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Abstract We consider time-harmonic wave scattering from an inhomogeneous isotropic
medium supported in a bounded domain Q@ ¢ RY (N > 2). In a subregion D € 2, the
medium is supposed to be lossy and have a large mass density. We study the asymptotic
development of the wave field as the mass density p — +o0o and show that the wave field
inside D will decay exponentially while the wave filed outside the medium will converge to
the one corresponding to a sound-hard obstacle D € 2 buried in the medium supported in
9\5. Moreover, the normal velocity of the wave field on d D from outside D is shown to
be vanishing as p — +00. We derive very accurate estimates for the wave field inside and
outside D and on dD in terms of p, and show that the asymptotic estimates are sharp. The
implication of the obtained results is given for an inverse scattering problem of reconstructing
a complex scatterer.
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1 Introduction

We shall be concerned in this paper with the following scalar wave equation (see, e.g., [6]):

2
21 M+o(x)M—V~ (LVU(x,t)) =—F(x,t) (1.1)
c2(x)  or? ot o(x)

forallx e RV (N >2)andr € R4.In Eq. (1.1), U(x, t) is the wave field, c(x), o(x) and
p(x) are positive scalar functions and represent the wave velocity, the damping coefficient
and the mass density of the medium respectively. It is supposed that the medium is compactly
supported in a bounded domain €2 in RY. We consider the medium outside €2 to be homo-
geneous and no damping present, so we may assume after normalization that ¢ = ¢p, p = 1
and o = 0in Q¢ := RVM\Q. Let D € 2 be a subregion of 2 and the material parameters
inside D be given by

c(x) =co, o(x) =09, px)= ¢! for xeD, (1.2)

where cq, og and ¢ are positive constants. This work shall be devoted to the study of the
asymptotic development of the wave field U (x, t) as the mass density p inside D tends to
infinity, i.e., the parameter & — 0. We shall consider the time-harmonic wave propagation,
namely to seek a solution of (1.1) in the following form

U(x, t) = ﬂ{{u(x)e—iwl}’ F(x, [) — m{f(x)e_i“”},

where w € Ry is the frequency. By our earlier assumption on the homogeneous space outside
the medium €2, we see the wave number k = w/co. We suppose that f(x) is compactly sup-
ported outside the inhomogeneous medium, namely supp(f) C Bg,\S for some Ry > 0,
where and in the sequel B, denotes a ball of radius r centered at the origin in R". Factoriz-
ing out the time-dependent part, the wave Eq. (1.1) reduces to the following time-harmonic
equation:

1 c2 5
V. (fw) +k2(cg +iaco)u = f(x) in RV, (13)
0 c k

We shall seek the total wave field of (1.3) admitting the following asymptotic development
as |x| — oo:

ezk\xl

) 1
FLEE (A(x!d»k)Jr@(m)], (1.4)

where e is the incident field, and A(X, d, k) with X = x/|x| is known as the scattering
amplitude (cf. [3,7]), with d € S¥=1. For notational convenience, we set

M(.X) — eikx-d +

ikx-d

~2

~2 ~ ~

C oc — C, 00C
y=,0_], q=—2+i—0 in Q\D; n0=—(2), T = 0%0 in D,

c k c§ k

and u® (x) = u(x) — u’ (x) is the scattered field outside the medium region €.

Throughout the rest of the paper, we assume that €2 and D are both bounded C? domains
such that RV \ and ©\ D are connected. Let g € L®(2\D) and y (x) € C*(Q\D) satisfy-
ing the following physically meaningful conditions:

Yo < y(x) < Yo, Mg(x) =Ty, Jg(x) >0 for x € Q\D,
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where yo, Yo, [ are positive constants. With all these preparations, we can formulate our
interested problem of finding the total wave field u(x) of form (1.4) to the system (1.3) as
follows: Find u, € Hlloc (R™) such that

V- (eVug) + k*(no + ito)us =0 in D,
V- (y () Vug) + k*q(x)us =0 in Q\D,
Aus + kS = f in RM\Q,
ue = u' +ul in RM\Q,
ou, dur 1.5
u; =ul, e Yo ) Tle on 3D, (15)
av av s ;
_ . ou, ou ou
u, =udl+u', y 85 = 3\18 + . on 0%,
: (N—1)/2 dug .
lim |x| — —iku, =0,
|x|—00 d|x|

where v denotes the exterior unit normal to 9 D or dQ2. We use the notations u} ,u;" to repre-
sent the limits of u, on d D or 9€2, taking respectively from inside and outside D or 2. The
last limit in (1.5) is known as the Sommerfeld radiation condition. The well-posedness of the
scattering problem (1.5) is given in the Appendix and the scattering amplitude in (1.4) can be
read off from the large asymptotics of 3. It is readily seen that u, depends on & nonlinearly
and so does u;. In order to present the main results of this paper, we introduce the following
scattering problem:
Findu € H! (RV\D) such that

loc

V- (y(x)Vu) + k>qg(x)u =0 in Q\D,
Aub +kKu' = f in RM\Q,
u=u +u’ in RM\Q,
du™
y— =0 on 9D, (1.6)
o d ' dul
_ s i u u u
— s —_—= BQ,
" W v av av + av on
: (N=1)/2 ut
lim |x]| — —iku’;} = 0.
[x]—>00 d|x|

One can see from (1.6) that the normal velocity of the wave field vanishes on the bound-
ary dD, so the wave can not penetrate inside D. In the acoustic scattering, D is known as
a sound-hard obstacle, so the system (1.6) is an obstacle scattering problem with an obsta-
cle buried inside some inhomogeneous medium. We shall show that the solution u, of the
medium scattering problem (1.5) will converge to the solution u of the obstacle scattering
problem (1.6) as e — 07T, or the density p of the medium D tends to infinity. This is reflected
by the results in the following three theorems, where C and C are generic constants, which
depend only on ¢, k, 19, 70, ¥, €0, D, 2, Bg, but completely independent of €.

