Lecture 12

March 1, 2021

1 Fourier Series

In this lecture, we are going to find the coefficients in the Fourier series.
Let us begin with the Fourier sine series in the interval (0,1)
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$x) = > Aysin - (1)

We will try to find the coefficients A,,.
The key observation is the formula
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/sinnlﬂsinm?xd‘rzo if m#n,
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m and n being positive integers.

Proof. There is a trigonometric identity
. . 1 1
sinasinb = 5 cos(a — b) — B cos(a +b).

The integral equals
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Suppose ¢ has the Fourier sine series in (0,7) (1). Let’s multiply (1) by

sin(™*) and integrate in the integral
1
/0¢(:c)sin m;rxdz = /ZA smﬂsin m;rxdx
= A, / sin?
1 2
= Am/o §—§COS n;ﬂxdx
l
= —A,.
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Therefore,
2 l
A, = 7/ ¢(x) sin m;mcd (2)
0

That is if ¢ has the Fourier sine series in (0,1) (1), then the coefficients must
be given by (2).

Example 1. Let ¢(z) = 1 in the interval (0,1). The A,, is

2 [ 21
A, = f/sinmﬂxdxz——cosmmcﬁ)
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= 2 (1—(=1™).
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So the Fourier sine series is
1 4(,7ms+1, 37T1'+1, 57r:vJr )
= —(sin— +-sin— + —sin— +---).
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Exercise 2. Prove that the formula

l
/Cosnlﬂcosm;mdxzo if m#n,
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And

Suppose that ¢ has the Fourier cosine series in (0,1)
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p(z) = §AO +nz::1Ancos—,



then the coefficients A,, must be given by

l
4 = 2 /0 o(x)da,

and
9 !
A, = f/qb(x)cos@dac.
A l

Example 3. The function ¢(z) = 1 has a Fourier cosine series with coefficients

1
AO = g/d$:2,
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A, = 7/ cos mmydw
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= lsinmﬁxl
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=0
for m # 0. So we have
1 = 14040+---.

The full Fourier series, or simply the Fourier seris, of ¢(z) on the interval
(=1,1) is defined as
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Exercise 4. Let m,n are positive integers. Prove the following formulas

1
/ cos ”lﬂ sin m;m der =0 forall n,m
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/ cosnlﬂcos m;mdac:O for n#m
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So the coefficients of the full Fourier series are
1 l
:7/ qb(x)cosnlﬂdm (n=0,1,2,---)
—l
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_T/ d)(:c)sianx. (n=1,2,3,---)
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Example 5. Let ¢(z) = « in the interval (0,1). Its Fourier sine series has the
coefficients

9 ol
A, = f/xsinmﬂxdx
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-1 m+1 =
(=)™ ——
Thus in (0,1) its Fourier sine series is

r = 2—l(sir17r—gc—lsin%r—x—i—}singim— )
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Its Fourier cosine series in (0,7) has the coefficients
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Ay = f/xdm:l,
L'Jo
l
A, = 2/ascosmwxdas
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= m27-(—2[(_1) _1]

Thus in (0,1) its Fourier cosine series is
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Its Fourier series in (—I,1) has the coefficients

Ay = l/ zdx = 0,

A, = 7/ xcosmmﬂdx
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= —sin cos
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So in (—I,1) its full Fourier series is

_ 2Z(.7rx 1,27rx+1.377w )
T = 7Tsml 2sm i 3sm i .

Example 6. Solve the problem

Ut — gy = 0 O<ax<l
u(0,t) =wu(l,t) =0
u(z,0) =z, u(z,0) = 0.

From previous Lectures, we know that u(z,t) has an expansion

o
nmct nmwx
Z (A, cos T4 + B, sin ;i ) sin -

Differentiating with respect to time yields

o
ZnT —A, smnl + B, cosmzct)bin?.

Setting ¢t = 0, we have

= nmx
0) = Ap sin ——,
u(z,0) 7;1 sin —
and
N e nwx
ug(z,0) = ;TanmT.

Because the Fourier sine series of z and 0 in (0,1) are
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x = ;(smT

and
0 = 0.
So B, =0and A, = (—1)"*12L
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So the solution is
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21 t
u(z,t) = Z(—l)m’l% cos m;c sin mlrx

n=1



