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Abstract. This work investigates the scattering coefficients for inverse medium scattering prob-
lems. It shows some fundamental properties of the coefficients such as symmetry and tensorial
properties. The relationship between the scattering coefficients and the far-field pattern is also
derived. Furthermore, the sensitivity of the scattering coefficients with respect to changes in the
permittivity and permeability distributions is investigated. In the linearized case, explicit formulas
for reconstructing permittivity and permeability distributions from the scattering coefficients is pro-
posed. They relate the exponentially ill-posed character of the inverse medium scattering problem
at a fixed frequency to the exponential decay of the scattering coefficients. Moreover, they show the
stability of the reconstruction from multifrequency measurements. This provides a new direction for
solving inverse medium scattering problems.
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1. Introduction. In this work we will be concerned with the following transverse
magnetic polarized wave scattering problem

1
(1.1) V- =Vu+w?eu =0 in R?
i

where p, € > 0 are the respective permittivity and permeability coefficients of the
medium. We consider an inhomogeneous medium §2 contained inside a homogeneous
background medium, and assume that €2 is an open bounded connected domain with
a C1'* boundary for some 0 < a < 1. Let v denote the outward normal vector at 952,
and g, €9 > 0 be the medium coefficients of the homogeneous background medium.
Suppose that p,e € L™ and p — pp and € — g are supported in 2. Moreover, there
exist positive constants p and g such that p(x) > p and e(z) > ¢ in Q. Under these
settings, we can write (1.1) as follows: B

V-%Vu—szsuzo in €,

Au+kiu =0 in R?\Q,
(1.2)
ut =u~ on 09,
ut 1 0u”
tw = % B on 0.

*Received by the editors October 16, 2013; accepted for publication (in revised form) July 7, 2014;

published electronically August 19, 2014.
http://www.siam.org/journals/sima/46-4/94146.html

fDepartment of Mathematics and Applications, Ecole Normale Supérieure, 75005 Paris, France
(habib.ammari@ens.fr). The research of this author was supported by ERC Advanced Grant Project
MULTIMOD-267184.

fDepartment of Mathematics, Chinese University of Hong Kong, Shatin, N.T., Hong Kong
(ytchow@math.cuhk.edu.hk, zou@math.cuhk.edu.hk). The research of the third author was substan-
tially supported by Hong Kong RGC grants (projects 405513 and 404611).

2905

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://www.siam.org/journals/sima/46-4/94146.html
mailto:habib.ammari@ens.fr
mailto:ytchow@math.cuhk.edu.hk
mailto:zou@math.cuhk.edu.hk

Downloaded 12/02/22 to 137.189.49.142 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

2906 HABIB AMMARI, YAT TIN CHOW, AND JUN ZOU

Here and throughout this paper, the superscripts & indicate the limits from outside
and inside of €2, respectively, and 9/0v denotes the normal derivative. We shall
complement the system (1.2) by the physical outgoing Sommerfeld radiation condition

0
(1.3) E(u —ug) — iko(u — ug) = 0(|x|7%) as |z] = oo,
where kg = w./fogg is the wavenumber and wuy is an incident field, solving the

homogeneous Helmholtz equation (A +k2)ug = 0 in RY. The solution u to the system
(1.2) and (1.3) represents the total field due to the scattering from the inclusion
corresponding to the incident field ug.

The notion of scattering coefficients was previously studied for homogeneous elec-
tromagnetic inclusions [13] (see also [12]) in order to enhance near cloaking. The
purpose of this paper is twofold. We first introduce the concept of inhomogeneous
scattering coefficients and investigate some of their important properties and their sen-
sitivity with respect to changes in the physical parameters. Then we make use of this
new concept for solving the inverse medium scattering problem and understanding the
associated fundamental issues of stability and resolution. The inhomogeneous scat-
tering coefficients can be obtained from the far-field data by a least-squares method
[14]. Explicit reconstruction formulas of the inhomogeneous electromagnetic param-
eters from the scattering coefficients at a fixed frequency or at multiple frequencies
are derived in the linearized case. These formulas show that the exponentially ill-
posed characteristics of the inverse medium scattering problem at a fixed frequency
[4, 21, 24] are due to the exponential decay of the scattering coefficients. Moreover,
they highlight the stability of the reconstruction from multifrequency measurements
shown in [17, 18, 22, 23] since low-order scattering coefficients can be used to form a
highly resolved image from multifrequency measurements. Based on the decay prop-
erty of the inhomogeneous scattering coefficients, a resolution analysis analogous to
the one in [7] can be easily derived. The resolving power, i.e., the number of scat-
tering coeflicients which can be stably reconstructed from the far-field measurements,
can be expressed in terms of the signal-to-noise ratio in the far-field measurements.
The scattering-coefficient-based approach introduced in this paper is a new promising
direction for solving the long-standing inverse scattering problem with heterogeneous
inclusions. It could be combined with the continuation method developed in [16, 19]
for achieving a good resolution and stability for the image reconstruction.

For the sake of simplicity, we shall restrict ourselves to the scattering problem in
two dimensions, but all the results and analyses hold true also for three dimensions.

The paper is organized as follows. In section 2 we introduce the notion of inho-
mogeneous scattering coefficients. Section 3 provides integral representations of the
scattering coefficients and shows their exponential decay. This property is the root
cause of the exponentially ill-posed character of the inverse medium scattering prob-
lem. In section 4 we prove that the scattering coefficients are nothing else but the
Fourier coefficients of the far-field pattern, then derive transformation formulas for the
scattering coefficients under rigid transformations and scaling in section 5. In section
6 we provide a sensitivity analysis with respect to the electromagnetic parameters for
the scattering coefficients. In section 7 we derive new reconstruction formulas from
the scattering coefficients at one frequency and at multiple frequencies as well. A
few concluding remarks are given in section 8. Appendix A is used to construct a
Neumann function for the inhomogeneous Helmholtz equation on a bounded domain.
Appendices B and C are used to show the existence of some functions used in the
derivation of the explicit reconstruction formulas in the linearized case.
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2. Integral representation and scattering coefficients. In this section we
define the scattering coefficients of inhomogeneous inclusions. The idea of scatter-
ing coefficients for inclusions with homogeneous permittivity and permeability was
initially introduced in [13]. We extend this idea and define such a notion for inho-
mogeneous inclusions following the idea in [6, 13]. We first derive the fundamental
representation of the solution u to the system (1.2)—(1.3). For ko > 0, let @y, be the
fundamental solution to the Helmholtz operator A + k2 in two dimensions satisfying

(A + k§) P,y (2) = do(z)
subject to the outgoing Sommerfeld radiation condition

0

E@ko — iko®y, = 0(|x|7%) as |x| — oc.

Then &4, is given by

(21) @1, (2) = — 1 HS (hola),

where Hél) is the Hankel function of the first kind of order zero. We can easily deduce
from Green’s formula that if u is the solution to (1.2)—(1.3), then we have for x € R?\Q
that

(2.2)
u—ug)"
(=) = [ o= 2 )daty)
— [ Bl gy o)
o0 Y

- ou™ aq)ko(x_y)
= | oo -0t - [ S )ity
. @ r— 3u__ o - aq)ko (‘T — y) u o
= [ (5) o =05 ot — [ FPE=I (),

where the second equality holds since wug satisfies the homogeneous Helmholtz equa-

tion. Let g = %85;. Then we define the Neumann-to-Dirichlet (NtD) map A, .:

H~2(0Q) — H?2(09) such that for any g € H™2(9Q), u = A,.g € Hz(9Q) is the
trace of the solution to the following system:

1 10
(2.3) V- —Vu + w?eu =0 in Q; ——u:gon of.

jz p v
We remark that A, , is well-defined if w,/po€o is not a Neumann eigenvalue of —A
on . For general distributions € and g, in order to ensure the well-posedeness of
A, ¢, one should assume, throughout this paper, that 0 is not a Neumann eiganvalue
of V- (1/u)V + w?e in Q.