Theorem 1.1 Letu, € H! (RY) andu € H! (RN \D) be the solutions to (1.5) and (1.6),
respectively. Then for any R > R, there exist g > 0 and C > 0 such that the following
estimate holds for ¢ < gq:

lue = ull g1 gy < Ce U i sz + 171128 \@)- (1.7)
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As a consequence, the scattering amplitude A, of u} converges to the amplitude A of u® in
the following sense that

146 = Allcv-1, < Ce' 2l g gnm + 1/ 1128\ (1.8)
for some constant C>0andall e < £0.

The next theorem characterizes the normal velocity of the wave field u, on the boundary
of the medium D.

Theorem 1.2 For the solution u, € HIIOC(]RN ) to the system (1.5), there exists g > 0 such
that the following estimate holds for ¢ < &p:

+
H du

12
4 av

<Ceg
H=1/2(dD)

U g e + 1 122\ (1.9)

Moreover, the next lemma indicates that the solution u, inside the medium D decays
exponentially.

Theorem 1.3 Let Dy be a subdomain such that Dy € D with dist(d Dy, 0D) > 8y > 0, and
Vo +itg =a+ bi witha > 0,b > 0. Then for the solution u, € Hﬁw(RN) to the system
(1.5), there exists ey > 0 such that for ¢ < &,

kbdo :
”uS”C(D()) S CeXp (_ﬁ) (”ul ||H](BR\§) + ||f||L2(BR0\§)) (110)

2 Discussions

We are interested in the scattering from a compactly supported inhomogeneous isotropic
medium, with a subregion occupied by some medium possessing a large density. Based on
our discussions in the previous section, we let

{Q\D; v, q} @ (D; &, 10 + it} 2.1)
denote the inhomogeneity supported in €2 in (1.5), and
{@\D;y.q)®D (2.2)

denote the scatterer in (1.6), where D is known as an impenetrable sound-hard obstacle in the
acoustic scattering (cf. [3]). As it can be seen from (1.6), the wave field for a sound-hard obsta-
cle can not penetrate inside and the normal wave velocity vanishes on the exterior boundary
of the obstacle. We call the scatterer in (2.2), composed of an obstacle and a surrounding
inhomogeneous medium as a complex scatterer. In this work, we actually show that

{(Q\D; ¥, q) ®{D;e,n0+itg} = {Q\D; y,q)®D as ¢ — 0T, (2.3)

in the sense of Theorems 1.1-1.3. That is, a sound-hard obstacle can be treated as a medium
with extreme material property, namely with a very large mass density. Despite the nonlin-
ear nature of the convergence (2.3), we can still derive very accurate estimates in a general
setting. In addition to provide a mathematical characterization of a physically sound-hard
obstacle and its asymptotic connection to media with extreme material properties, we would
like to note that the results established in this work could have some interesting implication
in the inverse scattering problem of reconstructing a complex scatterer. In fact, it can be
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seen that a complex scatterer could be reconstructed as a medium, and one could locate the
embedded obstacle in the reconstruction as the subregion with a large density parameter.

Finally, we make another practically meaningful remark on our study. In (2.1), the outer
inhomogeneous medium {Q\D; y, g} could be anisotropic, for which one could also show
the convergence (2.3) by modifying our arguments in the subsequent sections. However, as
mentioned earlier, one of our main motivations is from the inverse scattering problem. If
the surrounding medium is anisotropic, one could not uniquely recover a complex scatterer;
actually one may have the invisibility or virtual reshaping phenomena (see, e.g. [4,9,10]).
This is why we focus on the isotropic setting in this work. The extreme medium inside D is
assumed to be lossy, which is a realistic assumption from the practical viewpoint.

The rest of the paper is organized as follows. In Sect. 3, we prove the main results of
this work, and demonstrate the sharpness of our major theoretical estimates by considering
a special case based on series expansions in Sect. 4.

3 Proofs of the Main Theorems

This section is devoted to the proofs of Theorems 1.1-1.3 in Sect. 1. For the purpose we need
the following lemma.

