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ABSTRACT. Let X = Xs be a toric surface and (X, W) be its Landau-Ginzburg (LG) mirror where
W is the Hori-Vafa potential [38]. We apply asymptotic analysis to study the extended deformation
theory of the LG model (X, W), and prove that semi-classical limits of Fourier modes of a specific
class of Maurer-Cartan solutions naturally give rise to tropical disks in X with Maslov index 0 or 2,
the latter of which produces a universal unfolding of W. For X = P2, our construction reproduces
Gross’ perturbed potential W, [29] which was proven to be the universal unfolding of W written
in canonical coordinates. We also explain how the extended deformation theory can be used to
reinterpret the jumping phenomenon of W,, across walls of the scattering diagram formed by Maslov
index 0 tropical disks originally observed by Gross [29] (in the case of X = P?).

1. INTRODUCTION

1.1. Background. The study of mirror symmetry for toric varieties goes back to Batyrev [5],
Givental [25] 26] 27], Lian-Liu-Yau [46], Kontsevich [40] and Hori-Vafa [38]. Unlike the Calabi-Yau
case, the mirror of a compact toric manifold X is given by a Landau-Ginzburg (abbrev. LG) model
(X, W) consisting of a noncompact Kéhler manifold X and a holomorphic function W : X — C
called the potential [54, [55]. As a prototypical example, the LG mirror of X = P? is given by
X = {(2% 2, 2%) € C3 | 292122 = 1} together with the restriction of W = 20 4 2! + 2% to X c C3.

At the genus 0 level, mirror symmetry can be understood as an isomorphism between Frobenius
manifolds. For a large class of examples, the construction of the B-model Frobenius manifold from
the LG model (X, W) was carried out by Douai-Sabbah [14} [15] (see also the book [51]), generalizing
the classic work of K. Saito [52]. Mirror symmetry then says that the B-model Frobenius manifold
of (X, W) is isomorphic (via a possibly nontrivial mirror map) to the A-model Frobenius manifold
constructed from the genus 0 Gromov-Witten (abbrev. GW) theory or big quantum cohomology of
X. In the case of projective spaces this was proved by Barannikov [3].

The geometry of this mirror symmetry can be understood using the Strominger-Yau-Zaslow (ab-
brev. SYZ) conjecture [53]. Namely, a natural Lagrangian torus fibration is given by the moment
map p : X — P, and the mirror manifold X can be constructed geometrically as the moduli space
of A-branes (L, V) consisting of a Lagrangian torus fiber L of p and a flat U(1)-connection V over
it, or simply, as the total space of the fiberwise dual of p restricted to the interior Int(P) C P [IJ.
The SYZ conjecture also suggests that mirror symmetry is a geometric Fourier transform; in this
regard, the construction of X from X may be viewed “0-th Fourier mode” of the mirror geometry.

The “higher Fourier modes” or “quantum corrections” come from the singular or degenerated
fibers of p over the boundary dP and are captured by holomorphic disks in X with boundary on a
Lagrangian torus fiber of p — this gives rise to the mirror LG potential W. Cho-Oh [I1] were the
first to prove, in the toric Fano case, that the so-called Hori- Vafa potential W [38] can be expressed
in terms of counts of Maslov index 2 holomorphic disks. This was later generalized by Fukaya-Oh-
Ohta-Ono [20] to all compact toric manifolds. They defined the Lagrangian Floer potential W¥
which is determined by the obstruction cochain mg in the Floer complex of a Lagrangian torus fiber
of the moment map p [I8] [19].
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In more explicit terms, coefficients of W are virtual counts of Maslov index 2 stable disks, or
more precisely, genus 0 open Gromouv- Witten invariants, and WF is a perturbation of the Hori-Vafa
potential W of the form

WY = W + correction terms

because coefficients of W only encode counts of embedded disks (which is why W = W only when
X is toric Fano). In general it is very hard to compute WTF, but explicit formulas are known in a
few low-dimensional examples [2] 22] 6] and when X is semi-Fano [7), 8 28].

Using WEF | one obtains an isomorphism of Frobenius algebras
(1.1) QH*(X) = Jac(WF)

between the small quantum cohomology ring of X and the Jacobian ring of W, without going
through a mirror map (or one can say that the mirror map is trivialized). To upgrade this to an
isomorphism between Frobenius manifolds, Fukaya-Oh-Ohta-Ono [21] introduced the bulk-deformed
potential WbLF as a perturbation of W by the ambient cycles in X. In [23] they proved that
can be enhanced to an isomorphism between the A-model Frobenius manifold of X and the B-model
Frobenius manifold constructed from WbLF.

Not long afterward, Gross [29 [30] constructed a very explicit perturbation of the Hori-Vafa
potential W = 29 4 2! + 22 mirror to X = P? using counts of Maslov index 2 tropical disks in R?
(or the tropical projective plane TP?). He computed oscillatory integrals of his perturbed potential,
producing beautiful tropical formulas for descendent GW invariants and proving that it is the
universal unfolding of W written in canonical coordinates, thereby giving a very transparent proof
of mirror symmetry for P? via tropical geometry.

Gross’ work is closely connected with the influential Gross-Siebert program [32, 33] 34} [35], where
a key role is played by a combinatorial gadget called scattering diagram which was first introduced
by Kontsevich-Soibelman in [42].

On the other hand, the precise correspondence between counting of tropical and holomorphic
curves has been studied in various cases, first by Mikhalkin [48] in dimension 2, and later by
Nishinou-Siebert [50] in higher dimensions. The correspondence between tropical and holomorphic
disks in toric varieties was first investigated by Nishinou [49], and more recently, clarified and refined
by Hong-Lin-Zhao [37] (in the case of toric surfaces). These works indicate that tropical geometry
is indeed sufficient in describing GW theory.

1.2. Asymptotic behavior of Maurer-Cartan solutions. The main goal of this paper is to
explain how extended deformation theory of the LG model (X, W) can lead us naturally to Gross’
perturbed potential constructed in [29]. Our main tool is asymptotic analysis on Maurer-Cartan
equations and we will build on the approach developed in [I0]. In a broader sense, our results are
about relations between tropical disk counting on (the tropical counterpart of) a toric surface X and
the extended deformation theory of its LG mirror (X, W), where W is taken to be the Hori-Vafa
potential [38].

Recall that in [I0], we considered the differential-geometric deformation theory of X governed by
the Kodaira-Spencer dgla K.S% = Q0 (X, T19) and the associated Maurer-Cartan (abbrev. MC)
equation

(1.2) O + %[so, ] =0.

An /i € R, parameter was introduced there to twist the complex structure of X which geometrically
corresponds to shrinking of the torus fibers in X. Following a proposal put forward by Kontsevich-
Soibelman [41] and Fukaya [17], we studied Fourier expansions of a specific class of solutions of the
MC equation along fibers of p : X — Int(P). The main results in [T0] showed that leading
order terms (or semiclassical limits) of the Fourier modes of such a solution naturally give rise to
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a consistent scattering diagram D as h — 0, and conversely such solutions can be constructed as
sums over trees of terms with support concentrated along the walls in D.

In this paper, we consider the extended Kodaira-Spencer complex given by polyvector fields:
PV**(X) = Q0 (X, A°T10).

This is equipped with the Dolbeault differential , a naturally extended Lie-bracket [-, -] and, as X is
Calabi-Yau, a BV operator A, constituting a differential graded Batalin-Vilkovisky (abbrev. dgBV)
algebra. This structure is the key ingredient in the construction of the B-model Frobenius manifold
in the Calabi-Yau setting [4} [3, [44].

For a LG model (X, W), the Dolbeault differential in the dgBV algebra PV** should be replaced
by the twisted Dolbeault differential Ow = 0 + [W, ], and it is natural to consider the associated
extended Maurer-Cartan equation:

= 1
(1.3) Owe+ 5l =0
for ¢ € PV**(X) (see Section . We adapt this approach with a view towards a construction of
the higher genus B-model [45] [12].

Except in Sections [3.2] and our attention will be restricted to the 2-dimensional case, so X
will just be a toric surface (implicitly equipped with the toric anticanonical divisor D = Dy,). To
analyze the equation associated to the mirror LG model (X = (C*)2, W), where W is the
Hori-Vafa potential, we apply the machinery developed in [10]. More precisely, as we will only be
concerned with the leading order behavior of the MC solutions as A — 0, the complex PV™** will
be replaced by the quotient (G/Z)** of a subalgebra G** < PV** consisting of terms with growth
control as h — 0 by the ideal Z** generated by error terms in A (see Definition . We shall also
employ the important notion of asymptotic support first introduced in [10] (see Definition .

In the 2-dimensional case, it is natural to consider deformations using n points P, ..., P, € R?
in generic positionH In view of this, we choose an input IT € (G/Z)*? of the form

(1.4) = uidp, (01 Ady),

where w; is a formal variable in the ring R = Ry, := Clu,...,u,]/ (u? | 1 <i < n) (equipped with
the maximal ideal m = m, := (u1,...,uy,)) which corresponds to the point P;, 0; A 0y is the
canonical holomorphic bi-vector field on (C*)? and dp, is a Dolbeault (0,2)-form with asymptotic
support at FP;. The idea to work with the ring R, is entirely motivated by the tropical geometry
setup in Gross’ work [29]. Also, the form dp, should be viewed as a smoothing of a ‘delta-form’
supported at P; (cf. [10]).

As in [10], a solution ® to the extended MC equation of (G/I)** can be constructed using
Kuranishi’s method [43], namely, by summing over directed ribbon weighted d-pointed k-trees (see
Definition with input II. The MC solution ¢ can then be decomposed as

(1.5) ¢ =11+ =% 4 =h1
where £ € (G/Z)"*. A major discovery of this paper is that, as & — 0, the correction terms =1
and 59 give rise to tropical disks of Maslov index 0 and 2 respectively:

Theorem 1.1 (=Theorem 4.12). For a toric surface X equipped with the Hori-Vafa potential W,
there is a solution ® to the Maurer-Cartan equation decomposed as in (1.5)) such that each of the
terms =90, Z11 can be expressed as a sum over tropical disks T' transversal to the toric divsor Dag

IThese are the only nontrivial bulk deformations.
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whose moduli space M s non-empty of codimension 1 — %(F) in By = R? (where MI denotes the

Maslov indezx):

500 = Z arMono(T'), =1 = Z arLog(Or);
MI(T)=2 MI(T)=0

here Mono(T") is a holomorphic function and Log(Or) is a holomorphic vector field defined explicitly

for a tropical disk T', and ar is a Dolbeault (0,1 — %(F))—form with asymptotic support along the
(1+ %(F))—dz’mensional tropical polyhedral subset Qr C By traced out by the stop Q of the tropical

disks in the moduli space m (see Definition .
Furthermore, the following properties hold:

’lir% arl, =1 for any x in the interior Int(Qr) when MI(T') = 2,
i—

h—0

lim /ar =—1 for any o M Int(Qr) positively when MI(T') =0,
)

where g is any affine line intersecting Qr positively and transversally in its relative interior Int.(Qr).

Following Gross [29], we define the n-pointed perturbed LG potential W, (Q) in terms of counts
of Maslov index 2 tropical disks with interior marked points possibly passing through Pi,..., P,
and with stop at a fixed point ) € R?; see Section [2| for the precise definitions. Then Theorem

gives a bijective correspondence between leading order terms of %0 as i — 0, tropical disks I" with

MI(T) =2 and m # (), and hence terms in the perturbed potential W,,(Q):

terms in the Theﬂu___u Tropical disks T’ 29 terms in the
expression of Z%0 with MI(T") =2 perturbation W,,(Q)

In the case of X = P2, the tropical disks above are precisely those considered by Gross [29]. Indeed
we have

lim £%9(Q) = Z Mono(T),

h—0

which coincides with Gross’ definition of the n-pointed potential W,,(Q). This explains how solutions
to the extended MC equation (|1.3)) lead naturally to the perturbed potential W,,.

The n-pointed potential W,,(Q) depends on @, and Gross [29] proved that the dependence is
dictated by wall-crossing formulas across walls of a scattering diagram D constructed from the
Maslov index 0 tropical disks with interior marked points possibly passing through the n marked
points P, ..., P,. Theorem gives a bijective correspondence between leading order terms of =11

as h — 0, tropical disks I' with MI(I") = 0 and m # (), and hence walls in the scattering diagram
D:

terms in the Thegrem [T Tropical disks " (@) walls wr = (mp, Qr, Or)
expression of =11 with MI(T') =0 in the diagram D '

Remark 1.2. Underlying the above bijective correspondences is an interplay between the differential-
geometric properties of the dgBV algebra (G/I)** and the combinatorial properties of tropical disks,
which has also played an important role in [10]. As will be seen in Section this leads to an
extended version of the tropical Lie algebra which we call the tropical dgLa.

1.3. Wall-crossing from Maurer-Cartan solutions. Besides giving enumerative meanings to
correction terms in the MC solution ®, Theorem [I.1], when combined with the main results in [10],
has an interesting corollary which can be viewed as an alternative proof (via gauge equivalences) of
the wall-crossing formulas ([29, Theorem 4.12]) for Gross’ perturbed potential W,,. Let us explain
the argument in this subsection.