With this definition of A, ., we have A, [g] = v~ and ﬁAuo,EO[%] = &y, on

09Q. We can therefore rewrite (2.2) as

(u —uo)(z) = /8 . to®r, ( —y)g(y)do(y) — /6 . toAs o [Pro) (2 — y)Ayclg)(y)do(y).
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One can check that A, . is self-adjoint under the duality pair (-, - on 0f). So,

V=%
we can further write

(24) (u—uo)(x) = po /m Cry (2 = Y)A g 2o (Moo = Aol (®)do(y), =€ RN\

We now use Graf’s addition formula [27] to derive a representation of u — ug for
|x| > R, assuming that Q C Bgr(0) for some R > 0. For the fundamental solution
(2.1), we recall the Graf’s addition formula for |z| > |y|:

(255) Dikolz —yl) =3 HY (kolz|)e™= J, (Koly|)e "
nez

where z is in polar coordinate (|x|,0,), and the same for y. Now we define

(2.6) (u0)m (y) = Jm(k0|y|)eim0ya

and let u,, be the total field corresponding to the incident field (ug).,, namely, the
solution to (1.2)—(1.3) with the incident field ug replaced by (ug)m. If we write

1 Ou,,
2.7 m = —
(2.7) g L ov
then for any incident field ug admitting the expansion
(2.8) =3 amJm(koly|)e™
mEeEZ
we have
1 Oou~
2.9 == = mm-
(2.9) 9= "5y mzeza g

Noting that Q C Bg(0), and putting (2.5) and (2.9) into (2.4), we derive the following
representation:

@10 -u)@) ==L Y [ B hofel) 1 (ol

m,ne”l
X A,uol €0 (AHO,EO - A%E)[gm](y)da(y)

for |z| > R. This motivates us to introduce the following definition.

DEFINITION 2.1. The scattering coefficients {Wpm }m.nez at frequency w of the
inhomogeneous scatterer Q) with the permittivity and permeability distributions €, p
are defined by

(2.11)
W = Wonlevio € 1= s | T Bolal)e™ ™Ay (b = Ay 0} ().

With this definition and the derivations above, we immediately come to the fol-
lowing representation theorem from (2.10).

THEOREM 2.2. Assume that Q C Bgr(0) for some R > 0. Then for an incident
field of the form uo(y) =3, cz mJm(koly|)e™%, the total field u (i.e., the solution
of (1.2)~(1.3)) has the following representation:

i .
(2.12) (u—uo)(z) = —7 > anHY (kolz|)e™* Wy for |z > R.
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3. Representation and decay property of scattering coefficients. In this
section we would like to represent the scattering coefficients using layer potentials
and study their decay properties. In order to do this, we first introduce the Neumann
function of the Helmholtz equation and the single and double layer potentials.

Let N, (z,y) be the fundamental solution to the problem (2.3), i.e., for each
fixed z € Q, N, (-, 2) is the solution to

190
wov
Let Nyue[9](@) == [oq Nue(z,y)g(y)do(y) for x € Q. Then we can see that N, [g](x)
is the solution to (2.3), and that

(3.2) Apelgl(x) = N elgl(z), z €09,

1
(3.1 V- EVNN,E(-,Z) +w?eN, (-, 2) = =0,(-) in N,z(-,2) =0 on 0N

by noting the relation (cf. [10])
10

;5/\[“75[9] =g on 0N

Let Sk, [¢] and Dy, [¢] be the following single and double layer potentials on 92:

(3.3) Stold](z) = /6 i lo = 9)o)da(s). @ R
and

0Dy, 9
(3.4) Dy [¢](x) = (z— 9)dw)doly), = e RO,

oQ al/y

Then the layer potentials Sk, and Dy, satisfy the following jump conditions:

35) 5 (Sulo) = (£57+Kiva ) Bl ule)® = (¥57+ Kiua ) 0]

where K, o is the boundary integral operator defined by

0Py,
o0 Ovy

Ko 0[¢l(z) = (z —y)o(y)do(y)

and Kj o is the L* adjoint of Ky, o with L? being equipped with the real inner
product. Note that %I + K%, .« is invertible if k2 is not a Dirichlet eigenvalue of —A

on ; see [9, 10]. From (2.4)’and the transmission conditions (1.2), we can see that
the solution u to (1.2)—(1.3) can be represented as
(3.6) u(x) = up(x) + poSk, [¢] for € RN u(x) = N, [¢] for x € O

for some density pair (¢, %) € L*(9€2) x L*(9€) which satisfies

1 Ou 1 N
0= A 0] = oSile] and =G = (31K ) 40 on o0
If we define
oSk, A
(3.7) A | T .
—(§I+ Kko,ﬂ) I

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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then we can write (¢,1) as the solution to the following equation,

1) U
. A —
) (w) (——)

and show the following result.
LEMMA 3.1. The operator A : L?(0Q) x L2(0Q) — L?(0Q)x L?(09) is invertible.

Proof. Let (¢,v) € L?(09) x L*(952) be such that A(i) = 0. Let u be defined by

{NN,E[w] in Q,
u = _
1Sk (0] 1n RATL

From the jump conditions

{,U()Sko [Qb] = Np,s[¢] on 052,

po(31+ K5, o) = ZNuelt] = poyy on 09,

one can see that u satisfies the Helmholtz equation (1.1) together with the outgoing
Sommerfeld radiation condition

(3.9) 2u —ikou = 0(|x|7%) as |z| = oo.

or
Uniqueness of a solution to (1.1) subject to the Sommerfeld radiation condition (3.9)
shows that u = 0 in R%. Then, since k2 is not a Dirichlet eigenvalue of —A on €2, we
have ¢ = 0, hence 1) = 0 as well. This shows the injectivity of A.

Next, since ﬁ@koﬂx —y|) and N, .(x,y) have the same singularity type (i.e.,
of logarithmic type) as |z —y| — 0 [11] (see Appendix A) and K o is a compact
operator on L2(99), it follows that A is a compact perturbation of the invertible
operator on L?(0€) x L?(99Q) which is given by

<—M05k0 M05k0>
1 .
-ir 0
Therefore, the Fredholm alternative holds and injectivity of A shows its
invertibility. a
We define (¢, ¥m) as the pair of solutions to the above equation (3.8) corre-

sponding to the incident field ug(y) = (u0)m (y) := Jm (ko|y|)e™? defined as in (2.6);
then W,,,, can be simply expressed as

(3.10) Wi = po /m Tn(koly))e™ 0 ¢ (y)do (y) = po{(1u0)n, dm) r2(59)-

Using this expression, we can derive the decay property of scattering coefficients.
Again from the fact that the functions Micbkgﬂx —y|) and N, .(x,y) have the same

0

logarithmic type singularity as |z — y| — 0 [11], we obtain from (3.8) that

L2(8Q)> '

0
B11)  Iomlzzon + Il zom < O <|(U0)m|L2(aQ) 35

Using the asymptotic behavior of the Bessel function J,, [2],

(3.12) Jm(t)/\/ﬁ (%)M 1

as m — 0o, we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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C|"\ Olm‘
[ (uwo)nllL2(00) SW and  ||pmlr200) < T

for some constants C; and Cy. Therefore, we deduce from (3.10) that

Clml+in|

[Wam| = |U0<(u0)ma¢m>L2(8Q)| < ||(U0)n||L2(aQ)||¢m||L2(aQ) < W
for some constant C, leading to the following theorem.

THEOREM 3.2. There exists a constant C depending on (u, e, w) such that

(m+|n|
(3.13) Wi < <

W for all n,m € Z.

4. Far-field pattern. In this section we shall derive the far-field pattern of the
scattered field in terms of the scattering coefficients.

We consider the incident field ug as a plane wave of the form ug = €”0¢® with
¢ being on the unit circle. We recall the Fourier mode (uo)m (y) = Jyn (koly|)e™%
in (2.6), and the solution pair (¢, ¥m) to (3.8) corresponding to the incident field
(up)m. Then by the well-known Jacobi-Anger decomposition, we have the following
decomposition of the plane wave in terms of (ug)m:

(4'1) Uy = eikgg.z _ Z eim(%—0£)Jm(k0|x|)eim01 _ Z eim(%—eg)(uo)m’
meZ meZ

where £ = (cosfg,sinb;) and x = |z|(cos b, sin ;).
Let (¢, ) be the solution pair to (3.8) corresponding to the incident field uy =
e™*0& then using (4.1) and the principle of superposition we have

(42) o= Y @m0, and p=3 &m0y,
meZ mEeZ

Then we can derive the far-field pattern in terms of the scattering coefficients. In
fact, using (3.6), together with the following well-known asymptotic expansion of

¢k}0 (‘/'E - y)7

m 2 ; ;
(4.3) Bpy(x—y) = e 15 [ ———etkollzl=lylcos(0a=0u) L O(|z|~2) as |a| — oo,
ko x|

and the Jacobi-Anger identity,

(44) e—ikg\y\ cos(0:—0y) _ Z Jn(ko|y|)e—in(0y+%)einex7

n
we deduce the following representation:

iko|z|
i . . _;m M€ o . .
u(:r) _ elkg& T —je Z(m n)e imbe¢ eznGZ

\% 87T]€0|(E| m,ne”z

) / Tu(kolyDe ™" dn (y)do(y) + O(|2] ~3),
o

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Comparing this with the representation of W, in (3.10), we infer that

iko-x = poe'tolel (m—n) . —im0s .ind -3
(4.5) wu(z) — ™8T = —je "t V—xux i e e Whm + O(|x]| ™ 2).