Lemma 3.1 Consider the following transmission problem

V. (y(x)V) +k2g(x)v =0 in Q\D,
Au' +Kub = f in RM\Q,
B]
ya—” — pe H'20D) on 9D,
v
v—u' =g € H/2(3Q) on 9%, (3.1
v o
yoo — % — e e HTV2(99) on 8%,
av dv
. (N=1)/2 out
lim |x| — —iku’;} = 0.
x| +00 x|

There exists a unique solution (v, u*) € H'(Q\D) x HI]OC (RN\Q) 10 (3.1), and the solution
satisfies

Il g1 @m) + 14l 2 (3.2)
=CUprla-120p) + 181lH1200) + 1821lH-1200) + 1/ 1128, \8))- .

where the positive constant C depends only on vy, q, k, 2, D and Bg, but independent of
P, 81, 82, f

We could not find some references on the well-posedness of the transmission problem
(3.1), so provide a proof by using a variational technique presented in [2] and [5]. We first
demonstrate the following auxiliary lemma.
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Lemma 3.2 The system (3.1) is uniquely solvable and it is equivalent to the following trun-
cated system: find (v, u1) € H'(Q\D) x H'(Br\Q) such that

V- (y(x)Vuy) +k2g(x)v; =0 in Q\D,

Auy +k2u1 =f in BR\ﬁ,

yg—"j =p on dD, (3.3)
V] —up =gl on 0%, '
y%‘ — %‘ =g on 0%,

BBLV' = Auy on 0Bg,

where A - HY/2(3Bg) — H~Y2(3Bg) isihe Dirichlet-to-Neumann map defined by Ay =
%TYDBR (cf [2,8,5]), with W € H! (RN\BRg) being the unique solution to the system

loc
AW + KW =0 in RVN\Brg,
W =1 e H'/2(3Bg) on 9B, (3.4)
AW '
lim |x|VD2 " _ikw !l =o.
|x]—+o0 d|x|

Proof We first show the uniqueness of the solution (v, u*) to system (3.1). For the purpose
we set p, g1, g2, f to be all zeros. Multiplying the first and second equations of (3.1),
respectively, by ¥ and i°, and integrating by parts in 2\ D and B\, together with the use
of the boundary conditions on d D and 92, we have

- / yIVv|2dx + / k*q|v|>dx — / IVu' |>dx

Q\D Q\D Br\Q
\ \ s R\ (3.5)
+ / k2|u2|2dx+/ ; #'ds = 0.
V
BR\§ dBR

Taking the imaginary part of both sides of (3.5), we derive

s _
s/ Y #ds = -3 / K2q|v)2dx < 0.
v

dBg Q\D

Then by Rellich’s lemma (cf. [3]) we know u® is zero outside Bg, which with the unique
continuation implies that #* = 0 in Q\D and v = 0 in D.

Next we show the equivalence between systems (3.1) and (3.3). By the definition of A,
we see that if (v, u*) solves the system (3.1), then (vi = v, u; = u* |BR\§) is the solution to
the system (3.3). On the other hand, by applying the Green’s representation (cf. [3](2.4)) to
the solution (v, u) of (3.3) we obtain that

0 dD(x,
u1<x>=—/( ) 3y — () 22 y))ds(y>
I

B0 () ()
3d(x, y) (36)
+/ (Am(y)cb(x,y)—m(y)—)ds(y)— / FOYDx, )y,
() B
9BR Br\Q
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for x € B\, where
D(x,y) = 2] | (N 2)/2( lx =y 3.7

is the outgoing Green’s function. By definition of A and the radiation of ®(x, y) (cf. pp. 98
in [2], and [5])

0P (x, y)
/ (Aul(y)CD(x, y) — ul(y)i) ds(y) =0.

()
3Br
Hence,
0
u1<x>=—/(3”vl((yy))d><x,y> () 8(( )y))ds(y)— / FO)P(x. )dy.(3.8)
Q

Br\Q

It is clear that u| can be readily extended to an Hllo . (RY \Q) function, which we still denote
by u;. We can see that u satisfies the Sommerfeld radiation condition, which together with
the uniqueness of solution to (3.1) implies that u; = u®. O

With the uniqueness and equivalence in Lemma 3.2, we can apply the variational technique
to study the reduced problem (3.3) to prove Lemma 3.1.

Proof of Lemma 3.1 Without of loss generality, we assume k? is not a Dirichlet eigenvalue
of —A in Bg\€2, and introduce the following auxiliary system

—AD—k*5 =0 in BR\Q,
V=g on 0€2, 3.9)
=0 on 0Bg.

It is easy to see ||17||H1(BR\§) < Cligillg12@35)- We now set

, e Q\D,
wey = I X ED, (3.10)
u1(x) +v(x), x € Br\L2.
We can check that w € H'(Bp) satisfies the following equation:
V. (y(x)Vw) + k*g(x)w =0 in Q\D,
Aw+kw=f in Br\Q,
]
y% =p on dD, (.11
w- =wt on 9%,
. -
ya;}”u = F)g)v +g2 - g% on 92,
3“’ = Aw + & on 0Bg.
Next, we define Ag: H/2(3Bg) — H*'/z(aBR) by
W
Aoy = — )
dv 9Bg
where W; € H, ZOC (RY \BR) is the unique solution of the system:
—AW; =0 in RV\Bg,
! o in R7\Bg (3.12)
W, = € HY/2(3Bg) on 9Bg,

@ Springer



810 J Dyn Diff Equat (2012) 24:803-821

and satisfies the decay property at infinity, namely W; = O(jx|~!) for N = 3, and W =
O(log |x|) for N = 2, as |x| = +o0.
It is known that (cf. [2] and [5])

