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ABSTRACT. LetT1,...,T,, be afamily of dxd invertible real matrices with ||T;|| <
1/2 for 1 <i<m. For a= (a,...,a,) € R™ let 7*: ¥ = {1,... m}N — R?
denote the coding map associated with the affine IFS {T;x + a;}7,. We show
that for every Borel probability measure p on ¥, each of the following dimensions
(lower and upper Hausdorff dimensions, lower and upper packing dimensions) of
72y is constant for £L™%-a.e. a € R™?, where 72 stands for the push-forward of
u by 2. In particular, we give a necessary and sufficient condition on p so that
72y is exact dimensional for £™?-a.e. a € R™?. Moreover, for every analytic set
E C %, each of the Hausdorff, packing, lower and upper box-counting dimensions
of 7®(E) is constant for £L™?-a.e. a € R™?. Formal dimension formulas of these
projected measures and sets are given. The Hausdorff dimensions of exceptional
sets are estimated.

1. INTRODUCTION

In this paper, we study various dimensions of the projections of sets and measures
under the coding maps associated with typical affine iterated function systems.

By an affine iterated function system (affine IFS) on R? we mean a finite family
F = {fi}m, of affine mappings from R? to R?, taking the form

fz(x)zﬂx+a17 izla"wma

where T} are contracting d x d invertible real matrices and a; € R?. It is well known
[31] that there exists a unique non-empty compact set K C R? such that

K= Ufz(K)

We call K the attractor of F, or the self-affine set generated by F.

In what follows, we let 11, ..., T}, be a fixed family of contracting d x d invertible
real matrices. Let (3,0) be the one-sided full shift over the alphabet {1,... ,m},
that is, ¥ = {1,...,m}" and o : ¥ — ¥ is the left shift map. Endow Y with the
product topology and let P(X) denote the space of Borel probability measures on
3.

Key words and phrases. Affine iterated function systems, coding maps, self-affine sets, projec-
tions of Borel sets and measures, local dimensions, exact dimensionality, fractal dimensions.
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For a = (ay,...,a,) € R™, let 7@ : ¥ — R? be the coding map associated
with the IFS {f2(x) = T)x + a;}",, here we write f? instead of f; to emphasize its
dependence of a. That is,

(1.1) (i) = lim f2o---0 f2(0)

n—
for i = (i), € 3. It is well known [31] that the image 72(X) of ¥ under 7@ is
exactly the attractor of {f2},. For u € P(X), let 72 denote the projection of p
under 72, that is, 72y is the Borel probability measure on R? defined by

m2u(A) = p((7®) 71 (A))

for every Borel set A C R?. This measure is also called the push-forward of i by
2. In the special case when p is the Bernoulli product measure on Y generated by
a probability vector (p1,...,pm), v := m2u is the unique Borel probability measure
on RY satisfying

V= ZPW o (f)7
i—1

which is called the self-affine measure associated with { f2}™, and (p1,...,pm). The
goal of this paper is to study dimensional properties of the projections of general
Borel sets and measures under 72.

Let us first introduce some necessary notation and definitions about various di-
mensions of sets and measures. For A C R? we use dimy A, dimp A, dimgA and
dimgA to denote the Hausdordff, packing, lower and upper box-counting dimensions
of A, respectively (see e.g. [11, 42] for the definitions). If dimpA = dimpA we use
dimp A to denote the common value and call it the box-counting dimension of A.

Recall that for a probability measure n on R?, the local upper and lower dimensions
of n at x € R? are defined respectively by

- 1 B
dimyoe(n, ) = lim sup OB MPAL,T)) n(B(x,r))
r—0 log r

logn(B(z,7))

, dimy,.(n, ) i log r

Y

where B(x,r) stands for the closed ball of radius r centered at z. If

di—mloc(na ill') = di_nﬁgg(ﬁ? $),

the common value is denoted as dimy,.(7, ) and is called the local dimension of n at
x. We say that n is exact dimensional if there exists a constant C' such that the local
dimension dimy,.(n, z) exists and equals C for n-a.e. x € R?. Tt is well known that if
n is exact dimensional, then the lower and upper Hausdorff/packing dimensions of
7 coincide and are equal to the involved constant C', and so are some other notions
of dimension (e.g. entropy dimension); see [52, 9]. Recall that the lower and upper
Hausdorff/packing dimensions of 1 are defined by

dl—mHn = essinf di—mloc (777 l’), dl—mHn = €SSSsup —dimloc(nv CL’),
xzespt(n) zEspt(n)

dimpn = essinf dimyee(n,z), dimpn = esssup dimyoo (7, z).
x€spt(n) xEspt(n)