\% 87Tk0|‘T| m,neZ

This motivates us with the following definition of the far-field pattern.
DEFINITION 4.1. For the total field u satisfying (1.2)—(1.3) with the incident field
ug(z) = o8 the far-field pattern A e, i, w](0g,0,) can be defined by

(4.6)
ikobw _ i i proetole! _3
u(zr) —e = —je T V————A e, 1, w] (0, 0:) + O(|z|72) as |z| — cc.

\/87T]€0|$|

By comparing (4.6) with (4.5) we come to the following theorem.

THEOREM 4.2. Let 0¢ and 0, be, respectively, the incident and the scattered di-
rection. Then the far-field pattern Axle, 1, w](0¢,0,) defined by (4.6) can be expressed
in the explicit form

(4'7) A [E, u7w](9£7 91) — Z i(m_”)e_imeiemer an[€7 1, w].

m,ne’

It is easy to see that the bounds in (3.13) ensure the convergence of the above
series uniformly with respect to 6¢ and 0, so Ax[e, pt,w] is well-defined. Moreover,
one can see that reconstructing the scattering coefficients from the far-field pattern
is an exponentially ill-posed problem if the measurements of A,, are corrupted with
noise.

5. Transformation rules and properties of scattering coefficients. In this
section, we derive more properties, including some transformation rules for the scat-
tering coefficients. To do so, we first represent the scattering coefficients in terms of
an exterior NtD map. For any g € H~2(d), the action of the exterior NtD map
Ao H~2(09Q) — H2(09) is defined by the trace u = Al e0d € H?z(0Q) of the
solution u to the system

2= Au+ ggwu =0 in RN\Q,
(5.1) N_lo% =g on 0,

a%u —ikou = o(|z|72) as |z| = co.

With the help of the exterior NtD map Aj, . , we can derive some new representation
of the scattering coefficients.

LEMMA 5.1. Let (ug)n and the scattering coefficients W, be defined as in (2.6)
and (2.11), respectively, and let A, . and AZO’EO be the interior and exterior NtD
maps. Then the scattering coefficients Wy, can be expressed as

(5.2) Wom = <(u0)77,7Ay,s(u0)7n>L2(8Q) for alln,m € Z,

where the operator A, . is given by

(53) ‘AIME = MOA;gl,sg (ANO,EO - AM7€) (AM7€ - Ae )71 (AN07€0 - Ae ) Ail

Ho,€0 Hos€0 Ho5E0 "
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Proof. For a given incident field ug, let (¢,1) € L?(92) x L?(99) are the density
pair that solves (3.8). Then it follows from the jump conditions of the layer potentials
in (3.5) that

_ 1 * 1 auO o g — iaUO
(5.4) v=¢+ <_§I + ICkoﬂ) [¢] + G ¢+ BN (Skol#])~ + o O
_ 1 * 1 8u0 o g + iaUO
(5.5) Y= <§I+Ick0,9> (6] + ooy o0 (Sko[o)) T + R

By directly applying the interior and exterior NtD operators to (5.4) and (5.5), we
obtain

Aflo,so [’lr/)] = /LOS}CO [d)] + ,u_loAZo,Eo [%L
ANO,EO W] = AMO,EO [¢] + MOSko [(b] + o,
A%E[w] = ug + oSk, [B],

which combines to give

(5.6)
(Aﬂvs - AZO,EO)[w] = ﬁ(AHmEO - AZQ,EQ) [%] = (AHO,EO - AZO7EO)A;01,50 [UO] ’
(Apio,eo — AME)WJ] = Nyo.c0 [¢].

Substituting the first equation in (5.6) into the second, we readily get

(b = A;017ao (A,uo,so - Au,s)[w]
= A;gl,so (AMmEo - AIME)(AN,E - AZO,sg)il(AMmEo - Af}.o,so)A;ol,Eo [U’O] .
In particular, if (¢, V) € L2(0Q) x L?(09) are the density pair that satisfies (3.8)
corresponding to the incident field ug(y) = (uo)m (y) = Jm(koly|)e™™% as in (2.6),
then ¢, satisfies

(5-7) (bm = A;()l,so (Auo,so - Ams)(A,u,s - AZQ,Eo)il(AHO,EO - AZO,EO)A;(},EO [(UO)m]

1
= %-A,u,s (UO)m-

Substituting (5.7) into (3.10), we conclude that

Wam = po{(uo)n, ¢m>L2(8Q) = <(u0)mAy,s(u0)7n>L2(8Q)- o

With the representations (3.10) and (5.2), we can derive some special transforma-
tion rules for the scattering coefficients. Since some of these results are the well-known
properties of the scattering amplitude via Lax—Phillips in disguise, in here we only
present a rough sketch of the proof. For a more detailed argument, one may refer
to [5]. Although these transformation rules are consistent with the properties of the
scattering amplitude, they are presented from a different perspective, and reflect the
very fact that the concept of scattering coefficients is an appropriate geometric entity
for scatterer description.
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COROLLARY 5.2. The scattering coefficients {Wiym }n.mez i (2.11) meet the

following transformation rules:

1. Wamle, p, w, Q] mn[a w,w, Q;

2. Wamle, p, w, €Q] = /=00, (e, 1, w, Q] for all 6 € [0,27);

3. Wamle, pyw, sQ) = Wamle, 1, sw, Q] for all s > 0;

4. Womle, pyw,Q + 2] = Zl,lez (u0)p(2) (1)1 (2)Whn—p,m—ile, 1, w, Q] for all

z € R?,

where we identify the spaces before and after translation, rotation, and scaling by the
natural isomorphism, e.g., H®(0) =2 H*(?09).

Proof. We start with the first result in Corollary 5.2. From representation (5.2)
of Wy, it suffices to show that the operator A, . defined in (5.3) is self-adjoint. To
do this, we utilize the following identity for any operators A, B, C' such that A — C
and B — C are invertible:

(5.8) A-O)'—-B-0C)y'=A-0)"Y(B-A)B-0)!

Using this we can write

(5.9) (Mpoeo = Afigeo) ™ = (Mpe = Af )"
= (Mpe = Ay cg) T Npne = Mg o) (Aug,co = Ay )7
Substituting (5.9) into (5.3), we get
Ape = oAy o (Mug.co = Mpe) A,
+ HOAMO co M pe = Npg o) (Ape — Ajyy 50)_ (Ape — AMO,EO)Au017ao
Now the self-adjointness of A, . is a consequence of the self-adjointness of A, <,
Ape, and A7 .

To see the second result in Corollary 5.2, we consider the change of coordinates
from (|y|, 8y) to (|y],0y), with 6,46 = 6, and |y| = |y|. It follows from definition (2.6)
that (ug)m(y) = (uo)m(7)e™™?. With such a change of variable, we immediately obtain
that the density pair (¢, ¢y, ) satisfying (3.8) with incident field ug(y) = (ug)m (y)
and electromagnetic parameters p(y) and £(y) actually has the form (¢m (y), ¢m (y)) =
(D (), b (7))e™?, where (Y, dm) satisfies (3.8) with incident field (ug)m(7) and
parameters (), €(y). Then a direct substitution of expressions (ug),, and ¢,, into
(3.10) and a change of variable immediately prove the second result in Corollary 5.2.

The derivation of the third result is similar to the second, except that we now
consider the change of coordinates from (|y|,0,) to (|yl,6,), with 6, = 6, and s|y| =
lyl. Then (uo)m(y) = (uo)m(sy) and with (¢, ¢m,) satisfying (3.8) with incident
field uo(y) = (uo)m(y) and parameters u(y) and e(y) given by (Vi (y), dm(y)) =
(Vm (sY), dm (sY))/s with (¢, ¢m) satistying (3.8) with incident field (o) (y) and
parameters u(y), (y). Now the desired third result in Corollary 5.2 follows from
the straightforward substitution of expressions (ug)m, and ¢, into (3.10) and the
chain rule.

Finally we come to derive the last relation in Corollary 5.2. To do so, we consider
the change of coordinates from (|y|, 6, ) to (|y|, ;) that has point z as the origin. Then
the definition of (ug), in (2.6) and the Graf’s addition formula (2.5) allow us to write

(10)m = Jin(Koly|)e™" ZJ (Ko|z)e"™ Jum—a(kolgl)e im—a)dy,
a€l
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By the linearity of operator A in (3.7), the density pair (¢, ¢n) satisfying (3.8)
with the incident field ug(y) = (uo)m(y) can be expressed in the form (¢, dm) =

> uez Ja(kolz)e™ (Ym—a(P), dm—a(¥)), where (¢hm, ¢y,) satisfies (3.8) with the inci-
dent field (ug)m (¥). Then the last result in Corollary 5.2 follows readily from a direct
substitution of the representations (ug),, and ¢,, into (3.10). O

We end this section with one more representation of W, .