— / ViAoyids >0, Yy € H'/*(3Bg), (3.13)
dBRr

and A — Ay is compact from HY2(3Bg) to H1/2(3 Bg). Then for any ¢ € H'(Bp), using
the test function ¢ we can easily derive the variational formulation of system (3.11): find
w € H'(Bg) such that

ar(w, ¢) +ax(w, 9) = F(p) (3.14)

where the bilinear forms a; and a» and the linear functional F are given by

ar(w, @) ::/wa-v¢dy+ / Kwedy + / Vw - Védy

Q\D Q\D Br\Q
+ / Kwedy — / Aow@ds, (3.15)
BRr\Q 0BR
ax(w, @) = — / (g + Dugdy — 2 / Rugdy - / (A — Apywgds,  (3.16)
Q\D BR\Q 0BR
_ . O 3D _ )
F(p):=— | ppds+ [ (g2 — akpds + agads — | fody. (3.17)
oD Q2 dBR Br

Using (3.13) we can readily verify that for any ¢, ¢ € H'(Bg),

la1(@. @)1 < C1lgl aellelu sy and ai(@. @) = Callpls ) (3.18)
for some constants C1 and C;. Then by Lax-Milgram lemma there exists a bounded operator
L: H'(Bg) — H'(Bg) such that

ai(w, ¢) = (Lw,¢), Yo, we H' (Bg). (3.19)

where and in the following, (-, -) denotes the inner product in H L(Bgr). Moreover, the inverse
£~ exists and is bounded. By Riesz representation theorem, we also know that there exist
bounded operators K1, Ko : H 1(BR) — H 1(BR) such that

az(w, @) 1= / k(g + Dw@dy + 2 / Kwedy = (Kiw, @) (3.20)
Q\D BR\Q
and
as(w, @) 1= / (A = Ap)weds = (Kaw, ¢). (3.21)
9Bg

We now claim that both K1 and K, are compact. In fact, let {w, },en be a bounded sequence
in H'(Bg) and lwnllgr gy < M, and we can assume that w, — wp in H'(Bg). Since
H'(Bg) < L3*(Bg) is compact, we know w, — wy in L2(Bg). By (3.20) we can write

az(wy, — wo, ) = (K (w, — wo), ¢). (3.22)
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Taking ¢ = K1 (w, — wp) and using (3.20), we can verify that
11 (w,, — wO)”Hl(BR) < 4Mk? max{|l|qg + 1||Loo(g\ﬁ)7 2HE wy, — w0||L2(BR) — 0,

which implies the compactness of ;. In a similar manner, we can prove the compact-
ness of K. Indeed, let w, — wg in H'(Bg), and by trace theorem, w,|sp, — WolsB, in
Hl/z(aBR).SinceA—Ao : Hl/z(aBR) — H_I/Q(BBR)iscompact, we see (A —Ag)w, —
(A — Ag)wo in H™'2(8Bg). By (3.21) we can write

as(wy, — wo, @) = (Ka(w, — wo), ¢).
Taking ¢ = Ka(w;, — wo) and using (3.21), one has

12 (wn — wo)ll g1y < 1A = Ao)(wn — wo) | g—172¢3 o) 12 (Wn — w0l ll 1725 By
= GM|I(A — Ao)(wn — wo)ll g-12¢3 8, K211 = O,

which implies the compactness of K.

Since L is bounded and invertible, and KC; 4+ K5 is compact, we know £ — (K + k) is a
Fredholm operator of index zero. By the uniqueness of (3.1), (£ — (K1 + K2))~!is bounded.
On the other hand, it is straightforward to show

[F(p)] < C(”P”H*l/?(a[))'f‘”gl ”H'/2(39)+”g2||H"/2(3Q)+”f”LZ(BROH\BRO))”w”HI(BR)’
which readily implies (3.2). O

The next lemma presents some important a priori estimates of the solution u, to (1.5) in
terms of e.

Lemma 3.3 Lef u, € HlloC (RN) be the unique solution to (1.5). There exists ¢y > 0 such
that the following estimates hold for all ¢ < ¢,

||u5||H1(BR\5) < C1(||f||L2(BRO\§) + ||”i||Hl(BR\§)) , (3.23)
«/EHMSHHI(D) =< C2(||f||L2(BRO\§) + ||”i||HI(BR\§)) (3.24)
where the constants C1 and Cy are independent of e.