TROPICAL COUNTING FROM MAURER-CARTAN EQUATIONS 5

By definition, the scattering diagram D = D(P, X, P, ..., P,) consists of walls wr = (mp, Qr, Or),
the support of each being the tropical polyhedral subset Qr traced out by the stop of a tropical
disk T" (see Section [2.4.3)). The intersection of these Qr’s is the set Sing(D) \ {Pi,..., P,}, where
Sing(D) denotes the singular set of D, and a point j € Sing(D) \ { Py, ..., P,} is called a joint in the
Gross-Siebert program [35].

Restricting to a contractible open neighborhood U = U; C R?\ {P,..., P,} containing a single
joint j, we have ®|y = 209 4 =1 because 6p,|y = 0 and hence |y = 0 in (G/Z)**. By degree
reasons, we see that 11|y is itself a solution to the non-extended Maurer-Cartan equation ,
namely, 0511 + %[51’1,51’1] = 0. Now [I0, Theorems 1.5 and 1.6], the proofs of which were by
asymptotic analysis and completely different from that of [29], imply the following statement which
originally appeared in Gross [29]:

Corollary 1.3 (Proposition 4.7 in [29]). For any pointj € Sing(D)\{ Py, ..., P}, we have ©., p = Id
for any loop ~y; around j in a sufficiently small contractible neighborhood U; of j.

Next we would like to work locally near a wall Qr of the scattering diagram D. So we consider a
contractible open subset U C Mg \ ({P4, ..., Py} USing(D)), which is separated into two chambers
Uy and U_ by the wall QrNU as shown in Figure|l| (here Uy are chosen according to the orientation
of the ray Qr).

Results from [10, Section 4] imply that

| Log(®©r) on Ut
(1.6) = { 0 on U_

is the unique gauge solving the equation

ad, B B
(a.7) et o - [( M) o), o+ (21

ady,

and satisfying the condition that ¢|;;_ = 0. The Maurer-Cartan solution =!'! behaves like a ‘delta-
form’ supported along the wall Qr, while the local gauge ¢ in U behaves like a step-function jumping
across the wall Qr as shown in Figure

Gauge ¢

HEEEE

TW\////////

FiGUrE 1. The gauge ¢ as step-function
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When the extended MC equation (1.3)) is restricted to U, we have ®|y = Z%0 + =11 and it
decomposes into two equations:
= _ 1. _ _
6:1’1 + 5[:1,1":1,1] =0,
550,0 + [VV7 5171] + [5070751,1] —0.
The second equation can be rewritten as (5 + [ELY ]) (W + 50’0) = 0, meaning precisely that
W 4 500 is a holomorphic function with respect to the complex structure defined by 9 + [ZL1].
Since e*dvde~?de = 9 + [V, .], this is equivalent to saying that the function e=?de(W + Z%0),
which is globally defined on U, is holomorphic with respect to the original Dolbeault operator 9.

Now letting W, + 1= (W + EO’O) |y, on Uy respectively, we have

O (Wy1) onUy,
Wh,— on U_.

So the fact that e=2d¢ (W + Z%0) is a globally defined function on U implies that Op (W, ) = W, ..
Applying this to a finite number of walls, we obtain the following wall-crossing formula which
originally appeared in Gross [29):

2o (W + 500) = {

Corollary 1.4 (Theorem 4.12 in Gross [29]). If Q,Q" € R? are not lying on any walls in the
scattering diagram D, then we have

(1'8) Wn(Ql) = Q’Y,D(WH(Q))a
for any path v C Mg \ Sing(D) joining Q to Q'.

1.4. Remarks. We end this introduction by a couple remarks.

(1) Just as in Gross [29], the tropical disks which appear here (see Section [2|) correspond to
holomorphic disks in the toric variety X which are transversal to the toric divisor D,
so the tropical counts would give the correct Gromov-Witten invariants only when X is a
toric Fano surface. One way to get the correct Gromov-Witten invariants in general is to
apply the technique of tropical modification which deforms the ambient space so that the
hidden curves (i.e. curves lying inside the toric divisor Dy,) can be seen; see e.g. [39] for
an introduction. We expect that our results would still hold if we replace the Hori-Vafa
potential with the Lagrangian Floer potential WF, and in that case W,, would correspond
to the bulk-deformed potential function defined using suitable tropical modifications.

(2) To generalize our results to higher dimensions, one again needs a proper definition of tropical
counts. In that case, we shall allow interior insertions of tropical cycles of different codimen-
sions, instead of just points in generic position. It should be straightforward to generalize
our results when only point insertions are involved. For other tropical cycles, what is missing
is a description of such cycles by means of elements in the tropical dgLa as in equation .
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2. TROPICAL COUNTING IN DIMENSION 2

We fix, once and for all, a rank 2 lattice M together with its dual lattice N, and write Mr = M ®@zR
and Ng = N ®z R for the corresponding real vector spaces. An element in M (resp. N) will be
denoted by m (resp. n). Let 3 C Mg be a complete rational polyhedral fan and X be the associated
toric surface. We take K := Kx, N H?(Xx,Z) to be the monoid of integral Kihler forms, where
Kx, is the Kéhler cone of Xy. We also use 3(1) to denote the set of 1-dimensional cones in ¥ and
D, to denote the toric divisor corresponding to p € ¥(1). The purpose of this section is to define
the counting of tropical disks following [48] 29], with slight modifications.

2.1. The Hori-Vafa LG mirror.

Notations 2.1. If we fix a Lagrangian torus fiber L of the moment map p : Xy — P, then
(X, L) & ZpGE(l) Z - m, is freely generated by the classes m,’s of Maslov index 2 holomorphic
disks in (X, L), where m, is the unique disk class which intersects the toric divisor D, exactly once.

Let P be the nonnegative cone ma(X, L)>o C m2(X, L) generated by classes 5 € ma(X, L) such that
fﬁw >0 for allw € K, and Q = ma(X) Nma(X, L)>o be the effective cone (or Mori cone) of Xsx.
We have P9 = mo(X, L) and Q9% = ma(X), where P9 and Q9 are the abelian groups associated to
P and Q respectively, and the exact sequence of monoids

0

(2.1) 0 Q P M 0
where M is identified with w1 (L) and 0(3) := 0 is the map taking boundary of the class € P.

We will use m to denote an element of P and m to denote its image O(m) € M. Note that
0 : P — M maps the standard basis {m,} C 7MW to the generators of the 1-dimensional cones

p € X(1).

Example 2.2. We consider a fan ¥ in My = 72, with its 1-dimensional cones given by p; = R - m;
where we have m; = (0,1), my = (—1,0), m3 = (0, —1) and my = (1,1). The corresponding toric
variety Xy, is the surface Fy. We write mo(Xx, L) = @f‘:l Z - m; with m; being the unique disk class
which supports a Maslov index 2 holomorphic disk intersecting exactly once with the toric boundary
D,,. In this case Q is the monoid of integral points in the cone generated by —mi + ma + my and
my + ms, while P is the monoid of integral points in the cone generated by the m;’s together with
—mq + mo + my.

Consider the polynomial rings C[P] := C[z™ | m € P] and C[Q] := Cl¢? | d € Q] and the
corresponding affine toric varieties X := Spec(C[P]) and S = Spec(C[Q]). There is a natural
morphism 7 : X — S induced by the map Q — P in . As a result we obtain a toric degeneration
of the LG model over S as in [29] 30].

Definition 2.3. The Hori-Vafa potential is the polynomial W := ZpGE(l) 2™ on X.

2.2. Tropical disks. Before defining tropical disks, we first introduce the underlying combinatorial
structures:

Definition 2.4. A (directed) k-tree T' consists of a finite set of vertices T together with a decom-
position TI0) = Ti[g] U TO U {v,}, where 70

s called the set of incoming vertices, is a set of size k

and v, is called the outgoing vertex (we also write TCES] = TZ-[S] U{vo}), a finite set of edges T, and
two boundary maps 8, 8, : T — TO) (here Oy, stands for incoming and 0, stands for outgoing),
satisfying the following conditions:
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(1) Every vertex v € T is trivalent, and satisfies #0, ' (v) = 2 and #9;,(v) = 1.

(2) Every vertex v € TZ-[S} has valency one, and satisfies #0; ' (v) = 0 and #09;, (v) = 1; we let
T = TUN ().

(3) For the outgoing vertex v,, we have #0, " (v,) = 1 and #9;, (v,) = 0; we let e, := 95 (v,)
be the outgoing edge and denote by v, € Ti[g] UTO the unique vertex (which we call the root
vertex) with e, = ;' (vy).

(4) The topological realization |T'| := ([[,c7m0,1]) / ~ of the tree T is connected and simply
connected; here ~ is the equivalence relation defined by identifying boundary points of edges
if their images in T are the same.

Two k-trees T1 and Ty are isomorphic if there are bijections Tl[o] = TZ[O] and Tl[l] = T2[1] preserving the
decomposition Ti[o] = Tz-[g]n L Ti[o] UA{vio} and boundary maps 0;in and 0;,. The set of isomorphism

classes of k-trees will be denoted by Ty. For a k-tree T, we abuse notations and use T (instead of
[T]) to denote its isomorphism class.

A ribbon k-tree is a k-tree T with a cyclic ordering of ;' (v) U9, (v) for each trivalent vertex
v e TV and isomorphism of ribbon k-trees are required to preserve this ordering.

Notations 2.5. As in [29, B0], we take n points Pi,..., P, € Mg and introduce the ring

(C[ul,...,un]
(u?\lgign)’

R=R, :=

where we associate to each point P; the variable u;. This ring has the maximal ideal m = m,, :=

(Ug, ..., up).

Definition 2.6. A weighted d-pointed k-tree is a (k + d)-tree T' together with an injective map
p:{l,...,d} — O;ZI(I‘?;]) (we use p; to denote the image p(j) € 61;1(F£?L])), a weight m : TH — P
(we use m, to denote the image m(e) € P) and a map w: T — R,, (we use u. to denote the image
u(e) € Ry,) satisfying the following conditions:

(1) for every e € M, w, € R, is a monomial defined via the rule: for each j = 1,...,d, we
have uy, = u;; for some i; € {1,...,n} such that 1 < iy < iz < --- <iqg < n, and for each

ec 81-;1(@?1]) \ {p1,...,pa}, we have ue = 1;

(2) for every trivalent vertex v € O gttached with two incoming edges eq,es and an outgoing
edge es we require at least one of e1,es do not belong to 81-;1(1“7[23) \{p1,...,pa}, and we
further require e, = Ue, - Uey, ANA Mey = Me, + Mey;

(3) me =0 if and only if e € {p1,...,pa};

(4) for every e € 8;11(11?7)1]) \{p1,...,pa}, we have m, = m, for some p € X(1).

Two weighted d-pointed k-trees I'1 and I'y are said to be isomorphic if they are isomorphic as k-trees
and the isomorphism preserves the marked points p;’s and the weight functions me’s. The set of
isomorphism classes of weighted d-pointed k-trees will be denoted by WPTy, 4.

A weighted ribbon d-pointed k-tree is a weighted d-pointed k-tree I' equipped with a ribbon struc-
ture on it such that if ey and ea are the incoming edges of v with outgoing edge es with ey, es, e3 in
cyclic ordering, then only e1 can possibly be an edge from Fg?j = 81-;1(F£2L]) \ {p1,...,pa}. Isomor-
phisms between these trees are defined as isomorphisms between weighted d-pointed k-trees which
preserve the relevant structures. The set of isomorphism classes of weighted ribbon d-pointed k-tree

s denoted by WRTy, 4.

For a weighted d-pointed k-tree T' (or weighted ribbon d-pointed k-tree resp.), we abuse notations
and use I' (T resp.) instead of [I'] ([T] resp.) to stand for its isomorphism class.
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Notations 2.7. Given a weighted d-pointed k-tree T' (d > 0 and k > 1), we write ng =~ (F[o])\

m
{p1,...,pa} for the set of incoming edges excluding those which correspond to the marked points.
Given any e € Tl \ {p1,...,pa}, we let ke = 0 if me = 0, and when m. # 0, we let k. € Z>o
be the unique positive integer such that me = keme where me € M is the primitive element. The
integers {ke}ecii)\(p:,..pa} define the weight function wr : L)\ {p1,..-,pa} — Z>o (hence the
name “weighted k-tree”) and the formula me, = Me, + Me, corresponds to the balancing condition,
both of which appear in the original definition of tropical curves in [48, 29].

We also write mp (or kr) and up for the weight and monomial, respectively, associated to the
unique outgoing edge e, attached to the unique outgoing vertex v, of I'.

Definition 2.8. Given a d-pointed weighted k-tree I', we define the multiplicity at a trivalent vertex
ve Y =T 8,({p1,...,pa}) by
Mult,(I") := | det(Me, , Me,)| = | det(me,, Mey )| = | det(Me,, Me,)|,

where e1,eo are the incoming edges and e3 the outgoing edge attached to v. Then we define the
multiplicity Mult(T') of I' by Mult(L") := [] o Multy ().
0

Note that at a trivalent vertex v € F[[)O} with incoming edges e1, ez, the multiplicity Mult,(I") # 0
if and only if Mme, , M., are linearly independent in Mp.