LEMMA 5.3. Let (ug)m be defined as in (2.6) and u,, be the solution to (1.1)—
(1.3) with the incident field (uo)m. Then the scattering coefficients in (2.11) admit
the following representation for any n, m € Z:

(5.10) Wom = w’Ho /Q (c0(y) — £(¥)) (0)n (1)t (y)do (y)

1 R —
+MO~/Q <@ - ,uo—(y)> V (0)n () Vi (y)do (y).

Proof. Let (¢, &) be the density pair (i, d,) that satisfies (3.8) with the
incident field uo(y) = (ug)m(y). Then it follows directly from (3.10), (3.5), and (3.8)
that

22k ) ) oty

s [ T 2220y

Won = o | T (wm@) L

Using Green’s identity and (3.8), we can further derive

W — 10 /a Taohal) (wm<y> _ 1 9uo)m

L2l ) ) oty

s [ 2 )i ol haoty)

8(U0)n
Q aV

— 1o /a T (1) (0)do(y) - /a W) A [re] (9)do ().

Now the desired representation of W, follows from (3.6) and (3.2), the comparison
of (5.6) with (2.11) and (3.10), and the Green’s identity:

B — 1 0u, A(uo)n
W = o | Tuaalo)y oty = | 20 (s ()t

— g / (c0 — &) (o) (1) tim (v)dor (1)

o [ (% - i)m@)wm(y)da(y). 0

6. Sensitivity analysis. In this section, we shall investigate the sensitivity of
the scattering coefficients with respect to the changes in the permittivity and perme-
ability distributions. This will provide us with perturbation formulas for evaluating
the gradients that are needed in numerical minimization algorithms for reconstructing
the permittivity and permeability distributions.
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We study a perturbation of W, for n, m € Z with respect to a change of (u,¢).
More specifically, we consider the difference W?, — Wi, between

(6.1) We = Wpum [sé,u‘s,w,Q] and W = Wamle, 1, w, Q]

in terms of the differences €% — & and 1/u® — 1/u, where (u,¢) and (u?, %) are two

different sets of electromagnetic parameters. In the subsequent analysis, we shall often

write
5 1/2
L= (Q) } .

We first note that if £ is small enough, then the NtD map A, .5 is well-defined
provided that A, . is well-defined. This follows from the theory of collectively compact
operators; see [15, 10].

Next we show the following expression for the difference W2, — Wi, n.

LEMMA 6.1. For all n, m € Z, the difference W2, — Wi can be represented in

11
6.2 =<0 — P +H———
(6.2) {II 7.5 (02) -

terms of the interior and exterior NtD maps Ay, . and Aj, - as follows:
(6.3) ng = Wam = o o0 %(y) (Au,s - AM5755) [¢£n,](y)da(y)v
where 1, and ¥, are given by
. -1 e _
(64) ’[/)TL = (Al"as - AN07€0) (A#0750 - AMQ7€0) A;,L017€0 (uo)n’
e -1 e —
(65) wfn = (A#‘swf‘s - AMO,EO) (AH07€0 - ANO,EO) ANol,Eo (Uo)m
Proof. Using the identity (5.8) we can write
(6.6) (Aps oo — AZO’EO)*1 —(Ape — AZO’EO)*1
= (AME — Azoﬁo)_l(AN;E — AMJ’EJ)(AN<§7E5 — Aletoﬁo)_l’

which enables us to derive

(6'7) (AMmEo - Au5,55) (A,u“,s5 - Azg,so)il - (Auo,ao - AME) (AME - AZg,sg)il

= (AH75 - A/'L&ﬂc:&) (AM‘S;E‘S - AZO750)_1
+ (Aumso - A,u,s) {(Am,aé - Azo,ao)_l - (A%E - AZmao)_l}
= [T+ (Mg = Mpe) (Ae = A co) 7 (M = As 6) (A s cs =AY )7

Ho,€0

= (Mpgeo — A8 o) (M — A L) H(Ape — Ay o) (Ays oo — A, )L

Hos€0 H0s€0 Ho0,:€0

It follows directly from (6.7) and definition (5.3) for the operators A, . and A,s s
that

Aps o — Ape
= /’LOA;()l,EO{ (AM07€0 - Au5,65) (Au‘576‘5 - A;eto,so)71
- (A#o,so - Ams) (Au,s o Aio,so)_l } (Aumso o A;eto,so) A;ol,so
= poA i co (Mpoco = Mg e) (Mpe = AL )"

X (Au,a — A#5755)(Au5’55 — A° )71 (Ap,o,ao — A7 )A71

10,0 Ho05€0 H0,E0°
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Now identity (6.3) is a consequence of the above relation and the representation (5.2)
for Wy and W2,

W;Em —Wam = <(u0)na (Ap5,55 - -A,u,s) (UO)m>L2(8Q)
= <¢na (A,u,s - Apﬁ,a“) [’[f/)fn]>L2(aﬂ)7
where (,) denotes the complex inner product on L?(9€2). O

The following identity will be useful for the subsequent analysis.
LEMMA 6.2. For the solutions u; (i =1,2) to the two systems

1 1 Ou;
(6.8) V- (—Vui) +w?eiu; = 0 in _Bu =g on 09,
i i Ov
the following identity holds:
(6.9) [ 90 = ) Lol
o0
N 1/ Lo L) (V- w4 Ve + [ Vo)
2 Ja \m K2
Ly

— 5w / (e1 — &2) (—|ur — uo|* + lua]® + |uo|?) da.
0

Proof. 1t follows easily from (6.8) and integration by parts that
_ 1 2 2 2
(6.10) Gy en)lgldo = —[Vu|” —wer|u|” ) da,
o9 Q \H1

1 —
(6.11) / G(Apy.e0)]g] do = / —Vui - Vug — w261u_1uQ) dr,
le) Q

(Ml
1

612 [ F0nesldo = [ (—|Vu2|2—w%2|u2|2) dr,
o0 Q \ M2
1 1

(6.13) / —%wda:/ (—|Vu2|2—w2£1|u2|2) dx.
oq M1 Ov o \ 1

Combining (6.10)—(6.13) yields

1
/ — |V (uy — up)|?dx — wQ/ e1lug — up 2dx
Q M1 Q

1 1
+ / <_ - —> |VuQ|2dx —wz/ (€2 —€1) |u2|2dx
Q \H2  f1 Q

— [ s aldo =2 [ (Al do

[219]

1 B’U,Q / _ / 1 B’U,Q
—+ I d + A 2,E9 d - - d
/69 p1 Ov e an( pa.e2)lgl 4o o0 M1 Ov e

= / g (AM1,51 - AM27€2) [g] dO’,
o0
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which gives the identity

1
(6.14) / — |V (ug — up)Pdz — w2/ e1|ug — uy [2da
Q M1 Q

1 1
+ / (- - —) |Vug|2dz —WZ/ (e2 — 1) ug|*dz
Q \M2 [ Q

= / g (AHI;EI - AM27€2) [g] do.
(o9}

Swapping 11 and wus in the above identity implies

1
(6.15) / LV — )P — w2/ ealur — up 2
Q M2 Q

1 1
+ / (_ — —) |Vu1|2dgc —w2/ (€1 —€2) |u1|2dx
Q \H1  H2 Q

= / g (A#Q-,EQ - A#1,€1) [g] do.
oQ

Now (6.9) follows by subtracting (6.14) from (6.15). a

By the same arguments as those in [1] (see also [8]), we can derive the following
estimate.

LEMMA 6.3. The difference between the interior NtD maps A, e and A5 s can be
represented in terms of the differences between two sets of electromagnetic parameters
(,€) and (4, %)

1 1

RETI)
Lo ()

(6.16) IAscs — Apel| < O(M el + HN !

Now we can further our analysis on the difference W2, — W,,,,, in terms of €% — ¢
and 1/p® —1/p using (6.3) and (6.16). Recalling ¢, and 3, from (6.4) and (6.5), we
can define the solutions wu,, ul,, u’, and u®? to the following four systems:

1 10
. - —VUy, +ewty, =010 0 ——up, = ¥y, On ;
6.17 V- =V, +ew? 0in Q oY)
I p O
1 5 o , 10
. -—Vu cwu), =0in ; ——u! =1, on ;
6.18 V. —Vu], T=0inQ  ——u, o0
jz no Ov
lo s 2,6 . 19 5 s
(6.19) V. =Vu)” +ewuy) =0in Q; ——u,’ =1, on 0
I p v
1 5 6, 2,0 : 10 5 o
. c—= VU ewu, = m 5 ——u, = on .
6.20 V.=V + 0=0inQ ——u) =) on N
jz no Ov

Noting from (3.6) that 1, and ¢°, are the density functions in the Neumann potential
along 0Q with coefficients (y, ) and (u°,e?), respectively, the solutions u,, and ul
solve (1.1)-(1.3) with coefficients (u, ) and (u?,£%) and the incident field (ug),, and
(up)n defined as in (2.6). For convenience, we introduce a bilinear form

(6.21) B(p,q) :== /89]3 (Ape —Ayss) [gldo Vp,qe H*%(aﬁ).
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Then (6.9) gives us an explicit expression of B(g, g) for g € H=2(0%2). By (6.3), the

difference W2, — W, can be split using the bilinear form B as

(622) ng — Wym = MOB(’Q/Jm, ’Q/Ji)
= B (Bt + 05, o+ 05) — Bl ) — B, 0]
+ %0 [B(tm + 003, thm + i903) — B(thm, ¥m) — B3, 15)]

= Hopy

where (I) and (II) are given by

(623) (I) = B("r/)m + ¢£u ¢m + ’[r/)fz) - B('Ir/)mf‘r/)m) - B( fzv ¢g)a
(6.24) (I1) := Bt + 900, m + i) = B(Whm, ) — B5, 43).