Proof Multiplying i, to the both sides of the first and second equations of (1.5) and inte-
grating over €2, we have

—/8|Vus|2dy+/k2(770+ito)|us|2dy— / yIVue*dy

D D Q\D
. (3.25)
+ / k2q|u8|2dy+/)/a—aﬁsds =0.
v
Q\D Q2

Then multiplying u; to the both sides of the third equation of (1.5) and integrating over

Br\Q, we obtain
oud _. ou _. 2
—/ avgufads—i- / 81)8 uyds — / [Vul|~dy

IQ 9B Br\Q

: m (3.26)
+ / K us)2dy = / fusdy.
BR\Q Br\Q
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By adding up (3.25) and (3.26), using the corresponding transmission conditions and then
taking the imaginary and real parts of the resulting equation, we derive

/k2t0|u€|2dy+ / szsqluglzdy-i-d ds+ms/—uvds

Q\D
(3.27)
\s/—uds+\s/ E_Yd —As/ fuydy
0Bg Br\Q
and
- [etvuPay+ [Rmlulay— [ yivuPay
D D Q\D
2m 2 [ ug ’ -
+ k*Nqluc|"dy + R a—u ds + N uyds
v
o\D Q R
o o (3.28)
N u' _; ! Uy _ 2
—I—ﬂt/ﬁu’ds—i—m/ avaujds— / IVul|“dy
0Q 9Bg Br\Q
2052 _s
+ / K ui|*dy =R / fuidy.
BR\E BR\§
From (3.27), one has by direct verification that
luell72py < C (nusuiz(m) + Ul g1 gy + 148 1 e
+ ||f||L2(BR\§)”ugHHl(BR\ﬁ)) (3:29)
=~ 2
= 8C (Wue 21 g0y + 10 s gy + 1 P )
where C depends only on 7o, 10, k, g, 2, Br. We can readily check by (3.28) that
elVu*dy < Co luell3s, ) + lluell? + |12
€ = elL2(D) el g1 (Br\D) H'(BR\Q)
(3.30)

+ ||f||L2(BR\§)”uZ“Hl(BR\ﬁ))’

where 6; dependignly onk, no, q, Y, 2, Bg. Combining (3.29) and (3.30), we see that there
exists a constant C3 dependent only on &, ¢, 1o, t0, ¥, 2, Bg, such that fore < 1,

— . 1/2
Velluel oy = G (el g + 1012 gy + 1 Bapp) - 33D

Next, we prove (3.23) by contradiction. Suppose (3.23) is not true, then without loss of gen-
erality, we can assume that for each n € N, there exist f”* and u}, such that || /" ||L2(BR0 o T

||u£l Il g1 (BR\D) = 1 and the corresponding solution u} tends to infinity, i.e., [|ull || ;1 (Br\D) —
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+ooase — 0. Let

n i

u’t ; u
Vep=——F—, VL, =——
||u2‘||H1(BR\5) [|ue: ”HI(BR\B)
) " (3.32)
. L
e = ) en = —.
g 11 8\ D) 121 1 3\ Dy

Clearly, v, , € HZLC (RV) is the unique solution of (1.5) with the incident wave vé,n and the
source f7'. We have

lve.n ”HI(BR\ﬁ) =1, ||fgn||L2(3R\§) — 0, ||vf;,n||Hl(3R\§) — 0. (3.33)
By a completely similar argument as we did in deriving (3.31), we can show that for suffi-
ciently large n,
— . /
2 2 2
\/g”vé?,n”Hl(D) f C3 (”vg’"”Hl(BR\ﬁ) + ”véﬁ””Hl(BR\ﬁ) + ”f‘En”LZ(BR\ﬁ))
< GV2.

By taking the trace and using the transmission condition on 9D and (3.34), we know the
existence of a constant C4 depending only on D such that

(3.34)

vt v, —_——
y ain = e 81’” < C4C3v/2¢' /2. (3.35)
H-1/2(3D) H-1/2(3D)
9yt
Noting that (vm|9\5, U;,nhRN\ﬁ) is the unique solution of (3.1) with p = y dg‘;" lap, g1 =

i
e.n

; )
vé’n|99, g = ETDQ’ then by Lemma 3.1 we have

[lve,n ”HI(BR\E)

-c 8v;f,l N ||f" ” i (3.36)
_&n _ v B
T P R LR
By (3.33), (3.35) and (3.36), we further derive
1ve,nll g1 gy — O as & — 0,
which contradicts with the equality |[ve || 1 (Br\D) = 1 and thus proves (3.23).
Now by combining (3.23) with (3.31), we obtain (3.24). O

We are now in a position to present the proofs of Theorems 1.1-1.3.
Proof of Theorem 1.2 This is a direct consequence of (3.24) in Lemma 3.3. Indeed, by taking

the trace on 9D, we see

< C||”s||H1(D),
H-1/2(3D)

ou,
ov

where C depends only on D. Then by the transmission condition on d D, we readily derive

(1.9):
H y ouf
av

_ Hgau;

H—I/Z({)D) dv

= € (If I 2aag @ + 10 Dt o) -
H-1/2(3D)

[m}
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Proof of Theorem 1.1 LetV = u,—u, V* = u} —u®. One can verify directly that V satisfies
+

. ¢ duy
Eq. B.) with f =0, p = y%—‘: =y ;V
Theorem 1.2, we have

lap and g1 = g» = 0. Then by Lemma 3.1 and

+
lue = ull g1 gy = IV g1 (e \D) = € Hy o

H~'/2(dD) (3.37)
< cel/? (||f||L2(BRO\§) + ””i”Hl(BR\ﬁ)) .
Finally we know from [3] (pp.21) that

—ikX-y Vs R
¢ — e_'kx'y] ds(y), %esN! (3.38)

