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February 24, 2021

We can also use separation of variables to solve the diffusion equation.

u =kug, 0<z<l 0<t<oo (1)
u(0,t) = u(l,t) =0 (2)
u(z,0) = ¢(x). (3)

First, we solve equation (1) and separate the variables u(x,t) = T(t)X ()
as before. This time we get

T/ X//

KT~ X

= —\ = constant.
We solve the equation for T'(¢) to get
T(t) = Ae

where A is a constant.
Then we solve the equation for X (z).

—X"=2X in 0O<z<l

with X (0) = X(I) = 0.
As before, the solution is

X(z) = sinyv/nz

2_2
where A\, = "77—.

So the solution to (1) and (2) is

7n27r2kt . nmwxr
un(x,t) = Aje 2 sin ——.

The sum of w,, is also a solution to (1) and (2) due to linearity

(o)
u(z,t) = Z Ane_("”/l)zkt sin ?m
n=1



nmwx

o(x) = ZAnsin T
n=1

u(z,t) is a solution to (1), (2) and (3).

The numbers X, = (%%)? are called eigenvalues and the functions X, (z) =

sin(“7%) are called eigenfunctions to the ODE
—X"=XX in O<x<l
with X (0) = X (1) = 0.

1 The Neumann condition

The same method works for both the Neumann and Robin boundary condi-
tions. In the former case, (2) is replaced by u(0,t) = ug(l,t) = 0. Then the
eigenfunctions are the solutions X (z) of

X" =)\X, X'(0)=X'()=0,

other than the trivial solution X (z) = 0.
When \ = 32 > 0, as before X (x) = ¢; cos Bz + ¢ sin Bx. So that

X'(x) = —c1BsinpBx + cafcosPx.
We get ¢ = 0 from X’(0) = 0. From X’(I) = 0, we have
cifcospl = 0.

If c; # 0, we need to let 3 = =7.
When A =0, we have X (z) = ¢ + caz. So
X'(x) = ea.
From X'(0) = X'(I) = 0 we have ¢z = 0. In this case, A = 0 is an eigenvalue
of
—X"=X\X in O<z<l

with X’(0) = X'(I) = 0.
For A < 0, there is only a trival solution.
Therefore we will learn from Sec. 5.3 the list of all the eigenvalues is

nm

A= () for n=0,1,2.3
So the diffusion equation with the Neumann boundary condition

u =kuy, 0<z<l 0<t<oo
Uz (0,t) = uz (1, t) =0
u(z,0) = ¢(z).



The solution is
1 oo
u(e,t) = SAo+ Y Ape (0 cos L,
n=1

provided that

1 = nmwT
¢(I) = §A0 + ZAn COS T

n=1

All the coefficients Ag, A1, Ao, -+ are just constants.

Consider now the wave equation with the Neumann BCs. The eigenvalue
A = 0 then leads to X (z) = costant and to the differential equation 7" (t) =
Ac2T(t) = 0, which has the solution T'(t) = A+ Bt. Therefore, the wave equation

with the Neumann BCs is

1 1 o t t
u(@,t) = Ao+ 5Bot + ;(An cos % + B, sin g) cos —mlm
Then the initial data must satisfy
1 = nwx
p(z) = §Ao + ; A,, cos -
and
1 = nwe nwT
Y(x) = 530 + 7;1 TBn cos -

(5)

Equation (5) comes from first differentiating (4) with respect to ¢ and then

setting t = 0.

Exercise 1. Find all the eigenvalues and eigenfunctions for the eigenvalue prob-

lem

Exercise 2. Use separation of variables to solve the Schrédinger equation

Up = 1Ugpy 0<z <,
uz(0,t) = ug(l,t) =0
u(z,0) = A9+ 07 | Ap cos 2TE,