Given a weighted d-pointed k-tree I, a realization of T is defined as |I'z| := (( l—leea.—l(rl"]) (R<o)e)U!

(Ueeri[se, 0]) )/ ~, for a set of parameters 5 := (s¢).cpn € (R<o)‘rm|; here (R<g), is just a copy
of R<p and ~ is the equivalence relation defined by identifying boundary points of edges if their

images in T are the same. The set of realizations of T is parametrized by § € (R<0)‘Fm|.

Definition 2.9. A d-pointed tropical disk ¢ in (P, X, Py, ..., P,; Q) consists of a weighted d-pointed
k-tree I' with ur # 0, a set of parameters § = (s¢) crn € (R<0)‘Fm|, and a proper map s : |U'z| — Mg
from the realization |TUz| of T' to Mg, satisfying the following conditions:

(1) g\(RSO)pj = P, if the monomial assigned to p; is u;;; in particular §|(R§o)pj a constant map
(playing the role of a marked point).

(2) For each incoming edge e € I‘E}, we have S|k _y).(5) = Sl(r<y). (0) +5(=me) for all s € R<o.

(3) For each e € T, we have Sl[se,01(8) = c\[sey(;](O) + s(—m;) for all s € [se,0] (so that the
image Im(c|(s. o)) s an affine line segment with slope —m ).

(4) The point <(vo) = <|(s,,0/(0) € Mg is called the stop of the tropical disk < and we require

that s(v,) = Q.

The multiplicity Mult(s) of a tropical disk < is defined as the multiplicity Mult(T") of the underlying
weighted d-pointed k-tree T'. Note that Mult(c) # 0 if and only if the images of the two incoming
edges at any trivalent verter are intersecting transversally. The underlying tree I is said to be the
combinatorial type of the tropical disk . We use 9)?5(73, Y, Pi,...,P,;Q) to denote the moduli space
of tropical disks in (P,X, Py, ..., Py; Q) with a fized combinatorial type T.

Similarly, we define a tropical disk ¢ in (P, X, Py,...,P,) by allowing the stop @ to vary or by
dropping condition (4) above, and we denote by 93?5(77727]31, ..., Pp) the moduli space of tropical
disks in (P,%, Py, ..., P,) with a fized combinatorial type T'. In other words, M5 (P, S, Py, ..., P,) =
UQ ML (P, %, Py, ..., Py; Q). Notice that there is a natural Ry action on MY (P, %, Py, ..., P,) given
by translating the stop <(v,) = Q along the direction —m.,, so we have a well-defined quotient
93?5(73, ¥, P, ..., P,) /Ry, which can be regarded as the moduli space of tropical disks as the stop Q
goes to infinity along the direction —m.,; see [29, 30].
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We further define a tropical disk ¢ in (P, X) with a fixred combinatorial type I' by dropping condition
(4) above and replacing condition (1) by only requiring that ¢|r_), s a constant map for each
=0/p;

j=1,...,d

The reader may ask why all the internal vertices T'l9) are required to be trivalent. Indeed we have
only defined generic tropical disks and the above moduli spaces are all noncompact. We use this
approach because this suffices for the purpose of tropical counting. To compactify these moduli
spaces, we need to allow the intervals [s., 0]’s corresponding to the internal edges e € 'Y to shrink
to zero lengths (i.e. by allowing s, = 0), so that some internal vertices are allowed to be of higher
valencies.

We use ﬁg(?, Y)) to denote the compactified moduli space of tropical disks I' in (P, ) with a
fixed combinatorial type thus obtained, which gives a compactification of the union of the moduli
spaces fmg(P, ¥, P,...,P,) as Py,..., P, vary. We use the notation 3@5(77, Y)) to stand for the
set of tropical disks with at least one degenerated internal edges (i.e. s, = 0 for some e € F[l]).

. — .

It is not hard to see that 9, (P, %) = (RSO)WM' X Mg, where the first component s € (Rso)mll‘

parametrizes the realization |I'g| of I" and the second component Mg parametrizes the stop ¢(v,).
Its dimension is given by

(2.2) dimp (T (P, %)) = |AT)| +d + 1,

where |A(T")| := k for a d-pointed weighted k-tree I". This moduli space has a natural stratification
coming from the one on (RSO)‘FM| given naturally by the coordinate hyperplanes s, = 0.

We also need to consider the partial compactification
. —T
M (P, %) 1= (My(P, D)\ {s | 50, = 0}) /R,
and we denote by 895?5(73, 3}) the set of tropical disks with s, = 0 for some e € T\ {e,}.

Definition 2.10. We define the evaluation maps evy : ﬁg(?, Y) — Mg, where x € {1,...,d}U{o},
to be the evaluation at a marked point evi(s) = <(ps) when = € {1,...,d}, and the evaluation at
the outgoing vertex ev,(s) = <(vo) if * = 0. We put these evaluation maps together to obtain the

map €0 = (evy,...,evq, ev,) : My(P,B) — Mﬁ“. Similarly, we have the evaluation map v =
(evi,...,evy) : ML(P, X)) — ME.

Definition 2.11. We say that n distinct points Py, ..., P, are in generic position if for any d < n,
any d-tuple (Pi,, ..., P;,) is not lying in the image €v(S) of a stratum S C MY (P,X) over which
the evaluation map €v is degenerated, meaning that the differential D(€v|g) is not surjective (notice

that €v|g is an affine map and hence D(ev|g) is a well-defined constant linear map), and this holds
for any combinatorial type T,

We say that n+1 distinct points Py, . .., Py, Q are in generic position if the n points Py, ..., P, are
in generic position, and for any d < n and any d-tuple (P;,, ..., P;,), the (d+1)-tuple (P;,, ..., Pi,,Q)
is not lying in the image €v(S) of a stratum S C (ﬁg(P, Y))) over which the evaluation map €b is
degenerated and this holds for any combinatorial type I.

Definition 2.12. We define the Maslov index M I(T") of a weighted d-pointed k-tree T' by MI(T") =
2(k — d), and the Maslov index MI(s) of a tropical disk < to be that of its combinatorial type T'.

Lemma 2.13 (Lemma 2.6 in [29]). If P1,..., P,,Q are in generic position and MI(T") = 2r, then
ML(P,2, Pr,y..., Py Q) is an (r — 1)-dimensional (over R) affine linear subspace of ﬁZ(P, )\
8@5(77, ¥); in particular, ML (P, X, Py,..., Py Q) = 0 when r < 0.
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If Pi,...,P, are in generic position and MI(T') = 2r, then ML (P, %, Pi,...,P,)/Ry is an
r-dimensional (over R) affine linear subspace of 95?5(73,2) \ 895?5(73,2); in particular, we have
ML (P, S, Py,...,P,) /Ry =0 when 1 < 0.

2.3. The perturbed Landau-Ginzburg potential. We now define an n-pointed LG potential
as a perturbation of the Hori-Vafa mirror family (X', W) by tropical disk counts, following [29].

Definition 2.14. Given a tropical disk ¢ € 9)?5(73, Y, P, ..., Py Q) with MI(s) =2, the monomial
associated to ¢ is defined by

Mono(s) :== Mult(T")z"Tup € C[P],

where mp € P is the weight and ur s the monomial associated to the unique outgoing edge e, of ¢

as in Definition [2.6]

Definition 2.15 (cf. Definition 2.7 in [29]). Fizing the points Pi, ..., Py, Q in generic position, we
define the n-pointed Landau-Ginzburg (LG) potential as

Win(Q) = Z Mono(s),
S
where the sum is over all Maslov index 2 tropical disks ¢ in (Py,..., Py; Q).

Note that the 0-pointed LG potential Wy(Q) = W is precisely the Hori-Vafa potential, so the
n-pointed potential W, (Q) is indeed a deformation (in the formal variables u;’s) of W.

2.4. Scattering diagram from the Maslov index 0 disks. According to [29,[30], the dependence
of the n-pointed LG potential W, (Q) on @ is governed by a scattering diagram constructed from
the Maslov index 0 tropical disks. Here we recall the definition of scattering diagrams from [10,
Section 3] with slight modifications; the original definition was due to Kontsevich-Soibelman [42]
and can be found in [31].

2.4.1. Tropical vertex group. We consider C[P] ®z N, whose general elements are finite linear com-

binations of elements of the form 2™ ® 9, (here D, is a holomorphic vector field on X associated to
n € N to be defined in (3.5))). We also define the Lie-bracket [-,-] on C[P] ®z N by the formula:

(2.3) [zm R Oy 2™ @ Dy | = zm+m/5(m/,n)nu(m,n/)na

where (-, -) is the natural pairing between M and N. We consider the Lie algebra g := (C[P] ®z N)®c
R, where R, is the formal power series ring R,, in Notation equipped with its maximal ideal
m.

Definition 2.16 ([31]). The tropical Lie-algebra over R = R, is defined to be the nilpotent Lie
subalgebra § — g given explicitly by (@mG'P\{U} C.-2"®g (mJ‘)) ®c R — g. The tropical vertex
group is defined as the exponential group of b.

Definition 2.17. Given m € P\ {0} and n € m*, we let by, := (C[2"] - 2™)0, @c m — b,

whose general elements are of the form 3~ 7 ak,12*™Opuy, where I C {1,...,n}. This defines
an abelian Lie subalgebra of b by (12.3)).

Definition 2.18. A wall w over R is a triple (m,Q,©), where

e m € P\ {0} such that m parallel to Q,
e (), called the support of w, is a connected oriented codimension one convex tropical polyhedral
subset of Mg [

2It means a connected convex subset locally defined by affine linear equations and inequalities defined over Q.
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® O € exp(bmng), where ng € N is the unique primitive element satisfying ng € (TQ)*
and (vg,n) < 0, and vg € Mg here is a vector normal to Q such that the orientation of
TQ @R -vg agrees with that of M.

Definition 2.19. A scattering diagram D over R = R,, is a finite set of walls {(mqa, Qa,On)}

o

Notations 2.20. For a scattering diagram D, its support is defined as supp(D) = |Jyep Qw,
and its singular set as Sing(D) = Uyep 0Qw U Uy, tw, (Qwi N Qw,) , where w1 M wy means
transversally intersecting walls.

2.4.2. Path ordered products. An embedded path v : [0, 1] — By \ Sing(D) is said to be intersecting
D generically if v(0),v(1) ¢ supp(D), Im(y) N Sing(D) = @ and it intersects all the walls in D
transversally. Given such an embedded path ~ with a sequence of real numbers 0 =ty < t1 < t3 <
o < tg < tsy1 = 1 such that {y(¢1),...,7(ts)} = v Nsupp(D), we define the path ordered product
along v, denoted by

6779 = @g?ts) o G'thi) o G)f)f’%tl)

to be the product of the wall crossing factors ©,;,)’s according to the direction of the path v
following [31], where o; = 1 if if orientation of P; ; & R - +/(¢;) agree with that of My and o; = —1
otherwise. For more details, we refer readers to [10), Section 3.2.1.].

Definition 2.21. A scattering diagram D is said to be consistent if we have ©, p = Id, for any em-
bedded loop vy intersecting D generically. Two scattering diagrams D and D are said to be equivalent
if ©yp = G)7 5 for any embedded path vy intersecting both D and D generically.

2.4.3. Maslov index O tropical disks.
Definition 2.22. We define D(P, %, P1,..., P,) to be the scattering diagram which consists of walls
wr = (mr, Qr, Or)
for each weighted d-pointed k-tree T' with MI(T') =0 and 9)?5(73, X, P, ..., P)/Ry # 0, where
(1) the ray Qr C Mg is given by the closure of the image of ev, : ML (P, X, Py,..., P,) — Mg
at the outgoing vertez v, (i.e. the locus of the stop of a tropical disk <),
(2) the Fourier mode mp = mc is the weight associated to the outgoing edge e, attached to the
unique outgoing verter v,, and 5
(3) the wall-crossing automorphism Or is given by the formula Log(Or) = kp Mult(I') 2" Oy ur,

where kr is introduced in Notation up s defined as in Definition [2.14), and np € N is
the clockwise primitive normal to Qr.

We end this section by stating two of the main results in [29] which describe how the perturbed
LG potential W,,(Q) jumps across the walls in the scattering diagram D(P, %, Py, ..., P,):

Theorem 2.23 (Proposition 4.7 and Theorem 4.12 in [29]). For any pointj € Sing(D)\{P,..., Py}
and any loop v; around j in a sufficiently small contractible neighborhood U; of j, we have

0., p = 1d.
Furthermore, if Q,Q" € Mg are not lying on any walls in D(P, %, Py, ..., P,), then we have
Wa(@) = ©,0(Wa(Q)).
for any path v C Mg \ Sing(D) joining Q to Q'.

Vs

As we have seen in the introduction, the main result of this paper (i.e. Theorem [1.1)) combined
with the main results of [10] can give new interpretations and alternative proofs of these two results.
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3. EXTENDED DEFORMATION THEORY OF THE LG MODEL

In this section, we investigate the dgBV algebra governing the extended deformation theory of
the LG model (X, W) and the asymptotic behavior of the Maurer-Cartan solutions when the torus
fibers of the fibration p : X — Int(P) shrink, building on the techniques developed in [10].