(AE—A)(J?)ZC/[V' 7 7

3B

i T

where { = 1/4mw for N =3 and ¢ = % for N = 2. Using (3.37) and (3.38), one can

derive (1.8) by some straightforward estimates. O

Proof of Theorem 1.3 We shall make use of the following integral representation of the wave
field inside D (cf. [3]):

qu= 3G (x,
ug(x):/[ 8”8 (y)G(x,y)—u;(y)M]ds(y), xeD, (3.39)
v v (y)
oD

where G (x, y) is the fundamental solution corresponding to the first equation of (1.5) and is
given by

iklx—y| i .
G,y) = ———— for N=3; G(x.y)=—-H(&lx—y|]) for N=2(340)
4m|x — | 4

with k = k(a + ib)e~1/2.
Next, we shall only prove the theorem for the 3D case and the 2D case could be proved

in a similar manner. For x € Dy and y € 9D, since |x — y| > &y, it can be verified by
straightforward calculations that

eil}\x—y| e—kbaofl/z
< 9
dr|x —y|| =  4mdp 341)
eil;\xfy| efkbsoe*‘/z ka2 + b2 1 @
\Y% < — .
Yamix —yl| = 4w gl/? 8o
On the other hand, by (3.24) in Lemma 3.3 we see that
- -1/2 i
luz | oy < Ce™V (||f||L2<BR0\§> + ! ||H1(BR\§))’
du in . (3.42)
—= <ceV ( S ! *) .
‘ T P 112 @ + 1 )

Now using (3.41) and (3.42) in (3.39), one can obtain (1.10) by straightforward calculations.
O
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4 A Special Case and Sharpness of Convergence Estimates

In this section, we shall consider a special case of the model system (1.5): D is the ball Bg, of
radius Ry, and only the subregion D is occupied by the inhomogeneous medium in the whole
space RY, and the rest is the homogeneous background, so we have y = 1 and ¢ = 1 in
(1.5). Moreover, we consider the scattering only from plane wave incidence, namely, f = 0.
We shall derive the corresponding estimates of the wave field, which shall demonstrate the
sharpness of our convergence estimates in Sect. 3. We will consider only the 3D case while
the 2D case could be treated in a similar manner.

In our current special setting, we can rewrite the Eq. (1.5) as follows:

Find u.(x) € Hlloc (R™) which solves the system

V- (eVue) + k*(no + ito)ue =0 in D,
Aug + kKug =0 in R3\D,
e (x) = e s (x) in R3\D,
du-  dul 4.1

- -+ I3 I3

U, =ug,, &€ = on 9D,
8usav oy

lim |x| £ —jkult =0,

[x|—o00 d|x|

and the Eq. (1.6) with D as a sound-hard obstacle reduces to

Au+ku=0 in R3\D,

u(x) = ek d 4 s (x) in R3\D,

B

M 0 on 0D, 4.2)
dv

ou’

lim |x|
[x]—>00 d|x|

- ikus] =0.

In the sequel, we let go = (1o +i7t0)/¢ and /g0 = e~ Y2(a +bi) witha > 0, b > 0. We
shall make use of the spherical wave series expansions of the wave fields in (4.1) and (4.2),
and we refer to [3] for a detailed discussion about spherical wave functions. Let u, (x) and
u; be given by the following series:

[o.¢] n
ue(x) = > b juk/qolxDY, (%), x € Bg,,

n=0m=—n
~ n B (4.3)
wi(x) =" > ayhPVklx)Y (%), x € R\Bg,,
n=0m=—n
where X = x/|x|, and u® (x) be given by
oo n .
Wy =0 D0 P kDY, (@), x € R\Bg,. (44)
n=0m=—n
We shall make use of the following series representation of the plane wave
) o0 n
=T iMA V() ju (KXY (). (4.5)

n=0m=—n
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By (4.3) and (4.5), and using the boundary condition on d D, we know

—i"4mym (d)]n (le)
hY kRy)

m

C}’L:

Next, by the transmission boundary conditions in (4.1) and comparing the coefficients of
Y (x) we derive

by jn(ky/qoR1) = ay BV (kRy) + i"47 Y7 (d) ju (kR1), 46
ek /qob!" ! (k/qoR)) = ka"h" (kR)) + i" k4w Y (d) j, (kR}). '
Solving the Eq. (4.6), we obtain
g Ty R o (e /GOR 1) — e/Goi" 4 ¥ @)y (kGO RY Jn (kR1)
e/@0jy (k Ja RO (kRy) — b (kR1) ju (ky/q0R)) wn
.~V kRDR (kR)) + i"An V() (kRy) jy (kRy) '

£ /g0’ (kJqoRDRSY (kRy) — hY (kRy) ju (kG0 RY)

We first consider two wave fields outside D and show the following lemma, which indi-
cates the sharpness of the estimates in Theorem 1.1.

Lemma 4.1 For the far field patterns A, and A corresponding to the solutions u. and u of
systems (4.1) and (4.2), we have

|Ae(®) — A@)| = Cae'* + 0(e), Vies? (4.8)
where C 4 depends only on no, 19, k, Ry, d.

