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1. Introduction

Let £29 C R? be a bounded domain containing the origin with a boundary I, and £2§ be the complement of its closure.
In this work, we consider the following electromagnetic wave scattering problem by the impenetrable scatterer £2 [1,2]:
Vx(p'Vxu)—Keu= 0 in 2, (1)
u-t=g-t on Iy, '
where two operators V x and V x are defined as
Jw dw\T 81)2 31)1
Vicw= (B2 gy 2
dax ax ay

with a scalar function w and a vector-valued function v = (vs, v,)", respectively, 7 is unit tangential vector on I'y, v and ¢ are
the magnetic permeability and the electric permittivity, respectively, k is the wave number and g is the trace of a function
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g € Hy,(curl; £2°)on Iy, where Hy,.(curl; £2¢)is the set consisting of all functions on £2¢ whose restrictions to £2°ND belong
to H(curl; £2¢ N D) for any bounded domain D.

PML is a popular and effective technique developed first by Bérenger [3] to transform a PDE on an unbounded domain
to another PDE on a bounded domain so that the approximate solution obtained on the bounded domain converges to the
original solution exponentially in terms of some damping parameters. The PML has been extensively studied in the past
two decades, see, e.g., [2,4-8]. The convergence of the PML scattering system for the time-dependent scattering problem
(1.1) was established in [2], and the edge element discretized system of the PML system was studied in [1] and an effective
preconditioner was proposed and analyzed there. Following the edge element discretization of the PML system of (1.1)in [ 1],
we come to the following generalized saddle-point system:

el 3)6)-)»

where A € R™" and B € R™" are symmetric but indefinite. However, little study can be found in literature on fast solvers
for a generalized saddle-point system of form (1.2) when both matrices A and B are symmetric but indefinite. This is exactly
our current case when the system (1.2) arises from the edge element discretization of a PML system of the electromagnetic
wave scattering problem (1.1), and will be the major focus of this work. In most applications, the matrix A in a generalized
saddle-point problem of form (1.2) corresponds to a second order differential operator and B to a first order differential
operator, e.g., the problems from the discretization of Navier-Stokes and Maxwell equations [9-11]. But an important feature
of the system (1.2) we shall investigate here is that the matrices A and B are obtained both from the discretization of second
order differential operators respectively. Nearly no studies on preconditioning methods and their preconditioning effects for
such generalized saddle-point systems are available. It was suggested in [12] to solve the finite-element PML system by the
GMRES solver coupled with a strong approximate inverse preconditioner, and some optimal choices of the PML parameters
were proposed and tested [13]. A moving PML sweeping preconditioner was introduced in [14] for solving the Helmholtz
equation on a Cartesian finite difference grid, and it can dramatically reduce the number of GMRES iterations. Based on a
crucial observation to its Schur complement, a symmetric positive definite block diagonal preconditioner Ps of the form

(A 0
ne(i9) 0

was proposed in [1] for the system (1.2), where A and § are two symmetric positive definite approximations of A and
S = A + BA™!B, respectively. This seems to be the only work in literature where preconditioning effects were analyzed
mathematically for a PML edge finite element system. The preconditioning effects was analyzed in [ 1] under several general
assumptions, and it is still rather difficult to verify all these abstract assumptions rigorously. ln1 this wlork, we shall derive

some explicit bounds for the positive and negative eigenvalues of the preconditioned system P, 2 M7P; 2, following a purely
algebraic argument.

The symmetry of the coefficient matrix M in (1.2) motivates us to solve the system (1.2) by the MINRES. Nevertheless,
the common bounds on the convergence rate of this method depend on the bounds on the eigenvalues of M, including the
lower bound of positive eigenvalues, and the upper bound of negative eigenvalues; e.g., see [15,16]. In order to preserve the
symmetry of the coefficient matrix, we shall present some block triangular preconditioners with two-sided preconditioning
for the system (1.2). And we estimate the lower and upper bound of positive and negative eigenvalues of the preconditioned
matrices, respectively. On the other hand, one may also like to apply some iteration methods for nonsymmetric systems in
applications, see, e.g., [ 17-23], although the discrete systems are symmetric. To this end, we propose another block triangular
preconditioner to precondition the systems only from one side and analyze the spectrum of the preconditioned systems.

The organization of this paper is as follows. We give a brief description of how the generalized saddle-point system arises
from the PML scattering problem in Section 2. In Section 3, we present block triangular preconditioners with symmetric
preconditioning and estimate the lower and upper bounds of positive and negative eigenvalues of the preconditioned
matrices, respectively. In Section 4, we establish another block triangular preconditioner with one-side preconditioning for
the problem (1.2).In addition, we d?rive inlsection 5 some explicit and sharp bounds for the positive and negative eigenvalues

of the preconditioned system P, 2 MP; 2. Numerical experiments are presented in Section 6 to show the effectiveness
and robustness of these new preconditioners and our theoretical predictions on the spectral bounds of the preconditioned
systems.

Throughout this paper, we use the following notation: for H € R™*", we write H > 0 (H > 0) if H is symmetric positive
definite (or semi-definite), and sp(H) for the spectrum of H. For A € C, Re()1) and Im(1) denote the real and imaginary parts
of A, respectively. I is often used for a general identity matrix. As a matter of convenience, we introduce some basic spectral
notations. For any symmetric indefinite matrix H, we assume sp(H) C [—Ay, —yy]U[Iy, Agl, with Ay, yy, I'y and Ay being
positive constants.

2. Generalized saddle-point system from the PML scattering problem

In [1,2], the authors have discussed the approximation of the electromagnetic wave scattering problem (1.1) on
unbounded domain by PML technique, and the discretization of the PML variational system by the edge element method. In
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this section, we will give a brief description of how the generalized saddle-point system (1.2) arises from the PML scattering
problem.

