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Suggested Solution to Homework 6

Yu Meif

P195, 13.(Hermitian form) Let X be a vector space over a field K. A Hermitian sesquilinear form or, simple
Hermitian form A on X x X is a mapping h : X x X — K such that for all z,y,z € X and a € K,

hz+y,z)=h(z,2)+ h(y, 2)

h(az,y) = ah(z,y)

h($7 y) = h(ya .%')

What is the last condition if K = R? What condition must be added for A to be an inner product on X7
Solution. If K = R, then the last condition reduce to h(z,y) = h(y,x), i.e. h is symmetric.
We should impose the positive condition on h, that is h(x,z) > 0, and h(z,x) = 0 if and only if z =0 to h
so that h is an inner product on X. d

P200, 4. Let H; and Ho be Hilbert spaces and T : H; — Hs a bounded linear operator. If My C H; and
My C Hj are such that T'(M;) C My, show that Mi- D T*(Ms").

Proof. Let z € T*(Mj"). Then, there exist y € M- such that z = T*y. By the definition of Hilbert-adjoint
operator, for any x € M7, one has,

(%, T*y> = <T$7y> =0,

since Tx € T(M;) C My and y € Mjs-. Therefore, z = T*y € M- so that Mi- D T*(Mj"). O
P200, 5. Let M; and Ms in Prob. 4 be closed subspaces. Show that then T'(M;) C My if and only if
ML S T (M),

Proof. By the conclusion of Prob. 4, one has that T(M;) C M implies M~ D T*(Mj").

Now assume Mll ) T*(MQL), where M7 and My are closed subspaces of Hilbert spaces Hi and Hy respec-
tively, one need to show that T'(M;) C My. We use the argument by contradiction. Suppose that T'(M) is
not a subset of Ms. Then there exist 0 # = € T(M;) — Mo, since 0 € T'(M;) N Ms. Note that My is a closed

subspace of Hilbert space Ha, it yields that z = y + z for some y € My and 0 # z € M2l Moreover x = T'w for
some w € My. Since M- D T*(My"), T*z € Mj*, it follows from the definition of Hilbert-adjoint operator that

0= (w,T"z) = (Tw, z) = (x,2) = (y,2) + (2,2) = (2, 2)
Therefore z = 0, which is a contradiction. O
P200, 6.If M; = N (T) = {«|Tz = 0} in Prob. 4, show that
(a) T*(Hz) € Mi-, (b) [T(H)J" CN(T), () My=[T"(Ha)]"
Proof.

(a) Note that M is a closed subspace of Hilbert space Hj. Since T(M;) = {0} and Hy = {0}*, taking
My = {0} in Prob. 4, one has T*(Hz) C Mj-.
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(b) Let = € [T'(Hy)]*. Then, (y,x) = 0 for any y = Tz € T(H;). It follows from the definition of adjoint
operator that
0=(Tz,z)=(2,T"z), forany z¢€ Hj.

Therefore, T*xz = 0, i.e. x € N(T™). Hence, (b) is valid.

(c) Taking orthogonal complement in (a) yields that M; C [T*(Hs)]*, since M; = N(T) is a closed subspace.
It suffice to show that [T*(Hs)]* € Mj. Indeed, let z € [T*(H3)]*. Then

0= (z,T"y) = (Tx,y), forany y € Ho,

which implies that Tz = 0,i.e. € My = N(T).