By direct calculations, we get the following expression of the term (I):

(1) = B(tm + 90, Y + Y0) — B(Whm, ) — B3, 45)

1 1 1
5 | (= 3) 1T =iy = )P

IV (U + ud))? + |V (0, + ud)|?)da

=56 [ =) (o — = P s+ a2 4 )
Q
(—|V(um — w2+ V| + |Vul, 2) dx
— [t — ua|? + || + |u, 2) da:]

(= IV (up” = up)|* + [V * + [Vup|?) de

From (6.16), we get
(6.25) = i) = OF)  and [lup = up || () = O,

where € is defined as in (6.2). Then using (6.25), we further the estimate of the term
(I) as follows:

(6.26)
11

m- [ (F - ;) (19 (tm +68)P — [Vt — [Vun?) de

—oﬂ/ (2 — &) (Jum + @2 — [um]? — [unl?) dz + O()
Q

1 1\ =——
=2Re [/ (—6——> Vufl-Vumdx—wzf(sé—a)u%umda: + O(&%).
Q \HM H Q
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Similarly, we can derive the following estimate for the term (II):

(6.27)
(H) = B(wm + iwszm + “r/)fz) - B(qﬁmﬂr/)m) - B( fzﬂ/)fl)

1 1\ =— —
=2Im [/ (—6 - —) YVl - Vi, do — w2/ (8% — &) uSun, dz| + OE?).
Q \H K Q
Substituting (6.26) and (6.27) into (6.22) gives

1
(6.28) W2, = Wym = o — — =)Vl - Vu,, do
o\

— pow? / (55 —€) ud Uy, d 4+ O(E%).
Q
Furthermore, we have from (2.12) that for all m € Z,

(6.29) U — =—- ZH (olz])e™* Wi,

ud, — :——ZH (kolz|)e™ = W2,

m nm?

subtracting the first one from the second in (6.29) gives

(6.30) ZH“ kolz|)emb= (W2

nm an) .
Now replacing u?, in (6.28) by (6.30), we arrive at the following theorem.

THEOREM 6.4. Assume (u,e) and (u’,€%) are two different sets of electromag-
netic parameters, and W, and W2, are defined as in (6.1). Let € be defined as in
(6.2). For any m € Z, let uy, be the solution to (1.1)—(1.3) with the coefficients (j1,€)
and the incident field (ug)m, in (2.6). Then the following estimate holds for any n,
m € Z:

(6.31)

1 1\ —
W,‘fm — Wom = u()/ (—5 — —) Vu, - Vi, — wzuo/ (55 — 5) Tty + O(2).
Q \H H Q

The above formula provides a sensitivity analysis in terms of electromagnetic
parameters (p, e) for arbitrary medium domains €. In order to derive reconstruction
formulas for p and € from the scattering coefficients, we shall achieve more explicit
and detailed sensitivity analysis and representation formulas for scattering coefficients
Whm when the medium domains are of some special geometry. This is our focus in
the next section.

7. Explicit reconstruction formulas in the linearized case. For a given
£ > 0, consider p, € such that (|le — 60||2LOO(Q) + ||t = uglan(Q))l/Q = 2. Then it
follows from (5.10) and the definition of (ug),;, in (2.6) that

— L_i e—mey . emey
@0 W= [ (M(y) Mo)vun(kom ) -V (o (ko)™ )dy

—wguo/ ((y) = €0) Ju(koly) Jm (koly))e' ™% dy + OE®).
Q
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Now for all n # 0, we have by direct computing

sin 6

(7.2) 0, (Jn(kr)e™?) = (cos 00, — 39) (Jn(kr)e™?)

gcose( T2 (k) — Jusr (kr))ein® — SO g eine.
, 0
(7.3) O, (Ju(kr)en?) = (sm 00, + == ag) (Jn (kr)ei™®)
k i Incosf in
=3 sin O(Jp—1(kr) — Jpy1(kr))e™ + In(kr)e™,

which implies the explicit expression for the gradient term in (7.1) for n, m # 0:
(74)  V(Ja(kolye ") - V(I (koly)e ™)

_ ’1_0( a1 (kolyl) = Tus1 (koly])) (Jm—1(kolyl) = Jms1 (koly]))

nm (m—n
FLET T (Koly|)Jom (Koly|) [ €',
For n = 0, we have J) = —J; and

(7.5) Oz, (Jo(kr)) = —kcosO(Jy(kr)), 0y, (Jo(kr)) = —ksin0(Jy(kr)),

which yields the following explicit expressions for the gradient term for n = 0 or
m = 0:

@6 TolholuD) - T(nlkoly)e™)
Z[—k—(Jl(koth)(m1(k0|y|) T oly)]
@1 Valkelye ™) - T (ololu))
= [ B sl — T (oly) Gl |
T8 lholu) - V(olholuD) = K ((koly))?

These explicit formulas lead us to the following corollary.

COROLLARY 7.1. Let (u,e) be a pair of electromagnetic parameters in 2, and
~ _ 12
&= (le=eoll g +[lnt =15 || )2
admit the following expansions:

. Then the scattering coefficients Wi e, 1, w, Q]

(7.9)
(1
Wom =74 /Q(M(y) 110 )(J"‘l(k()'y')
— Jnt1(koly])) (Jm—1(Koly]) — Jm+1(koly|)) e i(m—n)6, dy

1 1 i(m—n)0,
+ponm [ (E‘_) ol il dy

()
—w uo/( (y) — £0) Ju(kolyl) Jun (kolyl )™ P dy + OE®)  (for n,m # 0),
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(7.10)
1 1 2
Woo = uok(z)/ﬂ <@ - %) (J1(kolyl)™ dy
—wu [ (o) = e0) (Gallolu)? dy + OE).
(7.11) )
Woo = =98 [ (= L) sl = Tl (b)) "% dy
Q

wy)  po
—who /Q (e(y) = €0) In(koly]) Jo(koly)e ™™ dy + OE?)  (for n#0).

By means of the asymptotic behavior (3.12) and the estimates in Corollary 7.1,
we obtain the following estimate for all n, m € Z:

oo 21 1 Clnl+lm]-2
(7.12) [Whm| < %H— - (Jn[—1) (Im|-1)
to po e (o) (jn| — 1) (Jm| —1)
R Clnl+lm]-2
to||— — — RSO
TR P |n|| \ 1|m|| -1
Clnl+im| .
+ w?uolle — €oll=(a) Tl ] &%,
[ |ml

Moreover, by comparing (7.9) with (3.12) for large m and n, we can see that the two
integrals with the term (' — py5') dominate. This suggests that we may separate
the effect of (u=! — pg 1) and € — g9 on Wy, and recover u and e alternatively:
First, use the scattering coefficients W,,,, for large m, n to recover p, then use the
scattering coefficients W,,,,, for small m, n to recover . Furthermore, with the integral
expression (7.9) we may work out each term explicitly for some special domains, e.g.,
Q = Bg(0). For simplicity, we will present our detailed derivations and calculations
for the special case with 1 = pg but € # ¢ in the remainder of this section, though
most of the conclusions can be extended to the general case with p # pp and € # €.
It is easy to see for the special domain 2 = Bg(0) and the special case with pu = g
but € # g¢ that the W,,,,, are simplified to be

(7.13)

R r27
W = —wio [ [ () = 0) Jnlbory ) (ko Je'%or,dr, d6, + OE),
0 0

where y = (ry,§,) is the polar coordinate.

7.1. Radially symmetric case. In this subsection we derive formulas to re-
cover the electromagnetic parameter £ from the scattering coefficients W,,,,, in the
case with g = po, but € # £¢ with & being radially symmetric in Q = Br(0). We shall

write £ := e — gol|p~(q) and e(y) = &(ry). It is straightforward to see from (7.13)
that
R
(7.14) Wiam = —27rw2u0/ (e(ry) — €0) [Jn(kory)]?rydry,
0

+O0(E%) for m=n and O(E*) for m #n.
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It follows readily from (7.9), (7.11), and (7.10) that the same conclusion as in (7.14)
for m # n can be obtained for the more general case when p # pg and € # &g,
provided that both p and € are radially symmetric in 2 = Bg(0).