The electromagnetic wave scattering problem (1.1) is defined on the unbounded domain £2§. The PML technique is an
effective strategy to approximate Eq. (1.1) by a PML equation on a bounded domain. To this end, we define three domains
with a sufficiently large positive constant L:

21 = (=0, @’ \ 20, 2, = (=b, by’ \ [—a, al’, 23 = (=L, L)’ \ [-b, bT,
and set 2, = §21 U £2, U §25 with I7 being its boundary. Then we introduce
Hg(curl; ;) = {u = u; +iu; : u, € Hg (curl; £2), u; € Hg(curl; 2,)},
where g, and g; are the real and imaginary parts of function g, respectively, and (with [ = r or i)
Hg/(curl; 2,) = {v: v e H(curl; £2,), v- 7|, =0, v - 7|5, =8 - 7| }-
With the above preparations, the solution of the scattering problem (1.1) can be approximated by the PML solution u; €
Hg(curl; £2;) of the following system [1,2]
f (0 +iB)V x u )V x ¥)dx — / K*((D +iE)u,) - ydx = 0 Y ¢ € Hy(curl; £2;)
2 2r
where o and B are two given real constants, D and E are both two-by-two real diagonal matrices related to PML
parameters [2]. By writing u; = u, + iu; in the above equation, we come to
a(uy, wi; ¥, —¥;) =0 VY, ¥; € Ho(curl; £2,), (2.1)
where the bilinear form a(u,, u;; ¥,, —¥;) is given by
a9 = [ a7 X 0V x W) = (VX T x Pl
2L

= | BUV xw)(V x¥,)+(Vxu )V x ¢;)ldx
2

— / K*(u' Dy, — u! Dy;)dx + / K(u[Ey, + ulEy;)dx.
2L

2

Next, we shall introduce the edge element discretization of the PML variational equation (2.1). Assume that £2; is covered
by a quasi-uniform triangulation 7; of triangular elements, with h being the maximum diameter among all the triangles in
Th. Let &, be the set of all edges in the triangulation 7. Define

Vhg($21) = {v : v € H(curl; £2;), v|x € R1, VK € Tp;
v.-1,=0,Vee&g NIy, v -tl,=8 - Tl Veefhﬂfo},
with | = r or i, and R being the space of linear polynomials as follows:
Ri= (P ®{pe(P):x-p=0}

where Py and P; are the space of constants and the space of homogeneous linear polynomials, respectively. Similarly, we
can define Vj, o(£2;). Then the edge element approximation of the variational equation (2.1) can be formulated as follows:
Findu, p € Vg (£2;) and u;, € Vi g,(£2;) such that

a(u; p, Wip; wr,hv —Wi,h) =0 Vv 'ﬁr,h» Vin € Vho($21). (2.2)

The major task of this work is to propose some effective preconditioners for the use in an iterative method for solving
the edge element system (2.2). For the purpose, we write the system in a matrix-vector form. Let mg be the number of all

the edges in the triangulation 7; lying inside £2; and (my, — mg) be the number of all the edges in 7, lying on 02;. Let {¢’h }j'lh]
be the edge element basis functions of space V,(£2;,), then there exist x = (X1, X2, ..., Xm, YVandy = (y1,¥2, ... s Ymy ) such
that

mp mp
Uy = ij(b‘h, Uip = Zyj'¢]h-
j=1 j=1

Now by substituting u, , and u; , above into Eq. (2.2), then keeping all the terms involving the first mg components of x and
y on the left-hand side and moving the other terms to the right-hand side, we can rewrite equation (2.2) to the saddle-point
system (1.2).



N. Huang et al. / Computers and Mathematics with Applications 74 (2017) 2856-2873 2859
3. Block triangular preconditioners for symmetric preconditioning

As it is known, the convergence rate of the Krylov subspace methods, such as MINRES and GMRES, is closely related to the
eigenvalues and the eigenvectors of the coefficient matrix in the concerned linear system [ 15-17,24]. But the eigenvalues of
the matrices arising from many applications (like the matrix M in (1.2)) are not clustered. Therefore, many preconditioners
have been developed, e.g., see [25-34], among which block triangular preconditioners are considered as one of the most
popular ones. Block triangular preconditioners were applied for the solution of the Stokes problem, e.g., see [35-38], and
their theoretical properties were studied in [39]. In this section, we propose and study the block triangular preconditioners
of the following form for the more challenging system (1.2) arising from the PML system for electromagnetic scattering
problems (see Section 2):

»=(,i 0) o

where L is a nonsingular matrix such that A =: LI" is an approximation of A and 7 is a given constant. If we apply the Krylov
subspace methods (like SYMMLQ or MINRES) to solve the system (1.2), we may not like to transform the original symmetric
problem (1.2) into a nonsymmetric one. Therefore we shall consider the following preconditioned system:

PIMPTz=p b, z="P"z
As the preconditioner P is a block triangular matrix, the system Z = Pz can be solved relatively easily. In addition, for
judging the effectiveness of our new preconditioners P, we shall derive the bounds for the eigenvalues of the preconditioned

matrix P~ MP~T, including the lower bound of the positive eigenvalues and the upper bound of the negative eigenvalues;
e.g., see [15,16]. For this purpose, we introduce three matrices

A= iilAiiTy B= if]BiiT, S = iilsiiT =A + BA7'B.

Although the preconditioned system P~'MP~T is symmetric, the indefiniteness of the matrices A and B bring the great
difficulty in the estimates of bounds on the spectra of P~ MP~T. The most existing studies for the generalized saddle-
point system (1.2) were carried out only for the cases where matrix A or B is symmetric positive definite, and those analysis
techniques do not apply to our current case. We shall introduce some new analysis techniques. To better follow and motivate
our subsequent analysis, we first outline the basic steps, and introduce

(L o
A= (o i)' (3.2)

Then we can write

2P MP Tz TP AATT MATATP T2 2T ((ATTP) ATTP) 2

ZTz N TP~ 1TAATP T2 ZTz

from which we clearly see that some careful and sharp spectral estimates for the matrices (A~'P)T A~'P and A~ TMmA~T
should be achieved in order to establish desired spectral estimates of the preconditioned matrix P~'MP 7. As it is seen, it
is quite surprising that the eigenvalues of (A~1P)T A~1P can be explicitly expressed, after some detailed analysis by taking
full advantage of its special structure. But the spectral analysis on the matrix A~'M.A4~T is much more complicated. Instead,
for a general eigenvector (x, y) of A~'AM.A7T in the same block form as in (1.2), we choose to consider directly the eigen-
equations satisfied by x and y. We then write variable x in terms of variable y from the first equation and substitute x into the
second one. Then after some technical and delicate derivations, we can establish a quadratic inequality for the corresponding
eigenvalue, which enables us to get the desired estimate of the upper and lower bounds of the eigenvalues by solving the
quadratic inequality.

