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We can also use separation of variables to solve the di�usion equation.

ut = kuxx 0 < x < l 0 < t <∞ (1)

u(0, t) = u(l, t) = 0 (2)

u(x, 0) = φ(x). (3)

First, we solve equation (1) and separate the variables u(x, t) = T (t)X(x)
as before. This time we get

T ′

kT
=

X ′′

X
= −λ = constant.

We solve the equation for T (t) to get

T (t) = Ae−λkt,

where A is a constant.
Then we solve the equation for X(x).

−X ′′ = λX in 0 < x < l

with X(0) = X(l) = 0.
As before, the solution is

X(x) = sin
√
λnx

where λn = n2π2

l2 .
So the solution to (1) and (2) is

un(x, t) = Ane
−n2π2kt

l2 sin
nπx

l
.

The sum of un is also a solution to (1) and (2) due to linearity

u(x, t) =

∞∑
n=1

Ane
−(nπ/l)2kt sin

nπ

l
x.
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If

φ(x) =

∞∑
n=1

An sin
nπx

l
,

u(x, t) is a solution to (1), (2) and (3).
The numbers λn = (nπl )

2 are called eigenvalues and the functions Xn(x) =
sin(nπxl ) are called eigenfunctions to the ODE

−X ′′ = λnX in 0 < x < l

with X(0) = X(l) = 0.

1 The Neumann condition

The same method works for both the Neumann and Robin boundary condi-
tions. In the former case, (2) is replaced by ux(0, t) = ux(l, t) = 0. Then the
eigenfunctions are the solutions X(x) of

−X ′′ = λX, X ′(0) = X ′(l) = 0,

other than the trivial solution X(x) ≡ 0.
When λ = β2 > 0, as before X(x) = c1 cosβx+ c2 sinβx. So that

X ′(x) = −c1β sinβx+ c2β cosβx.

We get c2 = 0 from X ′(0) = 0. From X ′(l) = 0, we have

c1β cosβl = 0.

If c1 6= 0, we need to let β = nπ
l .

When λ = 0, we have X(x) = c1 + c2x. So

X ′(x) = c2.

From X ′(0) = X ′(l) = 0 we have c2 = 0. In this case, λ = 0 is an eigenvalue
of

−X ′′ = λnX in 0 < x < l

with X ′(0) = X ′(l) = 0.
For λ < 0, there is only a trival solution.
Therefore we will learn from Sec. 5.3 the list of all the eigenvalues is

λn = (
nπ

l
)2 for n = 0, 1, 2, 3, · · ·

So the di�usion equation with the Neumann boundary condition

ut = kuxx 0 < x < l 0 < t <∞
ux(0, t) = ux(l, t) = 0

u(x, 0) = φ(x).
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The solution is

u(x, t) =
1

2
A0 +

∞∑
n=1

Ane
−(nπ/l)2kt cos

nπx

l
,

provided that

φ(x) =
1

2
A0 +

∞∑
n=1

An cos
nπx

l
.

All the coe�cients A0, A1, A2, · · · are just constants.
Consider now the wave equation with the Neumann BCs. The eigenvalue

λ = 0 then leads to X(x) = costant and to the di�erential equation T ′′(t) =
λc2T (t) = 0, which has the solution T (t) = A+Bt. Therefore, the wave equation
with the Neumann BCs is

u(x, t) =
1

2
A0 +

1

2
B0t+

∞∑
n=1

(An cos
nπct

l
+Bn sin

nπct

l
) cos

nπx

l
. (4)

Then the initial data must satisfy

φ(x) =
1

2
A0 +

∞∑
n=1

An cos
nπx

l

and

ψ(x) =
1

2
B0 +

∞∑
n=1

nπc

l
Bn cos

nπx

l
. (5)

Equation (5) comes from �rst di�erentiating (4) with respect to t and then
setting t = 0.

Exercise 1. Find all the eigenvalues and eigenfunctions for the eigenvalue prob-
lem

{
−X ′′(x) = λX(x) 0 ≤ x ≤ l,
X(0) = X ′(l) = 0.

Exercise 2. Use separation of variables to solve the Schrödinger equation


ut = iuxx 0 ≤ x ≤ l,
ux(0, t) = ux(l, t) = 0

u(x, 0) = 1
2A0 +

∑∞
n=1An cos

nπx
l .
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