In the later part of this subsection, we shall establish an explicit formula for
computing the electromagnetic parameter € in terms of the scattering coefficients
Wan (k) == Wanle, p,w(k), Q], where w(k) = k/\/eofto is the frequency depending on
k € RT. For the sake of convenience, we define the following coefficient

(7.15) HO ::/ W%L(k)dk.
0

Using the following orthogonality of the Bessel functions {J,(rk)},so for a given
n ez,

o(r—r")

(7.16) / T (r) I (B de = W' >0,
0

we obtain from (7.13) and (7.1) that
o [F

=22 (e(ry) —e0) </Ooo Jn(kry)Jn(kry)kdk> rydry + O(E%)

€o Jo

on (R »
— - [ (e(ry) —20) dry + OE),

€o Jo

which gives the average of ¢(r,) — ¢ along the radial direction. Next, we shall extend
the above observation to obtain more information about . This motivates us with
the following definition.

DEFINITION 7.2. For n € Z, let Wy (k) := Wanle, u, w(k), Q] be defined as in
(2.11) with w(k) = k/\/eopo. Forl,n € Z andl >0, let g,(ll)(k) be functions such that

(7.17) / 0D (BT (k) I (kr)k2 dle = 71 W > 0,
0

Then we define the coefficients ’Hg) by
(7.18) HO ;:/ gV (YW, (k) dk ¥ I,neZ, 1>0.
0

We will show the existence of functions g,(ll) satisfying (7.17) and derive their

explicit expressions in Appendix B.

We see from the orthogonality relation (7.16) that g,(lo)(k) = 1/k. Thus the
definition of H{" in (7.18) is consistent with (7.15) for I = 0. With this definition,
we are able to recover the Ith moment of e(r,) — €o from the scattering coefficients
Win (k) measured at different wavenumber & but for one fixed n € Z. Putting (7.13),
(7.17) into (7.18), we get
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0

R o)
__m [ (elr) -2 ( /0 g,g”(k)Jn(kry)Jn(kry)k?dk> rydr, + O(F)

€o

2 R
=~ (e(ry) = e0) dry + O(22).
€0 Jo

By this relation, the electromagnetic coefficient £ can be reconstructed explicitly.

COROLLARY 7.3. Let Q = Bpr(0) be the disk of center 0 and radius R. Let
(,€) be the pair of electromagnetic parameters in Q and (po,€0) be the parameters
of the homogeneous background. Assume that the parameters satisfy pu = po and € is
radially symmetric, i.e., (y) = e(ry), and & = ||e — eo|p~ (). Then the coefficients
’H,(ll) defined in (7.18) satisfy the following relationship for I, n € Z and 1 > 0,

or B X
(7.19) HO = = ) rh (e(ry) — e0) dry + O(E%).

For o € Z, the ath Fourier coefficient §, [e(ry) — o] (o) of e(ry) — €0 can be written
explicitly by

27 o= (—2Fia)! »
(7.20 81, ) <ol (@) = 22 S CE 300 4 o(e2)

|
€0 =0 !

and the electromagnetic coefficient € can be explicitly expressed as, for a fixed n € 7Z,

(7.21) (e — £0)(r i Zez—mv (-TFia )H(ZH—O(“Q)

a=—o00 [=0

We remark that, with (7.21), we are able to reconstruct € from a set of scattering
coefficients {W,,,,(k)|k € Rt} for all wavenumbers k& but with only a fixed n € Z.
Choosing n small yields a stable reconstruction of € from far-field patterns at frequen-
cies k € [0, kmax] by approximating H with fok“"‘“‘ g )(k)W,m (k) dk and truncating
the infinite sums in (7.21).

In what follows, we would like to have a brief discussion on how this choice of kyax
may affect the approximate reconstruction of €. Actually, in view of (4.7), for any
given wavenumber k, the scattering coefficients and the far-field pattern shall provide
the same information about the function € —¢y. Therefore, in order to understand the
effect of the truncation threshold kp,ax, we would first like to obtain a representation
of the far-field pattern in terms of the function € — ¢y. For a given wavenumber k and
¢ € S!, and an incidence field ug of the form ug = €**¢'* as in section 4, we obtain
from the well-known Lippmann—Schwinger equation and the Born approximation [20]
the following representation of the scattered field:

(122) (o) = e =~ @b)? [ () = e IR = g dy +0 (),

where w(k) = k/\/Eopo and Py, is the fundamental solution defined as in (2.1) with kg
replaced by k. Therefore, substituting (4.3) into the above equation and comparing
it with (4.6), we directly infer the following representation of the far-field pattern,
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(7.23)  Acole, pw(k)] (B, 62) = — (w(k))* /Q(g(y) )™ E=DY gy 1 O(&2)
- _afm) [y (e — €0)] (de.o) + O(€?),

where 3 := x/|z| € S, d¢, = k({ — 2) € Boy(0), and for any d € R?, the notation
[§y (¢ — €0)] (d) denotes the Fourier transform of € — ¢ at d as follows:

(724) [8y ( — co)] (d) = /

(e(y) — e0)e™¥ dy = / (e(y) —€0)e'?¥ dy Vd € R
R2 Q

Now, from (4.7), the scattering coefficients for a fixed wavenumber k provide the far-
field pattern A[e, p, w(k)], which in turn provides the Fourier transform of & — ¢ for

d € Bi(0). Hence we can see that the larger the truncation threshold kpyax is, the
more information about the Fourier transform of € — ¢ is available, and therefore the
better is the resolution of the reconstructed image. But a larger kp,.x leads to more
computational efforts.

7.2. Angularly symmetric case. In this subsection we would like to recover
the electromagnetic parameter € from the scattering coefficients W,,,, for the special
domain = Bp(0) and the special case when p = pp and the electromagnetic coef-
ficient € only depends on 6,, i.e., e(y) = €(d,). Directly from (7.13), we have, for n,
m € 7,

(7.25)
2m ) R
Wom = —w?Ho < / ((,) — €0) el(m”)eyd9y> < / Jn(kory)Jm(kory)rydry>
0 0
+0(E%)
27 )
= —w?11oCry (m, n) / (£(8y) — o) €™M dh, + O(E?),
0
where C, (m,n) is given by
R
(7.26) Cko (m,n) ::/O In(kory)Jm (kory)ry dry, n,m € Z.
We can see that for n, m € Z, Ck,(m,n) actually satisfies
R
(7.27) Chro(m,n) := / In(kory) Jm (kory )rydry
0

ReikoR(sin 0-+sin ¢) eikoR(sin 0-+sin(¢))

- : : +
iko (sin® +sing) k2 (sinf + sin ¢)”

=S0,6

(n,m),

where Fg 4 stands for the Fourier coefficient in both arguments 6 and ¢. Formula
(7.27) indicates that the coefficients Cy,(m,n), m, n € Z, can be approximated via
FFT or calculated explicitly. From (7.25), we can obtain the Fourier coefficients
8o, [€(0y) — co] of £(0y) — o as follows:

an

M+ 0(e?),
FEaCry () T O

o, [e(0y) — 0] (n —m) =

for all n, m € Z. Thus we have the following corollary.
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COROLLARY 7.4. Let Q = Br(0) and € := ||e — eol|z=(q), and the same as-
sumptions be assumed for (u, ) and (po,€0) as in Corollary 7.3, except that the radial
symmetry of € is now replaced by the angular symmetry, i.e., e(y) = £(0y). Then for
all n, m € Z, the scattering coefficients W, defined in (2.11) satisfy the following
relationship with the Fourier coefficients of €(6y) — eo:

an

. T'mm 2
PaCrn(mmy T OE )

(7.28) So, [e(0y) — 0] (n —m) =

Let {(n;,mi) ez C Z X Z be such that ng —my =1 for alll € Z. Then the electro-
magnetic coefficient € can be explicitly expressed by

o0
- Woim, 210, -2

(7.29) (& = 20)(6y) z:z—:oo @210 Cry (miy 1) +OE)
We can see from (7.29) that in order to recover the electromagnetic coefficient € in
the angular symmetric case, we only need to know {W,,m, }1ez, where {(n;, my) }iez C
7 x 7 is such that nj —my; = [ for [ € Z. So we do not necessarily require all the
scattering coefficients W,,,, to recover ¢, instead we may choose {W,,m, }iez of any
particular {(n;, m;)};ez; for instance, we may fix n; = 0. Truncating the sum in (7.29)
up to N gives a stable reconstruction formula (for the low-frequency part) with an
angular resolution limit depending on N. The higher N is, the better is the angular
resolution. When W,,,,, are corrupted by noise, N can be computed as a function of
the signal-to-noise ratio in the measurements.