It remains to establish the lower bound of the positive eigenvalues and the upper bound of the negative eigenvalue of
the preconditioned system P~!MP T, For this aim, by using the relation (3.3) and the explicit bounds of eigenvalues of the
system (A~ 'P)T A~1P, we need only to consider the extreme spectral bounds for the inverse of A~' M.A~T. By Sherman-
Morrison-Woodbury formula, we can find that (A~'M.A~T)~! has the same form as A~ M.A~T. Thereby we can derive the
lower and the upper bounds of the eigenvalues of (A" M.A~T)~1 in a similar argument as we did for A~'M.A"T earlier.

) (3.3)

3.1. Spectral estimates of matrices (A~'P)T A='P and A= MATT

In this subsection, we first work out the explicit formula for the eigenvalues of (A4~'P)T.A~1P and the spectral estimate
of A='M AT as it was motivated above. It follows from (3.2) that

A T 41 ((L+0P 0l
(A P) A P—( .

which is similar to the block diagonal matrix

diag | (170t mor) (141707 no, 1+n’0;  noy
iag , s ,
no 1 no, 1 noy 1
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whose eigenvalues can be given explicitly by

2+ 0" £ /42 4+t
; .

Then we come to the following conclusion from the above analysis.

Lemma 3.1. The matrix (A~'P)T A~'P has only two distinct eigenvalues (2 + n? + y/4n> + n*) and 3(2 + n* — /4n> + n*).

In the following, we deduce the spectral estimate of the matrix .A~' M.47T. To do so, we first derive the spectral bounds
for a matrix of the following specific structure:

(1) "

where W € R™" is a symmetric indefinite matrix, and T € R™*".

Lemma 3.2. The eigenvalues of the matrix R in (3.4) lie in the following range:

Aw A /(A = P AT Aw + g + /(A — w P + 41T
[_ 2 ’ 2 ]
Proof. Let 1 and (x7, y7)T be the eigenvalue and eigenvector of matrix R, then we can write
Wx+Ty=2xx, T'x—Wy=2y. (3.5)

Ify = 0, we see that T"x = 0 and Wx = ix, which imply A € [—Aw, Aw]. This suggests us to consider only A & [—Aw, Aw]
fory # 0. Clearly Al — W is nonsingular, and it follows from the first equality of (3.5) that

x= (M —W) Ty
Substituting into the second equality in (3.5), we obtain
TTOU — W) Ty — Wy = Ay,
then it follows by multiplying the above equality from the left by y” /yTy that
W YT =W) Ty yTWy.
y'y y'y
Now we first consider the case that A > Ay. Clearly Al — W > (A — Ayw)l > 0, which implies that 0 < (A\I — W)~ ! <
(A — Aw)~'I. Combining this with (3.6), we have

TT T 2

oL yTTy yWy _ Il
T A—Aw Yy yiy T A—Aw
Solving this quadratic inequality for A, we derive

(3.6)

+ Aw

Aw = Ay~ P AITIE A+ 2 (A — 2 + 4113
<A< .
2 - T 2
It is direct to check that

(3.7)

Aw + 2 =\ (Aw — kR + 4ITI Aw + day 4 (Aw = h R+ 4ITI
< Aw =<
2 2
which with A > Ay, and (3.7) gives the desired upper bound in Lemma 3.3.

Next we consider the case that A < —Ayw. Clearly Al — W < (A 4+ Aw)l < 0, which implies that 0 > (Al — W)™! >
(A + Aw)~ 1. Using this, we see from (3.6) that

)

TTT T 2
A 1 yTTy_yWyZ T3 ™
Ataw YTy yiy T A+ aw

solving this quadratic inequality, we get

= Aw = J O — Aw P+ 4ITI3 = Aw O — Aw P+ 4ITI3
2 shs 2 '
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This, along with the fact that

—hw — Aw —J(hw — Aw)? + 4T3 —hy — Aw 4 J(hw — Aw? + 4T3
3 < —Aw < >

yields

—hw = Aw —J(hw — Aw)? + 4T3
2
Summing up all the estimates above, we can conclude Lemma 3.2. O

<A< —Aw.

By means of the spectral estimates in Lemma 3.2, we can now derive the spectral estimate of the matrix A~ ' M.AT.
Noticing that

PR I' o\(A B\(LT o
1 T __
o= (o 26 50 )
I'ALT L'BL7T A B
= A ~ ~ ~ = ~ ~ N 3.8
(L‘lBL‘T —L71AL7T B -A (38)
then a direct application of Lemma 3.2 leads to the following results.

Lemma 3.3. Let M and A be defined as in (1.2) and (3.2) respectively, then the eigenvalues of the matrix A~ MA"T lie in the
range [—o, o], where o is given by

)

g+ 0+ (45— 2% + 41BIS

0= .
2

Remark 3.1. If we simply choose A; = A; for the bounds pf the matrix A, then the spectral estimate of A~'MA"T in
Lemma 3.3 reduces to sp(A~'"MA™T) C [—A; — |IBll2, A5 + lIBll2]-

3.2. Spectral bounds of the inverse (A~ 'MAT)~!

In this section we study how the eigenvalues of the preconditioned system P~!MP~T approach zero. To do so, we
estimate the spectral bounds of (A~'M.A~T)~! It is easy to verify that

(3 %)= D6 56 )

This shows that

_ e I —AB\/A' o I 0
(AT MAT) T = (0 I )( 0 —1> (—Birl 1)

5
(Al_;\léglézw A1B§1)

= s 5 59)
By Sherman-Morrison-Woodbury formula; see, e.g., [40], we have
A1 —AT'BST'BAT' = A" —A"'B(A+ BA™'B)"'BA™!
=A'—ABU+A'BAT'B)'A"'BA"!
— A4+ BAB =5,
This together with (3.9) yields that
e S AR
1 Ty—1
=~ 7-- ~ , 3.10
(A7 MAT) (s—lm—l -5 (3.10)

which has the same form as R in (3.4). Therefore, we can apply Lemma 3.2 for the upper and lower bounds of the eigenvalues
of (A"'MAT)~1, as stated in the following lemma.

