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0 when z € [0,1) ,
limz" =<1 when x = 1,
n
400  when x > 1.
Thus,
0 when z€]0,1),
. x" 1
lim =< - whenz=1,
n—oo | + " 2
1 when z > 1.
:En
Denote f,(z) = T and

when z € [0,1) ,

when x =1,

o= O

when z > 1.

If b € (0,1), on [0,b] C [0,1). fu(z) converge to f(x) = O pointwisely on [0,b]. Since
lim,, o™ = 0, for any € > 0,94N € N such that 0 < b" < € ,VYn > N. Thus, for any ¢ > 0,
there exists N € N such that for any « € [0,b], n > N,

n

<b" <e

|[fn(z) = f()|

- 1+zn

So, the convergence is uniform on [0, b]. But the convergence is non-uniform on [0, 1]. We
can take ny =k, xp = (1 — 1)

1—1/k)* -1
|fr(ar) = flaw)] = 1 J(r § —/1/)k)k — 1i671 >0, as k — oo.

Or using the theorem in the book, assume the convergence is uniform on [0, 1], since {f,,}
are all continuous function on [0, 1], the limit function f is also continuous. Contradiction
arised.

For any e > 0, there exists N € N such that for all n > N, 1/n < €. Thus,
1
|fu(z) — f(x)] = — < e forallz € R, Vn > N.
n
f? converges to f? poinwisely. So it suffices to show that f2 does not converge uniformly

to f? on R. We take n, =k, z, = k. So,

2k 1
| fR () — fP(an)| = !? + ﬁ| > 1.

Thus, f2 does not convrge uniformly on R.
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Since {fn}, {gn} are uniformly bounded, there exists M > 0 such that

|fn(2)], |gn(2)| < M,V € A.

{fn},{gn} converge uniformly to f and g respectively. So for all € > 0, there exists N € N
such that for all x € A,n > N

|fu(z) — f(@) <e and |gn(z) —g(x)| < e

Also,
|f(z)], lg(x)] < M, Yz € A.

Thus, for all € > 0, there exists N € N such that for all x € A,n > N

|fn(@)gn(2) — f(@)9(@)] < [fn(@)|lgn(z) — g(z)| + |9(@)]| fn(2) — f(2)]
< 2Me.