3.1. The dgBV algebra coming from polyvector fields. Given a LG model (X, W) equipped
with a holomorphic volume form €2, one can construct a natural differential graded Batalin-Vilkovisky
(dgBV) algebra on the Dolbeault resolution of the sheaf of polyvector fields on X given by PV*J(X) :=
Q% (X, /\iT;(’O), where the degree on PV (X) is taken to be j —i. We briefly review this construc-
tion; see, e.g. [44].

Notations 3.1. Given local holomorphic coordinates yl, ... u™ on X and an ordered subset I =
{i1,... ,zk_} c{l,...,n}, we set du’ := du™* A --- A du'*, O = 631 ARERWA BS’%’ and similarly for
du! and 0.

First of all, the space of smooth sections of \*T )12’0 is equipped with a natural wedge product

A. With a holomorphic volume form Q=eldu'-- -du™ and a polyvector field of the form d; where
I={iy,...,ix}, wedefine 0y 4Q:=1_o - -1_o €.

o'l u'k
Definition 3.2. The BV differential A, is defined byf]|
(3.1) Apa Q= 09(a-Q).

The operation d, : A* TH0 — A* 1 T10 defined by

(3.2) So(w) :== Al Aw) — A(w) Aw — (—1)*v A A(w)
is a derivation of degree k + 1.
Definition 3.3. We define the bracket [-,-] : V@V — V by [v,w] = (—=1)"H16,(w), where |v|

stands for the degree of a homogeneous element v

These structures can be extended to the Dolbeault resolution PV**(X) of A* T equipped with
the twisted differential Oy = 0 + [W,-] and the graded commutative wedge product A. In the
local holomorphic coordinates ul,...,u", writing o = afda’ A ; (with |I| =i and |J| = j) and
B = pEdul A 9k (with |K| =k and |L| = 1), we have

d(a) = d(ad)da’ A dr; Ala) = (—1)7da’ A A(addr);
a B = (=) pEau’ Adut Ao A Ok o, 8] = (—1) V! dut oo, BE Ok

From these we obtain the differential graded Lie algebra (dgLa) (PV**[1],[-,-], 0w ), where [1] is
a degree shift. We will study the asymptotic behavior of solutions of the Maurer-Cartan equation

—

(1.3]) for degree 0 elements ¢ in PV** @c C[Q]g ®c my,.

Going back to our situation, by extending the exact sequence of monoids (2.1)) to the associated
abelian groups, we get the so-called fan sequence in toric geometry [13, 24]:

0

(3.3) 0 Q9P PP M 0.

3We will suppress the dependence of the BV differential on € whenever there is no danger of confusion.

4The bracket [, -] agrees with the well-known Schouten-Nijenhuis Lie bracket on smooth sections of A* T"° which
can be expressed as [v1 A -+ A vk, Vi A AV ] = 3 1<i<k (=10 T o, Vi) AvI A ATEA - Aok A VA A

‘ 1<5 <K/
and [v1 A A vk, f] = S (=D o (Flor A AT AL ok
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We have P = ZFPMWl = M x Q9P giving a trivialization of the family over Spec(C[Q?]) C
Spec(C[Q]) as

(34) X X Spec(C[Q)]) SpeC((C[Qgp]) =Tn % Spec((C[Qgp])7
where T := (N ®z C) /N is a 2-dimensional algebraic torus.

Since Q is a strictly convex polyhedral cone, there is A natural maximal ideal m = mg = (2™ |
m € Q\ {0}) in C[Q]. We consider the completion (C[ | == Jim C [Q]/m* and its localization

@S at the multlphcatlve system S ={z"|me Q\{0}}. By taking the tensor product
C[ng]®c[ggp]C[Q]S = (C[M]@C(C[Q]S, we can treat W € (C[M](X)(CC[Q]S as a family of LG potentials

parametrized by (C[Q]S on the (fixed) algebraic torus Ty. For the LG model (X, W) := (Ty, W),
we choose the local holomorphic coordinates as follows:

Notations 3.4. We fiz, once and for all, a Z-basis e1,es for M and identify m = mye; + moeg with
(m1,my) € Z2. We also use w™ = (w!)™ (w?)™2, for m = (m1,my) € M, to denote a monomial on
X. Notice that every m € M naturally gives a (1, 0) -form dlog(m) := dlog(w™); similarly, every
n € N naturally gives a vector field 0, satisfying On(w™) = (n,m)w™, where (-,-) is the natural
pairing between M and N.

Equipped with the natural holomorphic volume form Q := dlogw' Adlogw? on X, we obtain the
triple (X, W, ), and hence a dgBV algebra by the above discussion.

3.1.1. hA-family of SYZ fibrations. Following a proposal by Kontsevich-Soibelman [41] and Fukaya
[17], we consider an h-family of SYZ fibrations which corresponds to a large complex structure limit,
so that we can apply asymptotic analysis as in the previous work [10].

We consider the log map Log : Ty = (N¢/N) — /—1Ng which is naturally a torus fibration. We
fix a symplectic structure wgy on the toric surface Xs. and consider the associated moment polytope
P C /—1Ng. From the SYZ viewpoint [53, @], the mirror manifold is obtained by dualizing the
moment map on X, so we choose the base of the SYZ fibration to be By := Int(P) and take
X = p~1(By) instead of the whole algebraic torus T.

Let {e!,e?} be the Z-basis of N dual to the chosen basis {e1,es} of M. We then let (z!,x?)
be the oriented affine coordinates of By with respect to the basis {e!,e?} and (y',y?) be the affine
coordinates on the torus fibers of p: X — By.

Associated to the symplectic structure wo, there is a symplectic potential é in the action-angle
coordinates written explicitly in [36]. We take ¢ and apply the Legendre transform L I Int(P) —

Mp to obtain the dual integral affine manifold By equipped with affine coordinates x; := %, To =
%. We prefer to work with the affine manifold By because then we can deal with tropical trees
instead of Morse trees, as explained in [35] (see also [10, Section 2]).

We then introduce a small 71 > 0 parameter to rescale the affine coordinates on Bo as x) — htad,
and obtain the (A-dependent) holomorphic coordinates w’ = exp(—2mi(y’ +ih~127)) (cf. [10, Section
2]). Under these A-twisted coordinates, the holomorphic vector field 0; is explicitly given by

, . . .0 i (0 0
— () — iy — J - il = E L
(3.5) n=(n')—0p: Ej n’ 0; Ej n ogwl 1 j n ( i th 4 Jjk k) .

The corresponding A-dependent dgLa of polyvector fields will be denoted by PV,;k *. We will consider
differential forms on By depending on A and hence we introduce the following:

Notations 3.5. We use Q(Bo) (similarly for Q5 (U) for any open subset U C By) to denote the
space of smooth sections of \* T*By over By x Rsq, where the extra R~q direction is parametrized

by h.
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3.1.2. Fourier expansions of polyvector fields. Recall that the Fourier transform F

(3.6) F G = (@ Q;’;(Bo)zm> ®z NN ®¢ R, — PV, @¢ C[Q]s ®c R,
mePpP

introduced in [I0} Section 2|, gives an inclusion of dg Lie subalgebras byﬁ

(1) identifying the Fourier modes 2™ € C[P] < C[P%] as 2™ = w™ @ ¢ € C[M] ®c @3
through the isomorphism C[P%] = C[M] ®@c C[Q]s,

(2) pulling back smooth functions f(z, ) on By to X via the equation F(f(z, k) = p—(f(z, h))
and using the torus fibration p : X — By,

. 2 ~

(3) identifying the 1-form dz? = )", &iig)%dxk (where ¢ : By — R is the Legendre dual to ¢)
on By with the (0,1)-form F(dz?) = %dlog@j on X for j = 1,2,

(4) identifying n € N with the holomorphic vector field 9, on X by (3.5)), and

(5) extending the map skew-symmetrically.

The Dolbeaut differential O is identified Yvith the deRham differential d acting on each summand
Q;(By) via F. The action of a vector field 9, = (n',n?) on f(x, k) by differentiation is identified as
. h 9% 0
3.7 on(f) = — VA

via F (recall that x!, 22 are affine coordinates on By = Int(P) while x1, 25 are affine coordinates on
By = Mg).

3.2. Differential forms with asymptotic support. We will work with a dglLa constructed as
a suitable quotient of a subalgebra of G, (defined above in ), which turns out to be directly
related to the tropical counting defined in Section [2| In order to do so, we need to recall the notion
of asymptotic support on a closed codimension k tropical polyhedral subset P C U for some convex
U C By which describes the behavior of differential forms a € Q}(By) as h — 0 and also some of its
basic properties from [10].

First of all, by a tropical polyhedral subsetin U we mean a connected convex subset which is defined
by finitely many affine linear equations or inequalities over Q. For the purpose of proving the main
theorem in this paper, we only need the cases when P is either a point (whence dimg(P) = 0) or
a ray/line (whence dimg(P) = 1) or a polyhedral domain (whence dimg(P) = 2). However, since
the new properties established in this subsection should be of independent interest and useful in
a broader context, we will work with a convex open subset U C By in a general (oriented) affine
manifold By in arbitrary dimensions.

Definition 3.6. We define W, *(U) C QE(U) to be the set of differential k-forms o € QF(U)
such that for each point q € U, there exists a neighborhood V of q where we have ||Vjoz||Loo(V) <

Djye*CVm for some constants cy and Djy. The association U — W, *°(U) defines a sheaf over
By which we denote by W, >°.

We also need differential forms which only blow up at polynomial orders in A~

Definition 3.7. We define W(U) C QF(U) to be the set of differential k-forms a € QF(U)
such that for each point q € U, there exists a neighborhood V' of q where we have HVjaHLoo(V) <
Djyﬁ*vaV for some constants D;y and Njy € Zsg. The association U — W°(U) defines a sheaf
over By which we denote by W°.

51t is an inclusion since we restrict ourselves to Fourier modes m in P and we take finite sums instead of infinite
Fourier series.
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Notice that the sheaves W,;too in Definitions and are closed under the actions of V o , the

deRham differential d and the wedge product of differential forms. We also observe the facag that
W, > is a differential graded ideal of W;°. In particular, we can consider the sheaf of differential
graded algebras W° /W, °, equipped with the deRham differential.

Definition 3.8. A differential k-form o € W°(U) is said to have asymptotic support on a closed
codimension £ tropical polyhedral subset P C U with weight s, denoted by o € W5 if the following
conditions are satisfied:

(1) For any p € U\ P, there is a neighborhood V' C U \ P of p such that aly € W, (V) on V.

(2) There exists a neighborhood Wp of P in U such that we can write « = h(x, h)vp +n, where
vp € /\k Ng is the unique affine k-form which is normal to P, h(z,h) € C®°(Wp xRsg) and
n is an error term satisfying n € W, °°(Wp) on Wp.

(8) For any p € P, there exists a sufficiently small convez neighborhood V' containing p equipped
with an affine coordinate system x = (x1,...xy) such that ' := (x1,...,x) parametrizes
codimension k affine linear subspaces of V parallel to P, with ' = 0 corresponding to the
subspace containing P. Within the foliation {(Pya)}wen, where Pyy = {(z1,...,2,) €
V| (x1,--+ ,zk) = 2'} of V, we require that, for all j € Z>¢ and multi-indez = (f1,...,0k) €
7k, the estimate

(3.8) / (z')? (sup ‘Vj(LVIVDOéﬂ) vp < Dj,‘ﬂﬁh_wj

vaz/
for some constant D; v g and some s € Z, where |B| = Y, B is the vanishing order of the

monomial (z')° = z]* - - :L‘gk along Py—o and v}, = 8%1 ARRRWA % in this local coordinate.

Remark 3.9. Note that condition (3) in Deﬁm’tion is independent of the choices of the convex
neighborhood V', the transversal slice Ny and the local affine coordinates x = (x1,...xy,) (although
the constant D;y,3 may depend on these choices). Therefore this condition can be checked simply
by choosing a sufficiently nice neighborhood V' at every point p € P.

By definition, we have the nice property that
(3.9) (@)Y o -V o W) c Wi W)

lel
for any affine monomial (z')” with vanishing order |3| along P.

The weight s in Definition defines the following filtration (the U dependence will be dropped
whenever it is clear from the context)ﬁ

(3.10) W™ - CWp C- Wl CWE CWECWEC---CWpC-- C W C Q).
This filtration keeps track of the polynomial orders of A for differential k-forms with asymptotic
support on P and provides a convenient tool for expressing and proving results in asymptotic
analysis.