Lemma 3.4. Under the same setting and conditions as in Lemma 3.3, any eigenvalue . of the matrix (A~ M.A~T)~! meets the
following estimates:

Az + Az + \/(Ag—l — Az )2 +4v u< Azo1 + Az + \/(Ag—l — Az +4v
2 - 2

where v is the maximum eigenvalue of the matrix S~'(BA=2B)S~1.

IA
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3.3. Spectral estimate of the preconditioned system P~ mP~T

We are now in a position to derive the bound of the eigenvalues of the preconditioned system P~'MP~T by making use
of the spectral estimates we have obtained in the previous two Sections 3.1 and 3.2.

Theorem 3.1. Let P be defined as in (3.1) and v the maximum eigenvalue of the matrix S~Y(BA=2B)S~!, then the eigenvalues of
the matrix P~ MP~T satisfy

sp(P~'MP")C[—a,—b]U[b,al,

where a and b are given by

~ 2
_ A+ Az + \/(A;, — 3% + 4Bl

- 2+n° = A+t
4

(Ago1 + Ago1 +/(Agor — A1 2+ 40)2 + 02 + /42 +11%)

Proof. It follows from Lemma 3.1 that

sp(P~laAaTP™ Ty ¢ |:

2 2 :|
2402+ /47724'774’24‘772— /402 + pt ’
Then for any eigenvalue A of the preconditioned system P~!MP~T, we can derive by the spectral theorem and
Lemmas 3.1-3.3 that
2P Imp Tz TP TAATIMATATP T2 2T Pl AT P T2
A < max = max
20 7'z 20 ZTP1AATP- Tz Z27z

-2
2T AT MATZ ZTplaATP Tz A+ i+ \/(AA — ;) + 4lBIl,
max <

< max
~ z£0 zTz 20 zTz - 24102 — /42 +
and
2l I mpTz CZTATIMATTz ZTplAaATP T2
A > min > min max
270 2Tz 70 z2Tz 770 2Tz

-2
_ Mtk \/(A;\ — X3 +4|BIl,
24+n* — VA +nt .

On the other hand, it follows from Lemmas 3.1 and 3.4 that

1 ZI(PIMPT) Iz ZIPT M- 1Pz
<max——— =max ————
A 270 2Tz 770 2Tz
ZIPT AT (AT MAT) AT Pz 2 PT AT A Pz
= max
240 ZTPT AT A-1Pz zTz
ZTA-TMAa T 12 2ZTPTA T A Pz
< max max
2240 ZTz 770 2Tz
P s s V(Azor = 2 P+ 40)2 + 0 + A2 + %)
< 1 ,
and
1 PPz (AT MAT) Tz ZTgz
— > min —————— > min max
A 7#£0 2Tz 740 2Tz 20 zI1z
_ st V(A — A P+ 402+ 0’ + VA + )
> 1 .

Then for A > 0, we deduce
4

A > :
(A1 + dgr + (A1 — Ag 12 +40)(2 4 02 + V4n? + %)
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while for A < 0, we have

4
A< — :
(Aso1+ dg1 + (A1 — Ag1 2 +40)(2 4 0% + V4n? + %)

This completes the proof of Theorem 3.1. O

Remark 3.2. The block triangular preconditioner P in (3.1) reduces to the block diagonal preconditioner for n = 0. In this
case, a and b in Theorem 3.1 can be simplified to

-2
AA+)»A+\/(AA—)LA)2+4||B||2 2
a= , b= .
2 Az + Az + \/(qu —Xz1)? 4+ 4v
Furthermore, if we choose A; = A; and A;1 = Az, thena = A; + ||l§||2, b = 1/(Az1 + /v), and the estimate of

Theorem 3.1 reduces to

sp(P~MP ) € [ =45 = 1Bl - A+ 1Bl |

1 1
L Ju[——
A§71 —+ \/]7] A§71 + \/;
4. Block triangular preconditioner for one-sided preconditioning

Although the generalized saddle-point system (1.2) of our interest is symmetric, one may also like to apply some iteration
methods for nonsymmetric systems in applications, see, e.g., [17-23]. To this end, we shall study the following block
triangular preconditioner

. (A 0
p=<B A) (4.1)

to precondition the system (1.2) only from one side and analyze the spectrum of the preconditioned system. Then we will
solve the following system instead of the original one (1.2):

P IMz=P"" or MP'2=b

with Z = Pz. Noting that the preconditioned systems P~' M and M7P~! have the same eigenvalues, so we shall only analyze
the spectral property of P~'M. As the preconditioned system P~'M is nonsymmetric, we need to discuss its real and
complex eigenvalues respectively. For both real and complex cases, we shall study the eigen-system of a matrix W that
is similar to P~'M. For the real eigenvalues, we will do the same as we did in the proof of Lemma 3.3 by considering a
one-variable quadratic inequality arising from the eigen-system. But the deriving process of the inequality is much more
complicated than before. And then we achieve the estimates by solving the resulting inequality. The study of the complex
eigenvalues is much more tricky and delicate. By separating the real and imaginary parts of the quadratic form of the resultant
equation, we achieve the desired estimates by using the important relation between the real and imaginary parts. In the
remainder of this section, we follow this general guideline to investigate the spectral properties of 7~ ! M. First we can
easily verify that

. Al 0\/A B
-1 _
P M—(_A—1BA—1 A) (B —A)

_ AlA A"'B
T \-A"'BAT'TA+A'B —ATBAT'B—AT'A)’

which is similar to

(4.2)

Thereby, the preconditioned matrix 7~!.M and W have the same eigenvalues. So it suffices for us to analyze the eigenvalues
of the matrix W. Let A be an eigenvalue of W and (x7, yT)T be the corresponding eigenvector. Then we have

(cates —w-2)0)=2():

equivalently,

{Z\x + By = Ax,

ol Y <5 ~ (4.3)
BAx — Bx + By + Ay = —\y.
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Substituting the first equation of (4.3) into the second one leads to
Ax + E’y = X,
(A —=1)Bx+Ay = —Ay.

Using this eigen-system, we can now derive the spectral estimates of the matrix W in (4.2), first for real eigenvalues in
Theorem 4.1, then for complex eigenvalues in Theorem 4.2. For this purpose, we introduce two notations:

(4.4)

~ 2
Mt A +||B||2+\/)» + A; + 1B, - 4(rz A5 — IIBIly)
2
~ 2 =120 -2
Aa+ Az — IIBlly + /(A3 + Az — Bl — 4(234; — [1BIl,)
5 .