Equivalently these dimensions of measures can be given in terms of dimensions of
sets; see e.g. [19]:

dimyn = inf{dimyA : A is a Borel set with n(A) > 0},
dimgn = inf{dimpA : A is a Borel set with 7(A) = 1},
dimpn = inf{dimpA : A is a Borel set with n(A4) >
dimpn = inf{dimpA : A is a Borel set with n(A) =

1}

In his seminal paper [8], Falconer introduced a quantity associated to the matri-
ces 11, ..., T, nowadays usually called the affinity dimension dimapp(11,...,Ty),
which is always an upper bound for the upper box-counting dimension of 72(%),
and such that when

1
(1.2) IT] <5 foralll<i<m,

then for £™-a.e. a,
dimyg 7%(¥) = dimg 7*(X) = min{d, dimapr(71,...,Tn)}

In fact, Falconer proved this with 1/3 as the upper bound on the norms; it was
subsequently shown by Solomyak [50] that 1/2 suffices.

The affinity dimension dimapp(771,...,7T,,) is defined as follows. Let GL4(R) de-
note the collection of all d x d invertible real matrices. For T' € GL4(R), let

ay(T) = --- = au(T)

denote the singular values of T'. Following [8], for s > 0 we define the singular value
function ¢* : GL4(R) — [0,00) as

oo s—k i
(13) &(T) = { (Oiééég;z)s/dak(T)Oékﬂ(T) i 2 § CSL< d,

where k = [s] is the integral part of s. Then the affinity dimension of the tuple
(Ty,...,T,,) is defined by

(1.4)  dimapp(Ty, ..., T,,) = inf {s >0: Jirgoﬁlog Z o*(Ty, -+ T;) < 0} _
Further developments have been made after the work of Falconer and Solomyak.
In [37] Kdenméki showed that, under the assumption (1.2), there exists a o-invariant
ergodic measure p on ¥ such that dimg72y = dimy7®(X) for £Lm%a.e. a. Under
the same norm assumption, Jordan, Pollicott and Simon [36] further showed that
for every o-invariant ergodic measure p on ¥ and for £™%-a.e. a, the lower and
upper Hausdorff dimensions of 72 coincide and are equal to the so-called Lyapunov
dimension of y; as pointed out by Jordan [35] and Rossi [47], in this case 72y is
exact dimensional for £™%-a.e. a. Later, Kdenmiki and Vilppolainen [38] proved
that under the assumption (1.2), for every compact subset E of ¥ with 0 E C E and
for £™-a.e. a, the Hausdorff and box-counting dimensions of 72(E) coincide and

are equal to the root of a pressure function. In [32] Jarvenpéa et al. further proved
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that for every compact subset E of ¥, dimy 7*(E) = min{d, dimy, £’} almost surely
under the same norm assumption, where dimy, F is defined as in (5.1). Moreover,
they obtained some dimensional results for a general class of deterministic or random
affine code tree fractals; see also [33, 34]. In [17] Falconer and Miao estimated
the Hausdorff dimensions of exceptional sets of a for which dimy72(X) takes an
exceptionally small value. Besides these results, for almost all a the constancy
of the L9 dimensions (1 < ¢ < 2) was also proved for the projections of general
Borel probability measures under 72 [10, 12], and the multifractal structure of the
projections of Bernoulli product measures under 72 was investigated in certain cases
[4].

Inspired by the above developments, in this paper we aim to further investigate
the dimensional properties of the projections of arbitrary Borel sets and measures
under 7 for almost all a. In particular, we would like to study under which general
condition on a given p € P(X), the projection 721 is exact dimensional for almost all
a. It is known [20] that when g is o-invariant and ergodic, 72 is exact dimensional
for every a € R™4; see also [2, 21] for some earlier results. So it remains to investigate
the more general case.