3.2.1. Behavior under d and A.

Definition 3.10. A differential k-form « is said to be in W,‘:(U) if it there exist finitely many
polyhedral subsets Py, ..., P of codimension k such that o € Zé‘:l Wf;j(U); if we further have

da € W,jﬁ(U), then we say o is in Wi (U). We also let Wi (U) := €D, WEHC(U) for every s € Z.
We have the following lemma on the compatibility between the filtration and the wedge product:

6Note that the degree k of the differential forms has to be equal to the codimension of P. Also note that the sets
WZE>(U) are independent of the choice of P.
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Lemma 3.11. For two closed tropical polyhedral subsets Py, Po C U of codimension ki, ko respec-
tively, we have Wy, (U) AW, (U) € WE(U) for any codimension ky + ks polyhedral subset P con-
taining Py N Py normal to vp, Avp, if they intersect transversally (in particular if codimg(P; N Py) =
k1 + ke we can take P = Py N P), and Wi, (U) AWp, (U) C W, %, (U) if their intersection is not
transversal. Furthermore, we have W (U) AW;2(U) C W,iiizz(U) Hence WO(U) c W2(U) is a
dg subalgebra and W71 (U) c WO(U) is a dg ideal of WO(U), under the operations d and A.

Before giving the proof, let us clarify that when we say two closed tropical polyhedral subsets
P, P> C U of codimension ki, ko are intersecting transversally, we mean the affine subspaces con-
taining P;, P> and of codimension k1, ko respectively are intersecting transversally; this applies even
to the case when OP; # ().

Proof of Lemma[3.11 The first statement is nothing but [10, Lemma 4.22], which in turn implies
the second statement as follows: Given polyhedral subsets P; and P» of codimensions ki and ko
respectively, notice that we always have some polyhedral subset P of codimension k = k1 + ko such
that W (U) AW§2 (U) € W2 (U). Therefore, we conclude that Wi (U) AW;2(U) € Wil T2(U).
Now, suppose a; € W;'(U). Then we have da; € szﬂ(U) and therefore (day)Aag € ~,‘zllil‘zgﬁ(U),
similar statement holds for a A (dag). Finally, the statements that WO(U) Cc WX(U) is a dg

subalgebra and W, H(U) ¢ W(U) is a dg ideal follow from W;'(U) A\W2(U) c W2 (U). O

3.2.2. Behavior under integral operators. In this subsection, we study the behavior of W,(U) under
the action of an integral operator I, generalizing some of the results in [I0, Section 4.2]. For a given
closed tropical polyhedral subset P C U, we choose a reference tropical hyperplane R C U which
divide the domain U into U \ R = Uy UU_, together with an affine vector field v (meaning Vv = 0)
not tangent to R pointing into U,..

By shrinking U if necessary, we assume that for any point p € U, the unique flow line of v in U
passing through p intersects R uniquely at a point z € R. Then the time-t flow along v defines a
diffeomorphism 7 : W — U, (t,x) — 7(t,x), where W C R x R is the maximal domain of definition
of 7 (namely, for any = € R, there is a maximal time interval I, C R so that the flow line through
x has its image lying inside U). For any point x € R, we denote by 7,(t) := 7(¢,z) the flow line of
v passing through x. Figure [2] illustrates the situation.

FIGURE 2. The flow along v and I(P)

We let Py = PN U4+ and define
(3.11) I(P)y = (P +Rso-v)NU; I(P)-:=(P-+R<o-v)NU,
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(see again Figure [2). We also write I(P) = I(P)4 UI(P)_. Now we define an integral operator I
by

Js

(3.12) H(o)(tz) = /0 v o (7(0))(s, 2)ds.

Note that I depends on the choice of the tropical hyperplane R. We have the following lemma,
which is a modification of [10, Lemma 4.23]:

Lemma 3.12 (cf. Lemma 4.23 in [10]). For o € Wg(U), we have I(a) € W, % (U) if v is tangent

to P, and I(«) € Wf(_lgl)+(U) —f—W;(_PlL U) if v is not tangent to P, where I(P)4 is defined in (3.11]).

Moveover for a € Wi(U), we have I(a) € W,ij(U)

Proof. We only describe the modifications needed in order to adapt the proof of [10, Lemma 4.23].
We introduce a decomposition a = a4 +a— of a, where the components a4 and o have asymptotic
support of the same weight on P, and P_ respectively, using cut-offs as follows. First we consider
the functions depending only on the t-coordinate given by

1\2 [t .2 1\2 [® .2
W)= () [ eFas =1 = (5 )" [ e Tas
hm oo hm ¢

they have asymptotic support with weight 0 on Uy = {t > 0}NU and U_ = {t < 0} NU respectively.
Lemma implies that the cut-offs a4 := y+a have asymptotic support with the same weight s
on Uy N P respectively. Therefore we may start by assuming o € W4 (U) with P € Uy and we
simply write I(P) to stand for I(P)y. The rest of the proof is essentially the same as that of [10]
Lemma 4.23]. O

In order to understand the effect of I on W (U), we need the following Lemmas and
which describe the behavior of W5 (U) under pullbacks. Following the notations in Lemma
we consider the tropical hypersurface i : R C U with an affine projection p : U — R (which are
explicitly given by the i(z) = (0,x) and p(¢,z) = x using the affine coordinates given by 7).

Lemma 3.13. For a € Wp(U), we have i*(a) € W (R) if P intersects R transversally and Q
is any polyhedral subset of R of codimension k (= codimg(P C U)) which contains P N R and is

normal to i*(vp), and i*(a) € W, °(U) if P does not intersect R transversally. Moveover, the pull
back gives a map i* : Wi (U) — W;(R).

Proof. We begin by showing the corresponding statement for Wj,(U). First, we verify condition (1)
of Definition Suppose that p € R\ P, then we can find a neighborhood V of p in U \ P such
that aly € W, °°(V) from the assumption that o € W§(U). Therefore alynr € W, (VN R).

For condition (2) of Deﬁnition we first assume that P and R are not intersecting transversally.
We notice that there is a neighborhood Wp of P such that a can be written as h(z,h)vp + 1 in
Wp from the assumption that o € W (U). Therefore we have i*(vp) = 0 if the intersection is not
transversal, and so i*(a) € W, °°(R). Suppose P and R intersect transversally, then we can take
Wpagr == i 1(Wp), and we will have i*(a)|w,., = i*(R)i*(vp) + i*(n) in Wpng with i*(vp) being
the volume form of normal bundle of i~!(P) as desired for condition (2). Notice that if Q # RN P
and for any point p ¢ RN P, there is a neighborhood V' of p such that a|ynr € W, *°(V N R) from
our earlier discussion, and therefore condition (2) still holds for arbitrary such Q.

For condition (3), we consider a point p € RNP with affine coordinates (z1, ..., g, Tki1, .-, Tn) €
(=4,6)" in V C U such that RNV = {z, =0}, and 2’ = (21, ..., x)) are parametrizing the parallel
foliation {Pyar}pre(—s g to P in V. Then {Py N R},c_g4) is the foliation parallel to PN R in
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V' N R. Using the fact that supp, ,nr ]Vj(L,,Iga)| < supp, , ]VJ'(L,,Ivgoz)|7 we have

. . _Jts—|Bl-k
/ @Y [ sup [V ()] vp < / (@) sup [V (,y0)] | vp < Djypn=
z’ €Ny PV,z’mR '’ €Ny PV,z’

which is the desired estimate for condition (3) of Definition

The statement that i* is a map from W} (U) to W;(R) is a direct consequence of the first statement.
U

Lemma 3.14. For o € Wj(R), we have p*(a) € W;_l(P)(U). Moreover, the pull back gives a map
p*: Wi(R) = Wi(U).

Proof. For condition (1) of Definition suppose we take z € U \ p~!(P), then we have an
open subset V' C R\ P containing p(x). Therefore from the fact that aly € W, (V) (here
k = codimg(p~'(P))) we get p*(a)|p-11) € Wy (pH(V)).

For condition (2) of Definition we take a neighborhood Wp of P in R such that we can write
a as hvp +n with n € W, °°(R) and vp is the normal of P in R. We let Wy,-1(p) = p ! (Wp), and
observe that p*(a) = p*(h)p*(vp) + p*(n) with p*(vp) being normal of p~!(P) in U which is the
desired decomposition.

For condition (3), we consider a point p € p~!(P) with affine coordinates (w1, ..., Tk, Tpi1,- -, Tn_1) €
(—0,6)"! around ¢ := p(p) in V C R such that 2’ = (z1,...,7;) are parametrizing the fo-
liation {Pyar}tye(—ss)r parallel to P in V. Therefore, we can extend the affine coordinates as
(T15- s Ty Thos 15+ - -, ) Of p~H(V) such that p(z1, ..., T, Tty -+ Tn) = (X1, -+ o s Ty Tht 1y -+ Tr1)
in these coordinates. We notice that {pfl(PVw/)}x/e(_(;’(;)k is the foliation parallel to p~!(P) in
p (V) and we also have SUPp, ,nR ]Vj(L,,Iv)a)| = supp-1(p, ) V7 (tp* (vpyv P*(0))|. Therefore we
conclude that

/ (x')ﬁ( sup IVj(Lp*(VP)vp*(Oé))!> p*(vp)
xlENp*I(V)

pil(PV,w/)

Jts—IBl=k

=/ (')’ (Sup \Vj(bu,v:.aﬂ) vp < Djygh™ 2,
.Z‘IENV

Pv,I/
which is the desired estimate.

The statement that p* is a map from Wj(R) to W;(U) is a direct consequence of the first
statement. O

Lemma 3.15. For a € W;(U), we have I(a) € Wi—1(U).

Proof. Using the same notations as in Lemma [3.12] note that the integral operator I satisfies the
equation dI + Id = Id — p* oi*. For a given o € W;(U), we have I(«a) € sz(U) by Lemma
Making use of Lemmas and we have d(I(a)) = —I(d(a)) + a —p* oi*(a) € Wi(U), which
implies I(a) € Wi~ (U). O

Now we consider a chain of affine subspaces {qo} = Uy < Uy--- < U, = U with dimgr(U;) = 7,
equipped with the natural inclusions i; : U; — U;41 and affine projections p; : U;11 — U; such that
the fiber of p; is tangent to a constant affine vector field v; on Uj;q1. Composition of the inclusion
operators gives i; j : U; — Uj, and similarly for the projection operator p;; : U; — U; for ¢ < j. We
let I; : Wi (Ujq1) — WE:}(U]-H) be the integral operator defined on U, using the vector field v;
as in the beginning of this subsection (Section .



20 CHAN AND MA

We choose qg to be an irrational point in Uy (strictly speaking it is not a tropical polyhedral
subset of Uj) for later applications in Section The definitions of pg ;’s are still valid if they
are treated as inclusions of constant functions. Despite the fact that g is irrational, the operator
Iy defines a map W;(Ui) — Wi~ [(U1) because every o € W5 (Uy) is a finite sum of 3, a; with
a € W]%I(Ul) for some rational points P;’s on U; which in particular miss gp and therefore Io(FP;) is
still a tropical subspace of Uj.

We then define a new integral operator by
(313) I= pT,nIOiT,n +oet p;—l,nIn*QiZ—l,n + L1,

which is defined as W2(U) — W?:~{(U), with the corresponding operator i* := iy, being the
evaluation at gy and the operator p* := pg ,,.

Proposition 3.16. We have the identity dI + Id = Id — p* o i*, meaning that I is contracting the
cohomology of U to that of the point qq.

Proof. We first notice that p},, ,,(dI; + I;d)i} bin = Pji1.,(0du;y, — P} 4115 j11)1i5 41, Which gives

AP} 110 Lii5 11.0) T (P11 Ll 110)d = Pt pif 110 —Pjaij, Taking summation over j =0,...,n—1
gives the desired equation. O

3.3. The tropical dgLa and its homotopy operator. From now on, we restrict ourselves to the
case that By = Mg with U C Mg.

3.3.1. The tropical dgLa and the extended tropical vertex group. As an analogue of the dgLa G*
introduced in (3.6)), we impose the requirement of the asymptotic behavior as 7 — 0 and replace
Q;(U) by the dg subalgebra W2(U).

Definition 3.17. For every convex open subset U C By, we define a dg Lie subalgebra of PVH*’*|U®(C
Ry by

G (U) = {(@WO )@Z/\*N@)CRn}v

mePpP
making use of the Fourier transform (3.6). Abusing notations, we will drop the identification via

Fourier transform in (3.6) and simply write Gn”™(U) = (B,,ep W2 (U)2™) @z A" N @c Ry. Then
we take the quotient by the dg Lie ideal Iy (U) := (B,,cp Wi (U)2™) @z A* N ®c¢ Ry, to obtain

(G/D)y*(U) = (@ W)W D)) Zm> ®z A"N ®c Ry

meP
which defines a dgLa (since Wy H(U) is a dg ideal of WO(U)).

A general element of G5/, £57 and (G/Z)%’ is a finite sum of the form

Z Z n1, o1 m(‘) VA Agnqu,

I mmny,..,n;
where [ C'{l, ...,n} and ur = [],c; ui, with ozfri’f'“’nj € Wi(U), oz:;l”f'“’nj e W (U) and am’ e
WEHU) /Wi (U) respectively. We will be concerned with the Maurer-Cartan equation of the

dgLa (G/Z)y"(U) instead of PV, |y ®c @S ®c Ry, because we only care about the leading order
behavior of the MC solutions as i — 0.