)

b =

Theorem 4.1. Let W be the matrix defined as in (4.2), then all the real eigenvalues A of W meet the following estimates:
1if Az = 1,then A € [ ¢, max{}rz, Az} |;
2.if Az <landr; < 1, thenx € [¢, @] U {1}.

Proof. Let (x”, y")T be the corresponding eigenvector of W. If y = 0, then we get from (4.4) that Ax = Ax and (A — 1)Bx =0,
which imply that A € [—A;, A;] or A = 1. This also suggests us to consider A ¢ [—24, Al ify # 0.Clearly AI — A is
nonsingular in this case, and it follows from the first equality of (4.4) that x = (Al — A)~'By. This together with (4.4) yields
that

(A — 1)B(AI —A)"'By + Ay = —Ay,
by multiplying the above equality from the left by y' /yTy, we obtain
y"B(A —A)"'By  yTAy

T T

y'y Yy

Next we estimate the eigenvalue A in two different cases.

We first consider the case that A > Aj. Clearly A — A>(A—A; i) > 0, which implies that 0 < (AI —A A"l < (A — A; i) 1.
If A; > 1,then A > 1, yielding that

—r=(-1) (4.5)

y'Ay
vy
i.e, A < A;. Combining this with the result A € [—A3, A;] fory = 0, we see A < max{i;, A3}.

If A; < 1and A; < 1, we can assert that A < 1. Otherwise, in the same manner as we did earlier, we can deduce that
1 < 1 < Az, which contradicts the fact that A; < 1. Then combining with (4.5), we have

— A >

A—1 y'B? TA A—1 -2
—az AR A e 1BI; — 24
A=Az Yy Yy T A— 4y
By simple calculations, we derive

) ~ 2 ~ 2
A% = (Az + Az — IIBlI)A — [IBll; + A34; < 0.
This, along with the simple estimate that
~ 2 ~ 2
(A7 + 25 = [IBIl2)* — (2345 — [IBll3)
5 ~ 4 ~ 2 ~ 2 ~ 2
=(A; —2) + ||B||2 - 2||B||2A- — 2||Bll,A5 + 4l1Bll,
~ 2 ~ 2
(Az — 23l + ||B||2 —2||B||2 — 2|[Bll;A5 + 4lIBll, A
(A7 — Aq) +||B||z+2||B||2( i—*a)
(Az — 2z + IIBII P =

\

leads to
-2
Aj+ 25— |IBIl —\/(A + 25 —IIBII 2 —4(h;4; —IIBII )
A A 2 > <A< Q. (4.6)
Furthermore, we can directly check the following relations
~ 2 ~ 2
A+ 2 — 1B — /(A + 2 — IBISY — 43345 — 1BI)
<A <P <1

2
hold for A; < 1and A; < 1.This, with A; < A < Tand (4.6), gives A3 <A < @.
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Next we consider the case that A < —A;. ClearlyA—Al > (—i;—A) > 0,whichyields that0 < (A—l)~" < (—r;—2)"'L.
Using this, we directly see from (4.5) that

y'B(A — AI)"'By N yT Ay - 1—x y'B?y y'Ay - 1—1
yly YIy T =hi—=A Yy Yy T A — A
by a further simplification, we obtain

~ 2
—A=(1-21) IBIl; + Az

~ 2 ~ 2
A2+ (5 + Az + IBIA + 2345 — [IBIl; < 0.
Combining this with the following fact that
~ 2 ~ 2 ~ 4 ~ 2
(Aa + Az + IBISY — 400345 — [IBIly) = (k3 — A3 + 1B, + 21Bl(A; + 43 +2) = 0,

we deduce

~ 2 ~ 2 ~ 2
O+ A5+ IBID /(s + Ax+ IBIZR — 40z A5 — 1BI)
g=<ic= 3 .

This, along with the fact that

~ 2 ~ 2 ~ 2
=z + Az + 1IBlly) + \/(k;\ + Az + |IBII,)* — 4(A;45 — 1IBIl,)
2
leads to the estimate that ¢ < A < —A;. This completes the proof of Theorem 4.1. O

)

§=—A; =

The next theorem gives some bounds on the complex eigenvalues of matrix W in (4.2).

Theorem 4.2. Let W be defined as in (4.2). If W has a complex eigenvalue A with Im()) # 0, then A; > 1. Moreover, if A; > 1,
A can be bounded as follows:

IIm(A)] < /A; — 1[IB]l2,
1= (A7 =1z — 1) <Re(A) = 14 /(A; — )2z — 1.

Proof. Let . = a + bi,witha € R,0 # b € Randi = /-1, be a complex eigenvalue of W, and z = (x", y")" be an
eigenvector corresponding to A. It is easy to see that Al — A is nonsingular. Then similarly to what we did in the proof of
Theorem 4.1, we have

—Ay*y = (A — 1)y*B(\I — A)"'By + y*Ay. (4.7)
Let A = UDU* be the eigen-decomposition of A, where U € C™" is an unitary matrix and D = diag(p1, p2, - . ., pn) With
p1 = —Xj; and p, = Aj. Using this eigen-decomposition, we derive from (4.7) that

— Ay*y = (A — 1)y*BU(Al — D)"'U*By + y*Ay. (4.8)

It is easy to see for any 1 < j < n that
1 a—pj— bi

T a+bi—p  (a—pR+b2

(h—p)"!

which implies

a— p; — bi a— pn, — bi )
(@a=p1 2 +b2""""(a—pa? + b2/
Then it follows from this equality and (4.8) that

(M =Dy ! = diag(

—ay*y = (a — 1DH, + b*H; + y*Ay, (4.9)
—y'y = H; —(a — 1)H;, (4.10)
where H, and H; are given by
- a—p a— pPn =
H, = y*BUdia ( )U*B , 411
e N A W E ) (10
. 1 1 .
H; = y*BUdia ( e )U*B . 412
e R R R O A @12
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We now claim that y # 0. If this is not true, we get from (4.4) that Ax = Ax and Bx = 0, which contradicts the fact that b # 0.
It follows from (4.11) and (4.12) that

(a — A;)H; < H; < (a+ A;)H;. (4.13)
This together with (4.10) gives
(a— DH; —y*y = (a — AjHi.
Hence we have (A; — 1)H; > y*y, which shows A; > 1, and
-2
H; lIBll,

<(A;— 122,
yy =T D

bl < \/A; — 1|IBl2.