Proof In fact, by (4.3) and (4.4), we have

Af(j) z Z in+l :lnym(x)’

n=0m=—n

4.9)
o n
N Jn(kR1) S om
AG) = D dn = S V@Y, ).
n=0 hn (le)m=7n
But it follows from (4.7) that
" "4 Y (d) j, (kR1) — T (qo, n)i" 4 Y (d) ju (kR1) 4.10)

’
T(qo, b (kRy) — h{" (kR))
with
Jl(kJqoR1)
inkJqoR)

Next, we derive the asymptotic development of T (go, n) as ¢ — 0. Noting that j/ (z) =
n. .
o (2) = jn+1(2) (cf. [3]), we see

T(qo.n) == e/q0~——o—~

k R n(k Ry) — jur1k R
ink\/qoR1) = ﬁ ——— ju(k/qoR1) — jntr1(k/qoR1),
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then
n jn+1(k«/¢10R1)] ne Jnt1(k/qoR1)
T(qo,n) =&/ — = e g Y (41
(q0,m) =¢ qo[k«/floRl Jnlk\/qoR1) kR Vo Jn(k\/qoR1) 10

In virtue of the asymptotic behavior of j,(z) (cf. 9.2.1 and 10.1.1 [1]) as |z] — oo and
larg z| < m, one has

1 o
jn(2) = —{eos(@ —nm/2 = 7/2) + Oz ™) (4.12)
and as ¢ — +0 (cf. [10]), one also has
j k R )
]n.+l( JVaoR1) o iT/2. @.13)
Jntk/qoR1)
Combining (4.11)—(4.13), one has by direct calculations
ne jn+l(k\/q>0Rl)
IT(q0, M| < |75 |+ ’8 0 ——————| = O(ne + V). (4.14)
e e Rl AT

Now, by (4.9), we have

. 00 n 1 " (kR
Ag(f)—A(i):lEZ > [inaf—4nhj(;‘)(,(“;)l)Y,{"(d)] Y"E).  (4.15)

n=0m=—n
In the sequel, we let

i"(kR]) —
D gy
hy” (kRp)

-1
q) = i—na,’:’ —d4x
By using the Wronskian j, (£)y/,(t) — j/ (¢)ya(t) = 1/t%, we then have

m iT(qo, n)4m Y (d)
n - / ! *
k2R2[T (g0, m)h (kRy) — h$ (kR)IAS (kRy)

Next by the asymptotic behavior of h,(ql) (kRy) (cf. [3]),
1:3---@2n—1)

(M ~
hD(kR)) TRy

1
1+ O(ﬁ))’ n— 400,

and also using the relation h,(,l)/(z) = —hf}ll (2) + Eh,(,l) (z), we have
Z

. ATrrd) F — Ev/G0e™"
KR (kR 2 (B — ey/qoe ™) 728 — 1)

By (4.16) and (4.18), one readily sees that for sufficiently large n and small ¢,

mN

(4.16)

4 Ym(d)Y™(x
ay Yy (%) ~ —wel%z +0H)'2 4+ 0(e), (4.17)
K2R2hy, (kRy)?
so constant C 4 in (4.8) can be chosen as

00 s ~
S 3 AIEORG yyie
n=1 m=—n k%R%hn (le)2
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Noting that for any n, m € N (cf. [3]),

JEN— R 2n + 1
[Ym(d)Y," ()| < o (4.18)

hence C 4 is bounded. Finally, using (4.17) and the asymptotic development of hfll)/(kR 1)
for large n (cf. [3]), one can show (4.8) from (4.15) by direct calculations. ]

Next, we consider the normal velocity of the wave field u, on d Bg, and show that there
exists a constant C,, which depends only on k, R, d, no, 7o such that

‘ dut

—£ =C,e'?+ 00). (4.19)
v

H=V2(0Bg,)

Clearly the estimate (4.19) shows the sharpness of the estimate in Theorem 1.2.
In fact, by the transmission condition on d Bg, we have

duS duy o~ .
T = e sy, = kg0 Y D brlin(kJ@oRDY,(R).

n=0m=—n

Using the Wronskian relation, j, (£)y;,(t) — j, (t)y,(t) = 1/¢2, we get
—i" 47y (d) Jnk/qoR1)

by jn(ki/qoR1) = : . (420
o KRRYT (qo. Al (kRy) — h (kR 1)} Jnk/G0RD)
By direct calculations we obtain
‘sau;
0 Nu-112Bg,)
172 4.21)

12
ekl [ Z( s )) 16 e /GORO R 2

n=0m=—n ]

Then by (4.14), (4.20) and the asymptotic behaviors of hf,l) (kR1) and h,(ll)/(le) for large n
(cf. [3]), one can show that the series involved in (4.21) converges to

n(n —|— 1) 12 1672Y"(d)|?
CEE ()

=0 K4 R2AY (kRy)|?

as ¢ — 0T. Hence, for ¢ sufficiently small we have

+ -
‘ du gau‘E

av av
with C, = 2k/Tp(a® + b2)1/2,
Finally, we consider the wave field u, inside B, € Bg, withdyp = R; — R, > 0.By (4.3),
it suffices for us to consider the asymptotic development of b j, (k./qolx|) for |x| < R.
We first note that

H-12(3Bg,)

= Cy/e+ O(e), (4.22)
H=123Bg,)

m m Jn(k/qolx|)
b jiu (k = b" j,(ky/q0R
2 Jn(k/qolx]) 2 n(k/qoR)) ———— in(kJaoRY)