Making use of the holomorphic volume form € on X, we obtain a BV operator A acting on PVh*’*
as in Section The BV operator can be carried to G, and naturally to (G/Z),”, equipping



TROPICAL COUNTING FROM MAURER-CARTAN EQUATIONS 21

them with dgBV structures. Explicitly, the BV operator is given by A(az™0,, A --- A Op,) =
Zj(—l)m”_lém (2™)Opy A+ Oy -+ A 3nj in G, which is further reduced to

o~

A0z Oy A+ NOp,) = Z(—l)'a‘”*l(nr,m)azmgm A Opp o N On,
J
in (G/Z)y". This is because of the extra & in the formula ([3.7) giving 0, (a) € Z5v*. As a consequence,
the Lie bracket [-,-] in (G/Z)»" is given by [@z™0y,, 82" 0n,] = (=1)THDBlaB[zm,  2™'d, ],
where 0y, = Op, N+ A Op, .

Definition 3.18. We call the dg Lie subalgebra Hy™ < (G/I)n" defined by Hy™ := ker(A), which
is equipped with the differential Oy and Lie-bracket [-,:], the tropical dgLa. We also call b} :=
10N ker(0) the extended tropical Lie-algebra. The corresponding exponential group exp(h?) is
called the extended tropical vertex group.

Explicitly, we have

ho = (@c-zm) ®c Rny, bl = <@<c.zm> ®zm* ®c Ry, b2 =C-01 Ads ®¢ Ry,

meP meP

and H,,”" can be viewed as the Dolbeault resolution of h¥. We will see that solving the Maurer-Cartan
equation (1.3) in H,;" is intimately and directly related to tropical counting.

3.3.2. The homotopy operator. In order to solve the Maurer-Cartan equation using Kuranishi’s
method [43], we need a homotopy operator H (also called a propagator) to fix the gauge. Here we
explain the construction of such a homotopy operator H using the operator I defined in . We
will take U = By = Mg and drop the dependence on U in notations in the rest of this subsection.

Notations 3.19. For each m € P with the associated m € M, m naturally gives an affine vector
field on By = My which, by abuse of notations, will also be denoted as m. We fix an affine
linear metric gg on Mr. Then, given any real number R, we choose a chain of affine subspaces
{pt} = U* < U <U3* = Mg as follows. First, we take vi* = —m if m # 0 and take v{" to be an
arbitrary nonzero element in M if m = 0. Then we set U = {z | go(v]",x) = —R} and choose U}"
to be an irrational point on U™. Such a choice defines a homotopy operator H,, : WO(U) — W?_,(U)
using the construction in (which was denoted by I there). We also denote the half space
{z | go(—m,z) > =R} by U7",.

Definition 3.20. For each m € P, we define the homotopy operator H,, : W2(U)z™ — W?_(U)z™
on the direct summand for each Fourier mode 2™ by simply taking Hy,(az™) == Hy(a)z™. We
also define the projection P, : W2(U)z™ — W{(U)2™ by Pp(az™) = (algo )2™ at degree 0
and 0 otherwise, where a0 is evaluation of o at the point {29} = U, and the operator i, :
W(UF) 2™ — WOU)2™ by tm(az™) = tm(a)2™ at degree 0 and 0 otherwise, by setting im :
WI(UE) < W2(U) to be the embedding of constant functions over Mg.

We abuse notations by treating Hy,, Py, and vy, as acting on the spaces W2(U) and WS (U
respectively.

m

As in [10], these operators satisfy the following identity of homotopy retracting W2(U)z™ onto

its cohomology W{(UZ")z™ = H*(W2(U),d)z™, i.e. we have
(3.14) Id - ¢yPp =dHy + Hpd.

Moreover, these operators can be descended to (WO(U)/W;1(U))2z™ contracting to its cohomology
C-=m = (WRUE) /Wy (UF) 2"
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Definition 3.21. We define the operators H := @ Hy,, P := @ Py, and v :== @ 1, acting on the
direct sum @, WO(U)z™ and its cohomology. These operators extend naturally to the tensor product
G (U) = (Bnep W2(U)2™) @2\ N®c Ry, and descend to the quotient (G/I)y". Moveover, these
operators preserve Hy™ and hence can also be defined on Hy™. All of the above operators will be
denoted by the same notations.

3.4. Solving the Maurer-Cartan equation. Recall that we have fixed n points P,..., P, in
generic position, with each P; corresponding to a formal variable u; € R,,. To each P;, we associate
an input term of the form I = u;8 P (51 A 52), where 01,0, are the holomorphic vector fields
corresponding to the basis {e!,e?} of N (fixed at the beginning of Section , and

1
1 -
(3.15) op =

is an A-dependent smoothing of the ‘delta-form’ at P;, for some affine coordinates (7;1,7:2) on Mg
taking the values (0,0) at P;. We are interested in the Maurer-Cartan solutions in ;™ constructed
by summing over trees with input >, TI(®.

Notice that we have ép, € Wl%i because we can apply Lemma to the expression

1/2 1/2
6Pi — i e*(ﬁal)/ﬁdm’l A i 67(17?72)/1”161772"2 ’
mh mh

and we have the following lemma from [10]:

e~ Mgy 1 A iy € WE°

Lemma 3.22 (Lemma 4.14 in [10]). For any affine linear functionn on U, the 1-form (%ﬁ) 1/2 e_(”g)/hdn
has asymptotic support on the line L := {n = 0} with weight 1.

Instead of solving the Maurer-Cartan equation directly, we will solve the equation (3.16]):

(3.16) <I>=H—H([W7<I>]+%[<P,<I>]),

where @ is a degree 0 element in H,,", with the input
n
(3.17) Oe=>» 1.
i=1

This originates from a method of Kuranishi [43] in solving the Maurer-Cartan equation of the
classical Kodaira-Spencer dglLa. His method can be generalized to our current situation as follows
(see e.g. [47])

Proposition 3.23. Suppose that ® satisfies the equation (3.16|). Then ® satisfies the Maurer-Cartan
equation (L.3) if and only if P([W, ®] + [, ®]) = 0.

Proof. Applying 0 to both sides of (3.16)) (recall that 0 is identified with the de Rham differential
d using the Fourier transform F (3.6))) and using Il = 0, we obtain

~ 1 = 1

00 + (W, @] + L[@.9] = H([90.W + &]) + 10 P(W. 4] + L [0,@)
Suppose that ® satisfies the MC equation (I.3). Then we see that [0®, W + ®] = —[[W,®] +
3@, ®], W + @] = 0 and hence P([W, ®] + 3[®, ®]) = 0.

For the converse, we let § = 0® + [W, ®] + 5[®, ®]. It follows from the assumption P([W, @] +
3[®,®]) = 0 that 6 = H[W + ®,6] = (H o adw+)™(0) for any m € Z,. Then by the fact that
® € H;" ® m, and the fact that ady, is an operator of degree (1,0), we have § = 0 by taking m
large enough. O
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We notice that Pa # 0 only if a € HEO by its construction. When we write & = Z?:o dH with
®hi € 15", and consider the term P([W, @] —I—%[@, ®]) = 0, we notice that P([W, ®b! 4 $22] —I—%[@Ll +
022 oLl 4+ @22 4 [0 @11 + &22]) = 0 by degree reasons. Furthermore, we have [W, %] = 0 =
(@00, %] and therefore P([W, ®]+ 3 [®, ®]) = 0. As a result, it suffices to solve the equation (3.16)).

Now we look at the equation (3.16)). Letting = = & —II, we can solve =+ H ([W, @]+ 3[®, ®]) = 0
iteratively in H;* ® g (R/mF) by increasing the power in m*. We write = =3"._ | Z,and ® =), ¥,
with =, ®; € Hy" ® (m’/m'*!). We further decompose each =; and ®; by its degree and write
Zi =375 with Z/7 € 1) ® m’/m™* and similarly &; = Y7_ 77

The first order terms are simply given by 511’1 = —H[W,II] and E?’O =—H[W, 5111] In general,
the k-th order equation is given by

1
(3.18) Sp+ HW, 0] + > SH[®;, & =0,
j+Hl=k
and E,Z’j is uniquely determined by =; with ¢ < k and =" with r > j. In this way, the solution =
to (3.16)) is uniquely determined.

There is a beautiful way to express the unique solution = as a sum of terms involving the input
IT over directed trees (reminiscent of a Feynman sum). To this end, let us introduce the notion of a
weighted d-pointed k-tree with ribbon structure, whose definition originated from [16] (see also [10]).

Definition 3.24. Given a weighted ribbon d-pointed k-tree T € WRTy 4, we align the marked points

Pi,y...,pa (recall that marked points is itself an edge in 8,;3(’7;&?1)) by piy,...,pi, according to its
cyclic ordering (or the clockwise orientation on D if we use the embedding |T| — D). We define
the graded operator 1 : H**[2]%% — H**[2] for input C1,...,C s € H**[2] by

(1) writing (; = Zlc{l,“.,n} ajrur, and extracting the term aji ui; in ¢ and aligning it as the
input at p;;, where u;; € Ry, is the monomial associated to the marked point p;; in Definition
20

(2) aligning the term 2™ at each incoming edge in e € 7;5} = 81-;1 (’7;5)]) \{p1,-..,pd},

(3) applying [-,-] at each vertex in T according to the ordering of the ribbon structure,

(4) applying the homotopy operator —H to each edge in T,

We then define Iy 4 : H**[2]%% — H**[2] by lpq := ZTGWRTW Qd%l[fr.

Setting
(3.19) O:=I+Z= > hg(l,... )
k,d>1

gives the unique solution to the equation (3.16)) which is obtained by recursively solving (3.18]). Note
that the sum above is finite because the ideal m,, is nilpotent.

4. PROOF OF THEOREM [[L1] BY ASYMPTOTIC ANALYSIS

In this section, we prove our main result (i.e. Theorem [1.1)) by using asymptotic analysis to relate
the Maurer-Cartan solution ® € #H,,*, which we constructed via the sum-over-tree formula in (3.19))
with the specified input IT (3.17]), with the tropical disk counts defined in Section

Notations 4.1. Given n points P, ..., P, € Mg in generic position, we use ﬁdT(P, 5, P,...,P)
to denote the space v~ ' ((Piy, ..., Pi,) x Mg) which gives a compactification of M) (P, %, P1, ..., P,)
for any weighted ribbon tree T . Here, €b is the evaluation map defined in Definition P is
the point such that the monomial weight at the marked point p; is u;;, and note that the subset
{i1,...,3q} C{1,...,n} is determined by the weight of T .
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Definition 4.2. Given a weighted ribbon d-pointed k-tree T € WRTy 4 with ur # 0, we associate to
each of its edges e € T a tropical polyhedral subset Q. C Mg as follows. For each incoming edge

e € ’7;2], we assign Q. = Mg, and for each marked point p; we assign Qp, = P;; where the monomial
weight at p; is u;;. We then inductively assign a (possibly empty) tropical polyhedral subset Q. to
each edge e € T by the following rule:

If e; and ea are two incoming edges meeting at a vertex v with an outgoing edge es for which Qe,
and Qe, are defined beforehand, we set Qey = (Q — R>oMe,) if both Qe, and Qe, are non-empty
and they intersect transversally at Q := Qe; N Qey, and Qeq := 0 otherwise.

We denote the tropical polyhedral subset associated to the unique outgoing edge e, by Q7.

We start with a combinatorial lemma concerning the tropical polyhedral subset Q.

Lemma 4.3. If MI(T) < 0, then both Q1 and ﬁdfr(P, X, Pi,...,P,) are empty. For MI(T) =0 or
2 and Mult(T) # 0, ev, is a diffeomorphism onto its image and we have Q1 = evo(ﬁZ(P, ¥, P,...,Py)),
which is of dimension %(T) +1if Q1 #10.

Proof. We prove by induction on the number of vertices in 71%. The initial case is when 710 = ¢,
i.e. when there are no trivalent vertices. Then the only possible trees are the ones with a unique
edge e. In this case we have MI(7T) =2 and Q7 = Mg, and the lemma holds automatically.

For the induction step, suppose we have a tree 7 with 710 # § with the unique root vertex
vy € T connecting to the outgoing edge e, with two incoming edges e; and es. We split T at v,
to obtain two trees 71,72 with outgoing edges e, es and ki, ko incoming edges, d; and do marked
points respectively. Then we have the decomposition
(4.1)

=T T _ =T
(smdi (PS5, Pry oy P)evy Xen, Mg (PSS, Py, ,Pn)> x Rsg - (—ig) = My (P, 5, Pr, ..., Py,
and there are two cases to consider.

The first case is when one of the incoming edges, say es, is an edge corresponding to a marked
point so that ko = 0 and do = 1. In this case 72 is not a weighted tree in the sense of Definition |2.6
but we can still take 7, to be the point P, associated to es.

If MI(T1) <0, then by the induction hypothesis and the generic assumption (Definition [2.11)),
Q7; cannot intersect Q7; transversally and hence Q7 = (). On the other hand we have MI(T) < 0,
so MI (P, S, Py,...,P,) =0.