On the other hand, combining (4.9) and (4.10), we derive

1<(4;-1)

or

g e-@—Pyy—(a—1ydy . -yy-yhy
" (a— 1)+ b2 N T (=124 b2

Then we obtain using (4.13) that

vy -yhy _(a-d -y —(a—1)yAy
(@—12+b2 = (a— 12 + b2
which implies that

(a— AA)

b

(@ — A;)Y*y + y*Ay) = (@® 4+ b* — a)y*y + (a — 1)y*Ay.

This together with the fact that sp(A) C [—Aj;, Aj] yields

-
A
oza2+b2—2a+AA+(AA—1)ny; > @ —2a+ Ay — A5(4; — 1),

hence it is easy to see that
1-— (AA_1)()\.A_])§a§1+ (A/_\_])()‘A_l
and completes the proof of Theorem 4.2. O
Remark 4.1. We see from Theorem 4.2 that all the eigenvalues of v are real if A; < 1. On the other hand, we remark that

the~case withA; < 1wasnot addr~essed in Theorem 4.2. But this can be easily classified as the case with A; > 1, by assuming
Sp(A) C [—Aj, Az] instead of sp(A) C [—Aj, Ajz].

As we recall at the beginning of Section 4, the preconditioned matrix 7~' M is similar to W, hence both have the same
eigenvalues. Then the following results are direct consequences of Theorems 4.1 and 4.2.

Theorem 4.3. Let P be defined as in (4.1), then the following estimates hold for the eigenvalues A of P~ M:
(1) if Im(A)| = O, then

A [g7max{)"/~\vAA}]a lfA,Z\ > 17
[c, P1U{1}, if Ay <land iy < 1.

(2)if Im(A)] # O, then A; > 1. Moreover, if Az > 1, then
1—/(4; = D)0z — 1) <Re(h) < 1+ /(4; — D)3z — 1), Im()] < /A5 — 1]Bll2.

Remark 4.2. If A; and Aj; are close to 1, then we can easily see from Theorem 4.3 that the real parts of all the complex
eigenvalues with |[Im(A)| # 0 of the preconditioned system P~ !.M are positive and clustered around 1 while the imaginary
parts are small.

5. Spectral estimates of the preconditioned system by diagonal preconditioner Ps

The diagonal preconditioner P in (1.3) was proposed in [1] for solving the generalized saddle-point system (1.2) when
it arises from the edge elegnent d]iscretization of the PML system of an electromagnetic wave scattering problem. The

preconditioned system P; 2 M7P; 2 was investigated in a general framework in [1] under some abstract assumptions,
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resulting in only some quantitative spectral estimates. And it appears to be still rather difficult to verify all the abstract
assumptions in [1]. In this section, we shall derive some more explicit bounds for the positive and negative eigenvalues of
1 1

the preconditioned system P; 2 M7P; 2, following a purely algebraic argument. For this purpose, we introduce the following
few helpful matrices

A=A7AA7, H=A3BS"2, A, =S5 7AS2, §=3§"

1

N
=

S§72.

_1
We are now ready to estimate the spectrum of the preconditioned matrix Ps * MPs

Ao (A B) Ao (A H)

o 3B A\ o §3) H -—A

I 0 A 0 I A711:'I> T
=~ o = DL’ 5.1
(”TA 1 1) (0 —55555) <0 I G

Next, we shall makle use of this factorization to estimate respectively the lower and upper bounds of all positive and negative

1
2. For this purpose, we first write

Nl

_1 _
Ps 2 MPg

eigenvalues of P; 2 MP; 2. First, for any positive eigenvalue A we can directly see that

< 737%/\47?7% 2oL’z 2Tepe’z2" 0L’z
=max ———— =Mmax ——— ——
I s 40 21z 220 2Ttz 727z
2Dz ZTec’z
< max max , (5.2)
220 zTz z¢0 ZIz
and
1 Z1 17! Z'c Dz
— < Amax | | Ps 2 MPs 2 = max ————
A 270 2Tz
2l T e 1221 (ccT) 'z ZIp71z 2T (et 1z
= max < max max . (5.3)
220 ZTeTr-1z zTz z#£0 2Tz z#0 2Tz
Then it follows from the definition of £ that
s (L O\ (1 AR\ _ (1 A
- HTA—l i 0 I - I:ITA—I I 4 I:ITA—ZH .
Consider the singular value decomposition
A'H=VvzU",
where X = diag{oq, 03, ..., 04} witho; > 0foralli = 1,2,...,n,U and V are two orthonormal n x n matrices. Then we

can easily see
I vxuT
cel =
(UEVT I+ U22UT> ’

which is similar to the following simple matrix

o (! x
“\x 1+3x?)

Then it is not difficult to deduce that

2441 — 4Z1+5% 24401+ 431-1-3%
! , ! } (5.4

where £ is the maximum eigenvalues of HTA—2H. Combining this with (5.2) and (5.3) yields

min{l%, ys}(2 + € — /46 + £2) max{iz, Az}(2 + €1 + (/41 + €2)
. (5.5)

<A<
2 -~ 2

sp(£LT) c [

_1 _1
Now for any negative eigenvalue A of P; 2 MP; 2, it follows from (5.4) that

' 1] . Z'pz ZTec’z
A > Amin | Ps “ MPs > min max
220 7Tz z#0 2Tz

max{iz, Az} (2 + €1 + /40 + €3)
- 2

’
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and

\
v

1 AN _Z'pz P
Amin Ps = MPg > min max
220  zTz  z#0 zTz

-2

min{Fg, VA}(Z +€] — ,/4£1 +€%)

This shows that

max{A;, Ag}2 + €1 + /40 + €2) min{l%, y;}(2 + €1 — /4¢1 + €2)
_ <A<-— . (5.6)

2 2
Combining (5.5) and (5.6), we can now conclude the following results.