B —in T 4 VI (d) Jn(kJolx])
K2R{T (qo, mhY (kRy) — b (kRy)) Jn(k/20R1)

(4.23)
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By (4.12) one sees that

kbRie~1/2

e
[Jn(k/qoR1)| ~ —R - ®Eo ot. (4.24)

In the sequel, we consider two separate cases for u, (x) with x € Bp,. First for the case that
lk/gollx| = ke~'2|a + ib||x| > 1, then 1/|x| < ke~Y?|a + ib|, and we can show

nESDID] R ki VE < kpys=121q 1 ibleNE  (425)
Jntk/qoR) | x|

as ¢ — 07. Hence by combining (4.18), (4.23) with (4.25) we derive that

ue(l <D D by jn(ky/qolx DY, (B)]

n=0m=—n

o A
< kla + ible”h0/2VE 3" Zn: SV ()Y, (X)
- /

o= 2RV (kRy)

<Mikla + ible *P%/2Ve  vx € B,

3

for sufficiently small & such that e ~'/2|a + ib| exp(—kb8y/(24/€)) < 1, where

n

me=y ¥

n=0m=—n

202n+1)

K2Rihy" (kRy)

For the other case, if |k /qo||x| = ke ~"/?|a+ib||x| < 1, then using the asymptotic behavior
of j,(z) for large n we know there exists a constant M» such that

ljn(ki/qolxD| < Ma,  Vn € N. (4.26)

In a similar manner as we did above one can obtain the following exponentially decay estimate

n

el <>y |22t D

_2entD)
iomen | K2R 1A (KRY)

as ¢ — +0, by using (4.23), (4.24) and (4.26).
This verifies the sharpness of Theorem 1.3.

ze—kles‘l/z
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Appendix

We shall give a proof of the well-posedness of the scattering problem (1.5), which was also
needed in the proof of Lemma 3.3. We could not find a convenient literature for the results,
so for completeness we present it in this appendix. Our argument follows the Lax-Phillips
method presented in [7].
Let
1,1 in RM\Q,
o, B} =1v.9 in Q\D, (4.27)
&, no+itg in D.
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Then the scattering problem (1.5) can be formulated as follows:
Findu € Hllo . (RM) such that u = u’ + u* in RV\Q and solves the equation

Lu =V - (aVu)+k2pu = f in RV,
u’ 4.28
lim x| V-02 L2 st — o (4:28)
|x|—o00 8|x|

where we assume supp(f) C Bg,\S2.

The uniqueness of the solutions to the system (4.28) can be shown in a similar argument
as the one used in the proof of Lemma 3.1. Next we show only the existence and stability
estimate.

In the following, by appropriately choosing Ry we can assume that k2 is not a Dirichlet
eigenvalue in Bpy41. Let 6(x) € C ®(RM) be a cut-off function such that 6(x) = 0 for
|x] < Rpand 8(x) = 1 for |x| > Rp + 1. Setting

W=u in Q and W=u*+(1—-06)u' in RV\Q, (4.29)
we can then verify directly that W e Hllu . (RN) satisfies
LW =g in RV,

oW
lim |x|NV-D21_— _ikw
|x|—00 8|x|

with g = —(A + k> (Ou') + f € L*(Bry+1\ Q).
Next, we look for a solution to (4.30) of the following form

] —o. (4.30)

W=w-—¢w-—V), 4.31)

where ¢ is C* cut-off function such that ¢ = 1 in Bg, and ¢ = 0 in RN\BR0+1. We let
V € H'(Bg,+1) be the solution of the system

2LV =g* inB ,
& Okt 4.32)
V=0 on 83R0+1
and w € Hlloc (R™) be the solution of the system
(A+KHyw = g* in RV,
d 4.33
lim || V-D2 2t — o, (4.33)
|x|—o00 3|x|
where g* € L2(BR0+1\Q) shall be determined later.
Clearly, by the classical regularity estimates we see
V € H*(Bry+1\Q) and w € HP (RY).
By direct verification we have
g =(A+KHW = Aw + k*w + Ap(w — V)
+2Ve - V(w —V)+¢ (Aw — V) +k*(w —V)) (4.34)

where K is defined to be Kg* = A¢p(w — V) +2V¢p - V(w — V).

We can show that K is compact from L2(BR0+1\Q) to itself. We shall make use of the
Fredholm theory to show the unique solvability of (4.34). It suffices to show the uniqueness
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of solution to (4.34). We set g = 0. By (4.30) we have W = 0. Hence w = ¢(w — V) in RN
and V = 0in Q and w = 0 in RN\ Bg,41. It is straightforward to verify that

(A+K)(V —w) =0 in Brys1,

(4.35)
V-w=0 on aBqu,

hence V — w = 0. Therefore w = 0, which then implies that g* = 0. Then by the Fredholm
theory we have a unique g* € LQ(BROH \2) to (4.34) such that

g™ L2 (Bey @) = Cllgllz2s 00 = € (W et By @ T ||f||L2(BR0\Q>) :

s Finally, by the classical theory on elliptic equations one can show that

el gy @ = € (1 N2 + 16 1o ) -
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