0.

(a? —be) + (¢ — ab).

By assumption, b — ca =

2
Therefore 2b% — 2ca = a® + ¢? — ab — be.
Hence 0 = (a? — b?) + (¢ — b?) + (ac — ab) + (ac —bc) = -+ = (a + ¢ — 2b)(a + b + ¢).
b
Since a + b+ ¢ # 0, we have a + ¢ —2b = 0. Then b = ot .
Therefore a, b, ¢ are in arithmetic progression.
6. Answer.
P=Q=1.
Hint. The key is to make use of the relations
a+p = =b/a
af = c¢/a

with which the assumption o = rf is combined.