Theorem 5.1. Let M and Ps be cgefined clzs in(1.2)and (1.3), £1 be the maximum eigenvalues of HTA~2H, then all the eigenvalues
of the preconditioned matrix P; > MP; 2 lie in the range T~ U I+, with

o [min{ﬂ, Vel (2 + € — /4 + £2) max{iz, Az}2 + €4 + /4L + eﬁ)} -

2 ’ 2

|: max{kA,Ag}(2+€1 +,/4€1 +€%) min{Fg,yA}(2+Zl — 4K1 +Z%)i|
T =|- , — CR™.
2 2

_1 _1
As can be seen from the above theorem that the spectral bounds of P; > MP; * can be made independent of the spectral
bounds of A; and HTH. On the other hand, we can also make use of the sgectral Ii)ounds of A, and HTH, then we can derive

an alternative estimate of the spectrum of the preconditioned system P; 2 M7P; 2, as it is done in the following lemma.

Lemma 5.1. Llet M aqld Ps be defined as in (1.2) and (1.3), £, be the maximum eigenvalue of HTH, then all the eigenvalues A of
the matrix P; 2 MP; ? lie in the following range
—Ai— Ay — (}‘A_A,Z\S)2+4EZ Ai + A+ (kAS—AA)2+462

<A<
2 -~ 2

_1 1
Proof. Let A and (x7, y7)T be the eigenvalue and eigenvector of the preconditioned matrix P; 2 MP; 2, then using

1 A_1
_1 _1 A2 0 A B A"z 0
Ps PMPs 2 = . < ) .
T (0 55> B =AJ\ o &3

A 1 ~ 1 1 1 ~
T2AAT2 A" 2BS72 A H
ST2BA 2 S 2AS 2 H A
it is easy to see
Ax+Hy =ax, H'x—Ay = Ay. (5.8)

Ify = 0, we see readily H'x = 0 and Ax = Ax, so we know A € [—A;, Az]. This suggests us to consider only the case
that A & [—2;, A;]ify # 0.Clearly AI — A is nonsingular in this case, and it follows from the first equality of (5.8) that
x = (A — A)"'Hy. Substituting it into the second equality in (5.8) yields
HT (Al — A)"'Hy — Ay = Ay,
then multiplying the above equality from the left by y” /y"y, we obtain
y'H'(M = Ay 'Hy  y'Ay
y'y ¥y
Next we analyze in two cases. We first consider the case that 1 > Aj. Clearly Al — A > (» — A3)l > 0,50 it holds that
0 < (M —A)™" < (A — A;)"'I. Combining this with (5.9) gives
TOT g T2
sV YHHy yAy &
TA—A; Yy Yy T A— A

(5.9)

+ A4
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solving the above quadratic inequality for A, we obtain

)\As + AA — (}\.AS — AA)Z + 44, )\.AS =+ AA =+ (A.As — AA)Z + 40,
<A< .
2 -~ 2
On the other hand, we can directly check that
M+ Az =/ (Aa, — 432 + 46, M, Az 4 (g, — A7) 446
> <Az < >

this with A > Aj; gives

)"As + Az + ()»AS — AA)Z + 40,

Az < i< 5 : (5.10)

Next we consider the case that 4 < —A;. Clearly Al —A < (A + A;)I < 0,50 we have 0 > (Al —A)~! > (A + A;)~'I. Then
it follows from (5.9) that

T T T
, L YHEy YAy G,
A+rg Yy Yy T A4A; s
By solving this inequality, we get the bounds that

—hi— Az, —J(a — Az P+ 4G =i — Aj + /(g — Az P + 46
<A< .
2 - 2
This, along with the fact that
—hi— Az — (Az — AAS)Z + 44, —hi— Aj + (Az — /\AS)2 + 44,
5 < —A; < 5

yields
—A; — AAs — ()"7{ — AAS)Z + 40,

2
Combining this with (5.10)-(5.11) and the case with y = 0, we complete the proof of Lemma 5.1. O

<A< —A; (5.11)

To proceed our estimates, we introduce two more notations:

:max{kg, AGN2 4 0y + /40 + 2) Az + Az + (A, — Az + 46 }

U = min

2 ’ 2

;

max{iz, Az} (2 + €1 + /46 + Z%) M+ Az + (A — AAS)Z + 4, }
2 ’ 5 .

Then we come to the following conclusion directly from Theorem 5.1 and Lemma 5.1.

V= min{

Theorem 5.2. Let M and Ps be defined as in (1.2) and (1.3), let £4 anld 12 belthe maximum eigenvalue of HTA=2H and HH,
respectively. Then all the eigenvalues X of the preconditioned matrix P; 2 MP; 2 lie in the range I~ U Tt C R, with

o [min{F, Vel (24 €1 — \/4e; + €2)

2

, u} C RY,

2

min{l, y;}(2 4 €4 — /46, + €2)
- [—v, - } CR.

Rerlnark 5.1. 1We can easily see tlhat {1 =~ {, if the preconditioner A approximates A well, by noting that H'H =
S™2(BA7'B)S™2 and HTA™2H = S~2(BA"'AA~'B)S 2.
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Table 1
Numerical results of the MINRES method.
DOF No preconditioning Preconditioner P
CPU ERR Iter CPU ERR Iter
1360 0.2778 9.9813e—06 2859 0.1460 8.4774e—06 109
5600 4.1394 9.9997e—06 15364 0.7044 8.5037e—06 161
22720 74.3719 9.9998e—06 58235 5.5655 8.5590e—06 244
Table 2
Numerical results of the MINRES method.
DOF Preconditioner Pgy Preconditioner P Preconditioner P,
CPU ERR Iter CPU ERR Iter CPU ERR Iter
1360 0.0215 9.9676e—06 135 0.0731 9.4188e—06 136 0.0752 9.2952e—06 137
5600 0.1103 9.9713e—06 198 0.3997 9.6107e—06 198 0.4035 9.2047e—06 201
22720 1.3845 9.9699e—06 547 47839 9.9990e—06 547 49255 9.9400e—06 563

6. Numerical experiments

In this section, we present some numerical results for the preconditioners we introduced in Sections 3 and 4. All
experiments were run on a PC with Intel(R) Core(TM) i7-4770 CPU @3.40 GHz 16 GB, and all programmings are implemented
in MATLAB R2014a. In our experiments, we take the following data for the scattering system (1.1) as it is done in [1,2]:

g=VxH" ey, Q=117 pn=1 e=1, k=1,

where Hgl)(r) is the Hankel function of first kind. Then the analytic solution to the system (1.1)is givenbyu = V x [Hi”(r)eie].
As we did in Section 2, we may derive the PML edge element system (1.2) of the scattering system (1.1).