If MI(T1) =2, then Q7; intersect @7, transversally at )7, automatically if Q; lies on Q7;, and
otherwise both Q7 = M7 (P, %, Pi,..., P,) = 0. In this case MI(7) = 0, Mult(7") = Mult(77) and
my = m7;. Assuming Mult(7) = Mult(7;) # 0, we have Qp; = (evo)*(ﬁdﬂq (P,%,Py,...,P,)) by
the induction hypothesis and the above decomposition becomes

=T _ _ =T
(M (P B Pry o Pa) 0 (ev7,0) Q) ) X Roo - (=) = Ty (P, Py, P,

implying that Q@+ = evo(ﬁ:lr(?, ¥, P,...,P,)), and hence the dimension of Q)7 is exactly given by
MI(T) 11

2

The second case is when both 77 and 7y have ki,ke > 1. In this case we have MI(T) =

MI(Ty)+ MI(7z2) and the two moduli spaces ﬁzlz (P,%, Py, ..., P,) have dimensions MI(7;)/2+ 1
respectively if they are non empty. Using the decomposition in equation (4.1), we notice that

it M) (P,%,Py,...,Py) = 0 for i = 1 or 2, then Qr = ev,(M, (P,%,Pi,...,P,)) = 0. So

"We indeed have (evr,.0)” " (Q7) € 93?;—11 (P,X%, Py, ..., P,) due to the generic assumption on P, ..., P,’s.



TROPICAL COUNTING FROM MAURER-CARTAN EQUATIONS 25

ﬁ;(?, X, P,...,P,)=0if MI(T) < 0. Therefore it remains to consider the cases when MI(T;) =
0,2 and MI(T) = 0,2.

Assuming Mult(7) = Mult(77)Mult(72)Mult,, (7) # 0, from the induction hypothesis we have

Qr, = evO(ﬁZ(P,E,Pl,...,Pn)) for i = 1,2. Since we have Mult,, (7) # 0, Q7 and Q7; can
only intersect transversally. Therefore, if Mult(7) # 0, then we have Q7 and @7, intersecting
transversally and Q7 = Q7; NQ7, —R>omy = (evo)*(ﬁzl—(P, ¥, Py, ..., P,)) from the decomposition
(4.1) and the Definition for 7. Finally, by the generic assumption on P,..., P,, Q7 has
dimension %(T) + 1 whenever it is nonempty. O
Lemma 4.4. There exists a large enough R > 0 such that the half space UT", in Notations
contains Sing(D) and also the tropical polyhedral subset Q1 for any T with my =m, MI(T) =0
or 2, Mult(T) # 0, ur # 0 and with at least one marked point.

Proof. The existence of a fixed R depends on the finiteness of the total number of weighted ribbon
trees T (for arbitrary number of marked points and k = ]’7;[7?}]) with MI(T) = 0,2, Mult(7) # 0

and uy # 0. We prove by induction on the number N of vertices in 719 the existence of Ry > 0
satisfying the lemma for all 7 with |71 < N.

The initial case concerns the tree 7 with an unique internal vertex v,, with two incoming edges
e; and ez, and one outgoing edge e, in clockwise orientation. Furthermore, we have e; € 7;%1] and
es is an edge corresponding to a marked point with monomial weight w.,. In this case we have
MI(T) =0 and Q7 = Pe, — R>¢ - m7 which is lying in UJ", as we required Sing(D) C U™, when
we chose U™, in Notations

For the induction step, suppose we have a tree 7 with | 71| = N + 1 with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and ey. We split 7~ at v,
to obtain two trees 71,72 with outgoing edges e, es and ki, ko incoming edges, d; and dy marked
points respectively. There are two cases to consider (as in the proof of Lemma .

This first case is when one of the incoming edges, say es, is an edge corresponding to a marked
point so that k2 = 0 and dy = 1. We let )7, = P., to be the corresponding marked point. From
the proof of Lemma we know that we must have MI(7;) =2 and MI(T) =0 for Q7 # 0. In
this case Q7 = P, — R0 - m7 and we have Q7 C U7"; by the same reason as in the initial step.

In the second case we have both 71 and T3 having ki, ks > 1, and we have MI(T) = MI(T1) +
MI(Tz). Assuming Q7 # ), then one of the Q7;, Q7; is a ray or a line, and we assume that it is Q7;,
with MI(72) = 0,2. Therefore for any point z € Q7; N\Q1; we have the relations go(—m7;,x) > —Rn
and go(—m7;,x) > —Ry, and hence go(—m7,z) > —2RyN ﬂ Therefore by taking Ryi+1 = 2Ry, we
have go(—m7,z) > —Rn+1 and hence Q7 = Q7 NQ7, —Rxo-my C U™, for m # 0 as desired. [

We are now ready to prove the key lemma which relates our Maurer-Cartan solution with the
locus Q7 traced out by the stops of the tropical disks introduced in Definition [1.2]

Notations 4.5. Given a weighted ribbon d-pointed k-tree T, we define a differential form o € W9
as follows. First we align the marked points p1,...,pq (recall that a marked point is itself an edge
mn 81-711 (7;1[31)) by piy, ..., pi, according to its cyclic ordering. Then ot is the output of the following
procedure:

(1) aligning 5pij as the input at the edge corresponding to the marked point p;;, if the monomial
weight associated to p;; is wi;,

(2) aligning the constant 1 at each incoming edge in e € 7;[73] =0} (’7;[3]) \ {p1,...,pd},

8Here go is the linear metric introduced in Notation
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(8) applying the wedge product A at each vertex in TV according to the ordering of the ribbon
structure,
(4) applying the homotopy operator —H to each edge in T,

Definition 4.6. Given a weighted ribbon d-pointed k-tree T &€ WRTy q with Mult(T) # 0, we set
(—1)X(7) .= HUGT[O](—l)X(T’”), where (—1)X(T%) is defined by the rules (with the convention that
(=X =1 if TOL = (): if v is connected to a marked point we set x(T,v) =0, and (—1)X(T¥) js
defined inductively along the tree T for each trivalent vertex v not connecting to any marked point
pi’s (attached to two incoming edges e1,es and one outgoing edge es so that eq, ea, e3 are arranged

in the clockwise orientation) by comparing the orientation of the ordered basis {—me,, —Me, } with
that of By.

Lemma 4.7. Let T € WRTy g be a weighted ribbon d-pointed k-tree. Then we have

0 if MI(T) # 0,2 or Q7 =0 or Mult(T) =0,
(L. T = (D)X D ar Mult(T) 2" T ur if MI(T) =2 and Q7 # 0 and Muli(T) # 0,

(—l)X(T)aTkTMult(T)zmTf)nQTuT if MI(T) =0 and Q1 # 0 and Mult(T) # 0
in Hy", where ar € Wé; in which s :=1— MI2(T), and ng., s the clockwise oriented normal to

the ray or line Q1 when Q1 # 0 in the case MI(T) = 0.

Proof. First of all, from Notations we can see that the degree of the form a7 is exactly given
by s7 which can only be 0 or 1 since the operator associated to the outgoing edge is a homotopy
operator and it decreases the degree by 1. Therefore we notice that a7 # 0 except when MI(7) =0
or 2.

Once again, we prove by induction on the number of vertices in 719, The initial case is when
Tl = ¢ and the only possible trees the ones with a unique edge e. In this case, we have M T (T) =2,
Q7 = Mg and I(II, ..., II) = 27 so the lemma holds.

For the induction step, suppose we have a tree 7 with 719 # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and es. We split T at v,
to obtain two trees 71, 72 with outgoing edges e, es and k1, ko incoming edges, di and do marked
points respectively. As before, there are two possible scenarios.

This first case is when one of the incoming edges, say e, is an edge corresponding to a marked
point so that k2 = 0 and dp = 1. In this case we let P, = QJ7; to be the marked point associated
to es. The proof of Lemma shows that we must have MI(7;) = 2 and MI(T) = 0 in order
to have Q7 # 0, and Q1 # 0 if and only if P,, € Q7;. By the induction hypothesis we have
[ (I1, ..., T1) = (—=1)X(T) e Mult(T7) 2™ 1w, with oy € W%Tl. Therefore we have

(I, .. 1) = —(=1)XTIMult (T2) H (ag; Adp,,)[z"7, 01 A OoJur; te,,
where ur; ue, = ur.

Now Lemma implies that a1 A dp,, € W%,EZ. By our choice we have P, € Uff '/ and hence
applying Lemma we get ar = —H(a1 Adp,) € Wé?T’ where Q7 = P, — R>0 - m7 as in
Definition Furthermore, we have [z™71,0; A Oo] = (€5, m7; )02 — (€%, m7; )01, where e, e} is the
dual basis to ey, ey introduced in Notations As in Notations we can write kg = my for
some primitive 77 € M. Since we have m7; = m7, we find that (e3, m7; )02 — (€], m7; )01 = k7ng,
Together with the fact that x(7) = x(71) and Mult(7) = Mult(7;), we obtain the desired identity
in this case.

In the second case we have both 77 and 73 having k1,ke > 1, and MI(T) = MI(T1) + MI(T7).
Assuming Q7 # 0, then one of Q7, Q7;, say @7, is a ray or a line, and they intersect transversally.
There are two subcases depending on whether M1(72) =0 or 2.
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We first assume that M1(73) = 0. Then we can write [ (IL, . .., IT) = (—=1)X(T)Mult(7;) a1 2™ O,

where we abbreviate n; = k7;nq,. and ng.. is the primitive clockwise oriented normal to )7;. There-
fore we have

(I, . .., I1) = —(—D)XTOXTNlt(T7)Mult(T3) H (ar, A oy ) [27 7Dy, 5 2™ 72 Oy ey e -
Using Lemma we see that o A ap, € Wg?ﬁ nQ, in the case that Q7; and ()7, are inter-

secting transversally (otherwise the product is 0 € 7-[2*) Applying Lemma together with
Lemma we get ar = —H(ap N ap) € WCIQT. Furthermore, we have [2"710),, 2™720,,] =
ZmT((mﬁﬂnﬂ)énz - (mﬂvnﬁ)ém)? and (mTz?nTl)énz - (mﬂanTQ)gm = det(me,, Me, ) (n7; +173).
If {—mMe,, —"e,} is positively oriented, then det(me,,me,) > 0 and ny; + ny = k7ng,, where
k7 is introduced in Notations and det(me,,Me,) = Mult,, (7). Notice that switching to the
assumption that {—me,, —1e, } is negatively oriented would result in a minus sign in det(m.,, Mme,)
and hence contribute an extra (—1)X(7-%r) in the formula (i.e. in this case x(7,v,) = 1). Combining
with the fact that Mult(7") = Mult(7;)Mult,, (T), (=1)X7T) = (=1)X(T)(=1)X(T:2) | we obtain the
desired formula.

In the second subcase we assume that MI(72) = 2, so by the induction hypothesis we have
[, (IT, ..., T1) = (=1)X(2)ap; Mult(72) 2™ 2 u7,. Therefore we have

r(IL, ..., 1) = —(— )X TNl (T)Mult(T2) H (s A ags) 277 8y, 22 Jurs s,

where we absorb the k7 into n1 = krng, again. Applying Lemma @ @ and @ as in
the previous subcase, we obtain that oy = —H(ap A ap) € ng,r. Furthermore, we have
(2710, , 2™ 2] = det(mr,, g, ) 2T = (—1)X(T0r)Mult,, (T) which gives us the desired identity. [

Next we would like to take a closer look at the differential form a7 defined in Notations

(1]
Definition 4.8 (cf. Definition 5.29 in [10]). We attach a differential form ve on R‘;l | to each e €

TW recursively by the rules: ve := 1 for each incoming edge e € 9; ' (7;[7?}); Vey = (=1)Ierllvealy, A
Vey NdSeq (here |Ve,| is the cohomological degree of ve, ) if v is an internal vertex with incoming edges
e1,e9 € To and outgoing edge es such that eq, es, es is clockwise oriented.

We let vt be the differential form attached to the unique outgoing edge e, € T, which defines a

. . (1]
volume form or orientation on ]R‘Z; 5

Given a weighted ribbon d-pointed k-tree T with MI(T) = 0 with Q7 # (), which is either a ray
or a line, we let n7 be the unique affine function on Mg such that n = 0 on Q7 and 7y takes
positive values on the anti-clockwise oriented normal to Q7.

Lemma 4.9. For a weighted ribbon d-pointed k-tree T with MI(T) = 0,2 and Q1 # 0 and
Mult(T) # 0, there exists some ¢ > 0 such that

(—1)XNepr + ¢ if MI(T) = 2,

(evran) (dmam) < (eor,) ) = { TP e TS

(1]
where € satisfies Lye = 0 (here I/f\,/- s a top polyvector field dual to vy over the component ]RQE) |)
and n1,my are the affine coordinates on Mg with respect to the oriented basis ey, es introduced in

Notations [34)

Proof. First of all, notice that both ﬁ;(?, ¥) and Mg are affine manifolds and € is affine linear.
So all the differential forms appearing in this lemmma are affine differential forms. Therefore it

__ __ 1]
suffices to check the equality at a point in 9312(73, Y)). Also since fde(P, Y) ¥ R'Z; | Mg, we can
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always write
/ .
o\ o\ [ dvr+e if MI(T) =2,
(61}7’721) (dn1d772) (61)7’7”) (dmdnz) = { dvrha+e if MI(T)=0
for some ¢ € R, and some 1-form o € Q'(Mp) with tyye = 0. We need to show that a is a constant

multiple of dn7 and the constant ¢/ = (—1)X(T)¢ for some ¢ > 0.