7.3. General case. In this subsection, we try to derive formulas to recover the
parameter ¢ from the set of scattering coefficients { Wy, (k)|n,m € Z, k € RT}, where
Wom (k) == Wamle, p,w(k), Q] is defined in (2.11) with w(k) satisfying (7.1) when
Q = Bgr(0), u = po, without any assumption on the parameter e. We would like to
combine the ideas in the proofs of (7.21) and (7.29) to get a more general result. Now
we start with a general ¢ which admits the Fourier expansion

(7.30) (ryBy) = 0= D B, [e(ry. By) — o] ()™,

a€EZ

where §p, [e(ry,0y) — 0] (@) is the ath Fourier coefficient with respect to 6, fixing r,,.
Then we plug the expansion (7.30) into (7.13) to get

(7.31)
R
Wam = —27rw2u0/0 o, [e(ry, 0y) — €o] (n — m)Jy (kory) Jm (kory )y dry + OE?).
Following the definition of #Y in (7.18), we define a generalized coefficient 1,
below.
DEFINITION 7.5. Forn, m € Z, let Wy (k) := Wonle, i, w(k), Q] be defined as

in (2.11), where w(k) is defined as in (7.1). Forl,n, m € Z and 1> 0, let gff}n(k) be
functions such that

(7.32) / g\ (k)T (k) T (kr) K2 dk = 7171
0
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for any r > 0. Then the coefficients Hﬁ)n are defined as, forl, n, m € Z andl >0,

(7.33) Hip = [ 98 (0o 1) .
0
We refer to Appendix C for the existence of functions gff}n satisfying (7.32).
With this definition, we are able to recover, for all n, m € Z, the [th moment of the
Fourier coefficients §y, [¢(ry, 0y) — €0] (n — m) with respect to r, from the scattering

coefficients W,,,,, (k) measured at different frequencies k. Actually, we have, putting
(7.1), (7.32), and (7.31) into (7.18),

Hilh= [ 90, (0
2 R
=== [ S0, lelr.0) — ol (0= m)

X ( /0 0D (k) T (k) T (k)2 dk) rydry + O(2)

or (B
= —— | T 39 [e(ry, 8y) — €0] (n—m)dry+0(§2)

for all n, m € Z. Therefore, similarly to (7.20), we get, for all n, m, « € Z,

21 o (— i) .
g, e 0) = <ol —m) = =25 3 EE L300 4 o),
1=0 '

Fixing a set {(n,, mp)}pez C Z x Z such that n, —m, = p for p € Z, we are able to
recover € — £q explicitly expressed as

S _ 2w N
8—80——— Z Z Ze [t6y+%F or,] ( 7!“1) ngmp-FO(?Q).

a=—00 p=—00 [=0

COROLLARY 7.6. Let 2 = Br(0) and € := ||e — eol|z=(q), and the same as-
sumptions be assumed for (u, ) and (po,€0) as in Corollary 7.3, except that the radial
symmetry of € is now replaced by the Fourier expansion (7.30). Then forl, n, m € Z
and 1 > 0, the coefficients Hg,)n defined in (7.33) satisfy the following relationship:

27

(7.34) HY, = ——
€o

/ T 59 [e(ry,0,) — 0] (n — m)dr, + O(Z®).

0

Moreover, for all n, m, a € Z, the (a,n — m)th Fourier coefficient of € — gy can be
written explicitly by

27 o= (—2Fia)!

(7.35)  8r,.0, [e(ry; 0y) — o] (a,n —m) = —— TH’% +0(E).
0 “— !

Let {(nyp,myp)}pez C Z X Z be such that n, —m, = p for all p € Z, then the electro-
magnetic coefficient € can be explicitly expressed by

(7.36)
o e’} [e'e] 2
i) =2 Y Y Yl TR G o)

a=—00 p=—00 [=0
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We remark that expression (7.36) generalizes (7.21) and (7.29). Moreover, similarly
to observations in previous subsections, we can see that in order to recover the elec-
tromagnetic coefficient e, we only need to know {W,, m,(k)|p € Z,k € R"}, where
{(np,mp)}pez C Z x Z is such that n, —m, = p for p € Z. Therefore, we may
choose a particular choice {(np, my)}pez, for instance, we can let n, = 0. This tells
us that we are able to recover € with incomplete data for the scattering coeflicients.

As pointed out earlier, we may truncate the series in (7.36) and approximate ngmp
Emax (1
by fo g1(1p)mp (k)Wnpmp (k) dk

8. Concluding remarks. In this paper we have introduced the concept of scat-
tering coefficients for inverse medium scattering problems in heterogeneous media,
and established important properties (such as symmetry and tensorial properties) of
the scattering coefficients as well as their various representations in terms of the NtD
maps. An important relationship between the scattering coefficients and the far-field
pattern is also derived. Furthermore, the sensitivity of the scattering coefficients with
respect to the changes in the permittivity and permeability distributions is explored,
which enables us to derive explicit reconstruction formulas for the permittivity and
permeability parameters in the linearized case. These formulas show on one hand the
stability of the reconstruction from multifrequency measurements and, on the other
hand, the exponential instability of the reconstruction from far-field measurements at
a fixed frequency. The scattering-coefficient-based approach introduced in this work
is a new promising direction for solving the long-standing inverse scattering problem
with heterogeneous inclusions. It can be combined with some existing methods such
as the continuation method [16, 17, 18, 19] to improve the stability and the resolution
of the reconstructed images.

Appendix A. Construction of the Neumann function.
In this section we construct the Neumann function N, . associated with

(A1) —Lu:=V- qu + w?eu
,u

in ©, which is an open connected domain with C? boundary in R for d = 2, 3. We shall
also estimate its singularity. Again, we assume that 0 is not a Neumann eigenvalue
of L on Q.

Some results for the Neumann function and its singularity are known and can be
found in [25]. We shall follow similar arguments to the ones in [1] and [11], with only
a sketch of the proof. A more detailed analysis can be found in [5].

In order to show the existence of the Neumann function, we first consider the
following problem: given f € C°(€2), find u € H'(2) such that
(A.2) v-lvu+w25u:fin Q; l@:()on o9,

2 wOv
Let R > 0 such that Br(0) C Q. Then by the well-known De Giorgi-Nash-Moser
theorem [26] for the L> coefficient and Sobelov embedding, we have

_d
(A.3) [ull oo (B (0)) < C (R ull gy + B2 f | Lo (Br(0))-

On the other hand, one can prove using the same argument as in [1] that for any
f €C(Q), there exists a unique u € H!(Q) satisfying (A.2) such that

(A4) lull ) < Cllfll a0
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Therefore, combining (A.3) and (A.4), we deduce

_d
(A.5) [ull oo (a2 0)) < C(R 2 f a2 0) + B2 f1 o (Br(0)))-

Now consider f € C2°(€2) such that the support of f is contained in Bgr(0) C Q for
some R. Then following the argument in [11] and using the following Poincaré-type
inequality for all uw € H'(Q) with Au € L?(2) and % =0,

(A.6) lullfr @) < Cl{Lu,u) 2o,
we can directly derive that

d+2
(A7) llull 1) < CR™Z || fllL(Br(0):-
Therefore, combining (A.3) and (A.7), we come to

(A.8) ull oo (Br2(0)) < CR?f1 Lo (Br(0)-

This inequality is essential for the existence of the Neumann function and its estimates.

Now we are ready to construct a Neumann function for the system (A.1), following
the technique in [11]. Fix a function ¢ € C°(B1(0)) and 0 < ¢ < 2 such that
fBl(O) wdr = 1. Let y € Q be fixed. For any € > 0, we define

(4.9) peale) = (Z22)).

g

Let N°(-,y) € HY(Q) be the “averaged Neumann function” such that it satisfies (A.2)
with f = ¢, 4, then we immediately have from (A.8) that for all ¢ < R/2,

(A.10) [Nl Lo (Bra(0) < CR*|| e yll Lo (Br(0))-

This L*>-estimate for N¢(-,y) can be further improved later. It is worth mentioning
that, following the same argument as in [11], we have the following H'-estimate for
Ne(-,y) by the Holder inequality, Sobelov embedding, and (A.6):

2—d
(A.11) NGl 1) < Ce 2,

as well as the following L!-estimate for N¢(-,y) from (A.8) and the duality argument,
that for ¢ < % and R < d,,

(A.12) INC, 9| 1 (Brioy) < CR?.