In our all implementations, we take the initial guesses to be the zero vectors and terminate the concerned algorithms
when the relative residual ERR < 10~ or the number of iteration is greater than 4000, where ERR is given by

Ib — Mz¥|
Il

where z¢ = ((x¥)T, (%)) is the kth iterative solution of the system (1.2). We shall compare the performance of several
iterative methods by reporting the number of iterations, the total CPU time, the degree of freedom, and the relative residual
error, which are respectively denoted by “Iter”, “CPU”, “DOF” and “ERR". As it is motivated by [1], we take two symmetric
positive definite approximations A and S of matrix A and Schur complement S = A 4+ BA~!B to be the stiffness matrices
induced by the following bilinear forms

ERR: =

)

la|(V x u)(V x v)dx + k2/ u'Dvdx, Yu,v e Vo(52)),

2L 2L

/ &(V x u)(V x ¥)dx + k2 / u'Dydx, Yu, ¥ € Vi, o(82),
2L 2L
respectively, where £2; is taken to be 2, = (—4, 4)* \ [—1, 1]%.
Let 75 be the preconditioner (1.3), and P, P; and P are the preconditioners we have proposed in (3.1), with n =
0, 0.01, 0.1 and L = ichol(A):

L 0 L o0 L o
P(’:(O L)’ 731=(0.01L L)’ 7’2=(0.1L L)'

Then we shall solve the edge element PML system (1.2), using respectively the MINRES method (with no preconditioning),
the preconditioned MINRES method with 4 preconditioners P, Py, P; and P, the GMRES method (with no preconditioning),
and the preconditioned GMRES method with the block triangular preconditioner P in (4.1).

The numerical results are listed in Tables 1-3 and Figs. 1-2 for all the aforementioned methods. In Table 1 and Fig. 1,
we can see that the MINRES method with no preconditioning is quite impractical and expensive in terms of the CPU times
and numbers of iterations, but the preconditioner P can essentially improve its performance. Similarly, from Table 3 and
Fig. 2 we can see that the GMRES with no preconditioning does not work well for solving the system (1.2), while the block
triangular preconditioner P can greatly improve its performance.

In comparison with preconditioner P, we can observe from Tables 1 and 2 that preconditioners Py, 1 and P, require
much more iterations but less CPU times.

Next, we will check the effectiveness and reliability of the estimates we have obtained in this work. To do so, we choose the
scattering system (1.1) with DOF = 1360 to examine the results in Theorems 3.1 and 4.3 respectively for the preconditioners
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Table 3
Numerical results of the GMRES method.
DOF No preconditioning Preconditioner P
CPU ERR Iter CPU ERR Iter
1360 5.5962 9.9124e—06 866 0.7327 8.5160e—06 110
5600 445.5941 9.8611e—06 3488 4.9807 9.6847e—06 146
22720 - - - 44.3358 9.1143e—06 237
10° @

relative residual
=)

10" —&—MINRES
—&— MINRES(P)
of| —+—MINRES(Py)
L —o— MINRES(P,) 3
MINRES(P,)
10° :

T T 1 1 1 1 1 1
1] 20 40 60 80 100 120 140 160 180 200
number of iterations

Fig. 1. Iterations vs. errors for MINRES with DOF = 1360.

10 ; . . . . . . :
—*—GMRES ]
—%— GMRES(Pw) ]

relative residual
=

1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900
number of iterations

Fig. 2. Iterations vs. errors for GMRES with DOF = 1360.

P and P in (3.1) and (4.1). By using Matlab, we have computed the exact values of ||§||2, sp(;\), sp(§‘1) and v defined in

Lemma 3.4 as follows:
IBll, = 3.9837, v =7.9024,
and
sp(S™!") c [~1.6176, 2.6112],  sp(A) C [—1.0000, —0.0030] U [0.0233, 0.9848].

The estimates derived by Theorem 3.1 can be seen in Tables 4-6.



2872 N. Huang et al. / Computers and Mathematics with Applications 74 (2017) 2856-2873

Table 4
The bounds on the spectra of P~' mMP~T with n = 0.1.
Exact value [—4.5936, —0.2177] U [0.2514, 3.9785]
Estimated value [—8.1590, —0.1227 ] U [0.1227, 8.1590]
Table 5
The bounds on the spectra of 7~ mP~T with n = 0.01.
Exact value [—4.1236, —0.2425] U [0.2471, 4.0467]
Estimated value [—5.2310, —0.1914] U [0.1914, 5.2310]
Table 6
The bounds on the spectra of 7~ mMP~T with n = 0.
Exact value [—4.0835, —0.2449] U [0.2449, 4.0835]
Estimated value [—4.9761, —0.2012]1U[0.2012, 4.9761]

As can be seen in Tables 4-6, Theorem 3.1 provides quite reliable and accurate spectral bounds for the preconditioned
system P! MP~T. And we can also see from these tables that the preconditioner P~ is quite effective as the preconditioned
system P~ ' MPT is not very ill-conditioned.

For the spectral estimate of the preconditioned system P~!M, we see A; = 0.9848 < 1, hence we know from
Theorem 4.3 that all the eigenvalues of P~' M are real, and their predicted estimates lie in the range [—18.6529, 1.0000].
Then we have also computed the exact bounds of the eigenvalues of P~ M, given by [—16.8578, 1.0000]. This shows our
estimates in Theorem 4.3 are rather effective and accurate. To further check the effectiveness of our theoretical estimates
in Theorem 4.3, we replace the approximation A of A used in the preconditioner P in (4.1) by a more crude approximation,

namely 2A. For this case, we can compute A; = 0.4924 < 1,1; = 0.5000 < 1and ||l~%’||§ = 3.9675, which result in the
predicted spectral estimate by Theorem 4.3 as sp(P~'M) C [—5.6219, 0.9485]. This is very close to the exact spectral bound
[—4.8296, 0.8669], so indicates again the effectiveness of our theoretical spectral estimates.
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