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Suggested Solution to Homework 1
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P32, 2. If (z,) is Cauchy and has a convergent subsequence, say, z,, — «, show that (x,) is convergent with
the limit x.

Proof. Let (z,)52; be a Cauchy sequence in metric space (X,d) which has a convergent subsequence
(xn,, )52, with the limit . Then, Ve > 0,3N € N s.t. for all n,m,k > N,

d(Xp, Tm) < and d(xp,,r) <

DO ™
[\ o)

Therefore, note that ny > k, we have

A, 2) < A, 2ay) + A, ) < 5+ 5 = e

which implies x,, — . O
P32, 8. If di and ds are metrics on the same set X and there are positive numbers a and b such that for all
z,y € X,

adl(xay) < dQ(fL',y) < bdl(flf,y),

show that the Cauchy sequences in (X, d;) and (X, dz2) are the same.
Proof. Let (z,,) be a Cauchy sequence in (X, d;). Then, Ve > 0,3N € N s.t. for all n,m > N,

di(Tn, Tm) <

[l e

It follows that
do (T, Tm) < bdy(xh.2m) < €,

which yields (z,) is a Cauchy sequence in (X, ds).
Similarly, let (y,) be a Cauchy sequence in (X, d3). Then, Ve > 0,3N € N s.t. for all n,m > N,

d2(Yn, Ym) < ae.

It follows that

d n-Jm
(o m) < 20

which yields (y,) is a Cauchy sequence in (X, d;). O
P40, 7. Let X be the set of all positive integers and d(m,n) = |m~' —n~!|. Show that (X, d) is not complete.
Proof. It is easy to check d is a metric on X. Now we show that (X, d) is not complete.
Set z,, = n. Then (x,) is a Cauchy sequence in (X, d). Indeed, Ve > 0, AN = [%} +1, s.t. for all n,m > N,

d(xp, ) =dn,m) =|m "t —n7 <2N" ! <e

Now, we claim that (z,,) cannot converge in (X, d). Otherwise, assume z,, — k for some k € Z*. Then, for all
n > 2k~!
din,k) = |k~ —n71| > 2k 1

A contradiction! O
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