Now, we can use the De Giorgi—-Nash—Moser theorem once again to get the following
sharp L-estimate for N¢(-,y) from (A.12) following the routine idea in [11]: for any
x, y € Q satisfying 0 < |z — y| < dy,/2,

A.13 Ne(z,y)| < Clz —y[*~¢ VE<|x—y|.
( 3

Next, we would like to show the weak convergence of a subsequence of N¢(-,y) in
WLP(B,(y)) and H'(Q\B,(y)). For this purpose, we need to have a uniform bound
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of N¢(-,y) in such norms with respect to . We shall proceed as in [11]. First for an
r <d,/2, we get directly from (A.10) for ¢ > r/6 that

2—d
(A.14) VN )llLz\B,.w) < VN, y)lle@ < Crz .

For € < r/6, we wish to control the gradient of N°(-,y) by N¢(-,y) outside the ball
B, (y) and establish an estimate similar to Caccioppoli’s inequality inside the ball
B,(y). To do so, we introduce a smooth function 7 on R? satisfying

4 1 d .
(A15)  O=sn<l, |Vol<—, n=1mRAB(y), n=0inBg(y).

Using (A.6), the properties (A.15), and some basic calculations (c.f. [5]), we can
deduce

INCo )l 3 ) < CHL(N®n), N*(y)n) L2 )] < C/Q [Vnl*n?dz.

From this and the Cauchy—Schwarz inequality it follows that

(A16) 19N Gl < C ([ 190+ NG PIVaPas).
Now we have, after some basic calculations, from (A.13) and (A.15) that for ¢ < g,

(A.17)

IVN*C )@ s, < C </ IV + |N€('7y)|2|V77|2d37> <ot
(¥\Bg (v)
Combining (A.14) and (A.17), we have

d
(A.18) IVNZC )l Lo,y < Cr 2 Vre (o, 7-”) e>0.

Then for all r € (0,dy), the argument to get the following estimate for the averaged
Neumann function from (A.14) and (A.18) is routine and follows as in [11]:

(A19) INCDI, 2ty g+ VNG ons o < Cr°F° Ve >0,

With this estimate, we can readily derive

_ a d
(A.20) IN“Co )l s, () < COF* ™ Ve>0, Wpe [1’ d— 2) ’

_ d d
(A.21) IVNCo)llir sy < Cr' 7 Ve >0, Vpe {1’ d— 1) '

Now the same argument as in [11] will ensure the existence of a sequence {e,}5°
going to zero and a function N( y) such that N¢(-,y) converges to N(-,y) weakly
in WhP(B,(y)) for 1 < p < 7% and weakly in H*(Q\B,(y)) for all r € (0,d,). It is
then routine [11] to derive from (A.19) for all r € (0,d,) that

2—
(A2 INC, o 0 IVNCD @z ) < O
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d

Vpe |:1,m),
d

1,—— ).

Vp € { ’d—l)

Our section ends with the following pointwise estimate for N(z,y) by using the De
Giorgi-Nash-Moser theorem, (A.22), and the same technique as the one for (A.13):

and from (A.20) and (A.21) that

Sla

(A.23) INC, )| o (B, () < Cr*~ 4"

¢l

(A.24) IVN () Loy < Crimdt

(A.25) IN(z,y)| < Clz —y[*~*

This gives the estimate of the singularity type as = approaches y.

Appendix B. Existence of functions gg). In this section we wish to show the

existence of functions g,(ll ) satisfying (7.17) for all I, n € N and provide their explicit

expressions. From the fact that

/2
(B.1) [ (kr)]? = % /0 Jon (2kr sin ¢)d¢

for all n € N, we substitute (B.1) into (7.17) to get, for all I, n € N,

w/2
(B.2) / / g0 (k) Jon (2kr sin ¢)k? dkdp = r'=1 Vr >0,

Recall the following orthogonal relationship for Hankel functions

5(k — k')

(B.3) / Jon (kr) Jon (K'r)r dr = p
0

for all k, k¥ > 0 and n € N,. Now, for I, n € N, consider the Hankel tranform of r!~!
of order 2n at p > 0,

(B.4) [Hon(r"H)](p) == / = Jo (rp)r dr.
0
By a change of variables, we have
(B.5)
[Hanr' ) = [+ danlrp)r dr
0

/2 poo 00
_2 / g (k) ( / Jon(2kr sin @) Joy, (rp)r dr) k2 dkde
0

™Jo 0
o r¢=m/2 Jon (2K Jon d
. / / kg0 () o T Rhr sV an ()1 dr) 4oy o ) g
T™Jo Je=0 cos ¢
< 2k > Jan(rl) Jon d
_ l/ kgD (k) o™ on () Ton(rp)rdr) ) o0
m™Jo Jo 1— (#)2
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From orthogonality relation (B.3), we get that from (B.5) that

vy L[ kgi! (k)
(B.6) [Hon(r'™H)(p) = 77/0 X{p<2k}(k)pw dk

L[ k20 (k)

dk.

Therefore, for p > 0, we have

1

0o )
(B.7) o) = 1 [ L8 g

k2_p2

Now we recall that the Abel transform of an integrable function f(r) defined on
r € (0,00) is as follows:

(B3) P =) =2 [ L ye 0.0

whenever the above integral is well-defined. If f(r) = O(L) as 7 — oo, then its inverse
Abel transform is well-defined and f satisfies the following;:

_ 1 /> Fl(y
B9  f0)=ATEN) = W _ gy, re(0.00)

T J, /yQ_TZ

Comparing (B.9) and (B.7), we can see that, for all [, n € N, the functions
(B.10) G (p) = —=2p [Han(r')](2p), p € (0,00)

are nothing but the inverse Abel transform of a primitive function of k? g,(f ) (k). There-
fore, applying the Abel transform to both sides of (B.7) and then differentiating with
respect to the argument of the function, we get

0

(B.11) o

[A(G] (k) = K2gD (k).

Consequently, we have the following explicit expression for g,(f ).
10

D (k) =
(B.12) 00 = o

[A(G)] k), k€ (0,00),
where G\ is defined as in (B.10). One can see by direct substitution of (B.12) back

into (7.17) that the functions g,g) defined as (B.12) satisfy (7.17). Therefore, we have
shown the existence of functions satisfying (7.17).

Appendix C. Existence of functions g,fll,,)n In this section we show the ex-

istence of functions g,(f,)n for I, n, m € Z and [ > 0 which satisfy (7.32), namely, the
integral equation

(C.1) / O (k)T (k1) Jon (Er)E? dk = 'Y Y7 > 0.
0

Inm
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For this purpose, we would like to first investigate the following integral, which will
be useful in the subsequent discussion. For n, m € N and p € C such that m +n >
Re(p) > 0, we consider the following integral,

(C.2) /J x)r Pdx, peC, m+n> Re(p) >0.

We observe that the function A,.,, : {p € C: m+n > Re(p) > 0} - Cis a
holomorphic function on the strip {p € C : a < Re(p) < b} for some a, b € R
such that a < b. This comes from the fact that for n, m € N and p € C such that
m +n > Re(p) > 0, the integral A,,,(p) defined in (C.2) can be expressed in the
following form,

(C.3)

oo B 27PT(p)T (M)
Apm :/ o (2) T (2)2 P d2 = 2 :
(p) o (@) Jn(x)x™" d T (1+m2—n+p) T (1—m;—n+p) T (1+m;—n+P)

Now given a, b € R and s € C such that a < Re(s) < b, we recall the definition of the
Mellin tranform of an integrable function f(r) defined for r € (0, 00):

(C.4) M)](s) = /O T L), a < Re(s) < b

whenever the above integral is well-defined. With a, b € R, we write the function (g
as

(C.5) Cap(z) =27 for0<a <1, andz’forl<uz<oo.

We define the linear space ji44(0, 00) as the space of all infinitely smooth compactly
supported complex valued functions ¢ € C$°(0, c0) for which

(C.6) D11k, ¢a .16 = sup [Cap ()2 Dy ()|

is finite for all & € N and for any compact set K € (0,00). Consider an increasing
sequence of compact sets { K, € (0,00) }nen such that | J, . K = (0, 00); the count-
able norms || - ||x,c, ,. k., k. n € N give a topology on fi4.5(0,00) such that p, (0, 00)
becomes a complete locally convex space. We define the dual of y,(0, 00), 1!, (0, 00),
and equip it with the weak topology. With these definitions at hand, the Mellin trans-
form can be naturally extended to the space p, ,(0,00); see [3, 28] for more details.
We denote the generalized Mellin transform also as M.

Now from (C.1) and (C.2), we have for all [, n, m € Z with [ > 0 and p € C such
that Re(p) > 1

€ M=) = [ [ 00 ) T o) i
:/0 g,(f,)n(k)< T (k) T, (kr) (kr)~P d(kr)) 1P gk

D ( (/ In( rpdr>kp+1dk
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where A, (p) is known explicitly as (C.3). Therefore we get, for all [, n, m € Z with
I >0 and p € C such that Re(p) > I,

(C.8)

MM]=p),

O] -
M +2) = P

(O

then the existence of gnm is ensured by the Mellin inverse transform.

[1]
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