In the case MI(T) = 0 with Q7 # 0, the moduli space ﬁ;(?, X, P,...,P,) is a 1-dimensional
affine subspace of ﬁdT(P, Y)). We take any path ¢ lying inside ﬁdT(P, X, P,...,P,) C ﬁ;(?, %).
Since evy ;06 is a constant map for any j = 1,.. ., d, we have ¢/ ((evr i, )*(dmdnz) - - - (evr,i,)* (dmdn2)) =
0, where ¢ is the affine vector field on ﬁdT(P, ¥)) induced by ¢. On the other hand, (ev,).(s’) is
tangent to Q1 = ev, (ﬁ;(?, >, P, ..., Pn)) So o must be a constant multiple of dn7 and we can
write (evr;,)*(dmidng) - - - (evr,i,)* (dmdne) = dvr A dny + €, for some constant ¢

We now prove that ¢ is of the form (—1)X(7)¢ for some ¢ > 0 by induction on the number of
vertices in 719, The initial case is when 71% = () and the only possible trees are those with a unique

edge e. Since there are no evaluation maps, we adopt the convention that the left hand side of the
equality in the lemma is equal to 1 to make the statement true in this case.

For the induction step, suppose we have a tree 7 with 710 # () with the unique root vertex
vy € T connecting to the outgoing edge e, with two incoming edges e; and ey. We split 7~ at v,
to obtain two trees 71,72 with outgoing edges e, es and ki, ko incoming edges, di and do marked
points respectively. There are two possible cases.

This first case is when one of the incoming edges, say es, is an edge corresponding to a marked
point so that ks = 0 and dy = 1. As in the proof of Lemma we must have MI(7;) = 2 and
MI(T) = 0. We use the identification D (P,X) coy. , Xr,, (Rg x Mg) = M, (P, L), under which
the evaluation map evr, : ﬁdT(P, ¥) — My is identified as the projection to the last coordinate

of the product on the left hand side, and the evaluation at the marked point ey is identified as the
projection 7., to the second factor of R<g x Mr. We have

(ev7:.,0,) " (dmdna) - - (evr iy ) (dmdnp) = ()X evy, + 27y

for some ¢ > 0 by the induction hypothesis. Since MI(7T) = 0, Q7 is aray or a line. We take an affine
path o in Mg transversal to Q7 parametrized by the affine coordinate n7. Then restricting to R<¢x g,
we have evy; (dmdng) = 72, (dmdng) = dse, Ndny, where s., is the coordinate on R<( associated to
the outgoing edge e,. Putting these together we have (—1)X(T) ey Ads., Adnr = (= 1)X D evg Adny.

In the second case we have both 77 and 7T having ki, ke > 1, and we have MI(T) = MI(T1) +

MI(Tz2). Assuming Q7 # (), then one of Q7;, Q7;, say Q7;, must be a ray or a line. There are two
subcases depending on whether M1(72) =0 or MI(7T2) = 2.

We first assume that M I(72) = 0. In this case we have MI(7T) = 0, and both |T1[1] l, |T2[1]| are odd,
and hence so is |T1[1] | |T2[1] |. Similar to the previous case, we use the identification ﬁ;ﬁ (P.X) evry o Xevry o

ﬁzl—; (P.X) evry o Xrey (R<o X MR) = ﬁ;(?, ¥). From the induction hypothesis we have the relation
(evr,, i) (dmdnz) -~ (evr, iy, )* (dmdnz) = (=L)X T equy, 72 (dnr,) +e7, With ¢q > 0 and 1,y e7, =0
for a = 1,2. Taking their product we get
. . Y i
(evr,i)*(dmdns) - - - (ev73,) " (dmdnp) = (=X TIXEIHTNT Ny Av 72 (dipy A ) + €,

where ¢ := cicz > 0 and ¢,ve = 0. Furthermore, we have 77, (dnr Adng) = (D)X TVds,, A dnr,
where s, is the coordinate on R<g associated to the outgoing edge e,. Putting these together we
obtain the desired identity.
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Now assuming MI(73) = 2, we have (evr, )*(dmdn) - - (ev7—27id1)*(d171d772) = (—1)X()eyuy; +

eT, instead. In this case, \7'1[1]H’T2[1]\ is even and v7, is an even degree differential form. Therefore
we obtain

(evri )" (dmdns) - - - (evr3,) " (dmdna) = (— )X TN Pl ev A pr 7 (dng;) + e
=(—DXDevr Avp, Adse, +& = (—1)XDevy + &

using the fact that 7 (dny;) = (=1)X(T0)ds, 4 B for some 1-form B on Mg. Notice that switching
the roles of 77 and 72 would yield the same result. This completes the proof of the lemma. O

Lemma 4.10. For MI(T) = 0,2 with Q7 # 0 and Mult(T) # 0, we have the identity
ar = (=1 ewy), ((evi) (0O, ) -+ (eviy)* (Or,,))

where evy : ﬁZ(P,E) — Mg’s are the evaluation maps introduced in Definition and the
orientation on fibers of ev, is defined similarly as in Definition (notice that (—1)k+td-1 =
(_1)MI(’T)/2—1)'

Proof. We prove by using induction on the number of vertices in 71%. The initial case is when
7100 = ¢ and the only possible trees the ones with a unique edge e, for which the statement is trivial.

For the induction step, suppose we have a tree 7 with 719 # () with the unique root vertex
v, € T connecting to the outgoing edge e, with two incoming edges e; and es. We split 7 at v,
to obtain two trees 71, 72 with outgoing edges e, es and k1, ko incoming edges, di and do marked
points respectively. There are two possible cases.

This first case is when one of the incoming edges, say es, is an edge corresponding to a marked point
so that k2 = 0 and dy = 1. As in the proof of Lemma[{.3] we must have MI(7;) = 2 and MI(T) = 0.
In this case we let P., = @, be the marked point associated to es. The induction hypothesis

says that ar; = (—=1)*92(evp o)« ((evﬁ,i1)*(5Pk1) e (C’U’]‘l’idl)*((SPkdl )> , which is a function with
asymptotic support on 7. Then we have a7 = —H(ap Adp,) = — fi)oo 7 (a7, A dp,,) in
WY /W: L, where 7., : R x Mg — Mg is the flow associated to —m7. This equality holds because

we have P, € U{"] and hence any integral over a domain not intersecting P, gives 0 in W2/ W, 1.

Writing ﬁ:ﬁ (P.X) evry o X7, (R<oX MR) = ﬁdT(P, ¥), where the evaluation map evy, : ﬁ;(?, Y) =
My is identified as the projection to the last factor in the product on the left hand side, and the
evaluation at the marked point es is identified as 7., on R<g x Mr. Then we have

0 0
- [ wtam s, = 0 [ (o oa(evn ) Bn, ) (evrig ) G, ) 4 0, )

—0o0 —00

0
-yt [ ( [ levra Gn) - (evriy ) G, >> Aevty(0r,)

<0

=(~D) " evro). ((evra) On,) -+ (evr,) (Or,,) ) -

In the second case we have both 71 and T having ki, ke > 1 and MI(T) = MI(T1) + MI(Tz).
Making use of Lemma [{.4] again, we notice that by comparing the domain of integration intersecting
Q1 NQp, we have a7 = —H(ap; Nag) = — ff’oo 7o (a1 A agy), where 7, is the flow of —m7.
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Notice that we have ﬁg} (P.2) evry o Xevry o ﬁzl—j (P.%) evry o X7, R<o X MR) = ﬁg(?, ¥), and
therefore we obtain

0 0
—/ 7, (an Nag) = (D) 72 ((evro)e((e071,) (Om, )+ (07 g, )" (Op,, )

—00 —00

Aevro)al(evrs )" 6Pkl> (evr i) (0r, )
_(_1\k+d—1 IT ilerl ) oy
et [ / iy (070" Gn ) (cor) 0, )

=(~D " evr o). ((evra) (6m,) -+ (ev7,) (Or,,) ) -

Lemma allows us to compute the contribution of a7 explicitly as follows:

Lemma 4.11. For MI(T) = 2 with Q7 # 0 and Mult(T) # 0, and for any point x in the interior
Int(Q7), we have limy o |, = (=1)XT). For MI(T) = 0 with Q7 # Band Mult(T) # 0, and for
an arbitrary embedded path o : (a,b) — Mg intersecting the relative interior Int..(Q7) transversally
and positively (here positive means the orientation of {—m7, 0’} agrees with that of Mg ), we have
limyyo [, 07 = (—1)x(M+L,

Proof. We begin with MI(7) = 2. In this case, k +d — 1 is even so we have the identity oy =
(€vo)+« ((evil)*((Spkl) e (evid)*(épkd)). Fixing a point x € Int(Q7), we consider the evaluation map
vy ﬁdT(P, ¥) Nev,t(z) = Mg which pulls back the volume form [1¢dny A dns to (—1)XDevr,

and in particular €v, is a diffeomorphism onto its image (notice that €v, is affine linear). We let
C, = Im(€v,) C M. Then we have

(etn)e((evn )6, (e01)" G Do = DN [ o nee .

Using the fact that = € Int(Q7) and the assumption that P, ..., P, are in generic position (Defini-
tion [2.11)), we see that (Py,,..., Py,) € Int(C,). Together with the explicit form of dp,’s in (3.15),
we have limy_,q me 5pk1 Ao A (Spkd =1.

For MI(T) = 0, k+d —1is odd. We consider Z, := Uj¢(qp) Zo(r)» Where we write Z,

ng;) x {z} = ]R'ZE) and treat v7 as a volume element on each Z,. Slmllar to the previous case we

consider €v, : I, — Mg which gives €v Q(H dnidng) = (=1)XM ey A dny. Therefore we have

Jar =1 [ (e 6n,)+ (e Gn) = DN [ Gn A A,
4 IQ Cg

Again using the generic assumption on the points P, ..., P,, we get (P, ..., P,) € Int(C,) and
therefore limp_sq f(}g Op, A+ Nop, =1. 0

For a weighted d-pointed k-tree I' with MI(T') = 0,2 and Qr # 0 (notice that the definition of
the polyhedral subset Qr does not depend on the ribbon structure), since the monomial weights
uk;’s at the marked points p;;’s are all distinct, there are exactly 29=1 ribbon structures (up to
isomorphisms) on I'. Notice that [7(II,...,II) does not depend on the ribbon structure as well
because II € 7—[%’2 and IT commute with even elements in H,* (one can also see from Lemmas
and that the terms (—1)X(7) which depend on the ribbon structure, indeed cancel with each
other).
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Therefore for each weighted d-pointed k-tree I', we can fix an arbitrary ribbon tree 7 whose under-
lying tree T is I', and write [y g(IL, ..., II) := 3 peypr, , I7(IL, ... II). By setting ar := (—1)XMDar
and combining Lemmas and we obtain our main theorem:

Theorem 4.12. The Maurer-Cartan solution ® € Hy™ constructed in (3.19)) is of the form
o =1+ 5004 =511

with Z% € Hy' for i = 0,1,2, and both correction terms Z%0 and EV' can be expressed as a sum

over tropical disks:
=00 = Z Z ar Mult(T) 2™ ur,

k,d TEWPT), 4, MI(T)=2
Dy (P,3,Pr,e.., Pa) 2D

o Z Z apkpMult(F)zmrénQF ur,
k,d TEWPTy g, MI(I)=0
Wy (P35, Pryeee, Pr) 20

where WPTy, 4 is the set of isomorphism classes of weighted d-pointed k-trees introduced in Definition

. Furthermore, in the above expressions we have ar € Wgr, where Qr = evo(ﬁg (P,X,P1,...,P,))

. . . MI(T) .
is of codimension sp :=1— T() in Mg, and

}in%) arly =1 for any x € Int(Qr) when MI(T') = 2,
11—

}liir%/ar =—1 for any o Int(Qr) positively when MI(T') = 0.
H
0

MI=0: MI=2:
1"0 . * ’/,,,,i ~ z
P Ql‘o
Iy o
Ql‘\ / ry | o Sl
L /

FIGURE 3. Tropical disks and their moduli spaces for n = 1

Example 4.13. We give an example of the locus Qr traced out by weighted 1-pointed k-trees I' in
the case n = 1, i.e. when there is only 1 marked point. For a tree T' with MI(T') = 0, the only
possibility is that k = 1 and there are precisely 3 such trees T'o,I'1,T'y as shown in Figure[3 together
with the corresponding 1-dimensional loci Qr,, Qr,, Qr,. For the case MI(I') = 2, we have k = 2,
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and there are 6 such trees. Two of them, which we call I's and Ty, with the same attached monomial
Mono(T) = z'22, are shown in Figure @ Note that the boundary between Qr, and Qr, is not a wall
in D although the moduli space jumps across it. This is because the attached monomial Mono(I")
does not jump across the boundary, and this agrees with the fact that ® is simply a holomorphic
function outside the support Supp(D).
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