To state our main results, we still need to introduce some notation and definitions.
Let p € P(X). For z = (x;)72, € ¥ and n € N, we write z|n : = x;---x, and set
Sn(p, ) to be the unique number ¢ € [0, 0o such that

(1.5) ¢ (Topn) = p[1 -~ @n)),

where Ty, := Ty, - Ty, and [y -+ xy] = {(v:)2, cys = x; for i =1,...,n}. Next
we define

(1.6) S(p, x) = liminf S, (i, z), A<D

and

(1.7) S(u) = essinf S(pu, ), S(pu) = esssup S(u,x).
resptu TEspty

For z,y € X, let x A y denote the common initial segment of x and y. If x # y,
we let oy (Tyny) denote the k-th singular value of T,n,, k = 1,...,d. Here for the
empty word e, 7. stands for the d x d identity matrix. Following [36], we define a
function Z,,, : (0,00) — (0,1] by

ﬁ min{r, o(Tpny)} o4y,

(18) ZwAy<T) = k1 ak(Tm/\y) 7
1, otherwise.
It is easy to check that
d
1 max{r, ay(Tiry)} _
(1.9) = ,  ifx#y.
Zyny(T) 1£I1 r



For x € ¥ and r > 0, define

(1.10)
and

(1.11)

Write
(1.12)

@mmz/ammww,

log G
D(p, z) = limsup w
r—0 log r

D(p) = essinf D(u,x), D(u) = esssup D(u, x).

xEspt(p) zEspt(p)

Now we are ready to formulate our first result.

Theorem 1.1. Let p € P(X). Then the following properties hold.

(i) For every a € R™,

di—mloc<ﬂ-:u7 7TaZL’> < mln{S(:ua .Z'), d} and
ﬁloc<ﬂiu7ﬂ-ax) S D(:ua I)

for p-a.e. x € ¥. Consequently for every a € R™,
dimg7rdp < min{S(p),d},  dimgrdp < min{S(u), d},
dimpr2y < D(p), dimpmip < D(p).

(ii) Assume that ||T;|| < 1/2 for 1 <i < m. Then for L™-a.e. a € R™,

This result states in particular that under the assumption (1.2), for every p €
P(X), each of the following dimensions (lower and upper Hausdorff/packing di-

mensions) of 72y is constant almost surely. As a direct consequence, we have the
following.

Theorem 1.2. Let p € P(X). Assume that |T;|| < 1/2 for 1 <i < m. Then m2u

is exact dimensional for L™ -a.e. a € R™ if and only if one of the following two
conditions holds:

di—mloc(ﬂ-j:ua Wax) = mln{S(:ua IL‘), d} and
ﬁ100<7r>?:u7 ﬂ-ax) - D(,LL, J])

for p-a.e. x € ¥. Consequently for L™ -a.e. a € R™,
dimy7m®u = min{S(p),d}, dimgm?y = min{S(u), d},
dimpm2p = D(p), dimpr?p = D(p).

(1) iminf, o Sp(p, ) > d for p-a.e. x € X.
(ii) There exists s € [0,d) such that

(1.13)

log G, (x,r)

liminf S, (p, ) = s and limsup ——————= =s  for p-a.e. v € 3.

r—0 logr
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The above theorem gives a complete characterisation of those measures u € P(X)

so that 72 is exact dimensional for almost every a. However, the condition (1.13) is

not easily checked since it involves the quantity lim sup,_,, %, which is usually

difficult to be estimated. Nevertheless, we are able to provide the following.
Theorem 1.3. Let p € P(X). Then the following properties hold.

(i) For each s € [0,d), (1.13) holds if
(1.14) nh_}n(glo Sp(p,x) =s  for p-a.e. x € X.

(ii) For every s € [0,d)\N, (1.13) holds if and only if (1.14) holds.

(iii) Suppose that all'T; (i = 1,...,m) are scalar multiples of orthogonal matrices.

Then for each s € [0,d), (1.13) holds if and only if (1.14) holds.

We remark that the condition s € [0,d)\N in Theorem 1.3(ii) is sharp. Indeed for
every integer d > 2 and s € {1,...,d — 1}, we can construct a tuple (71,...,T,,) of
d x d matrices and a measure p € P(X) such that (1.13) does not imply (1.14). See
Example 4.4 for the details.

Next we state our result on the Hausdorff, packing, lower and upper box-counting
dimensions of the projections of analytic sets. Recall that a subset of X is said to
be analytic if it is a continuous image of the Baire space NV. It is known that any
Borel subset of ¥ is an analytic set (see e.g. [46]).

Theorem 1.4. Let E C Y be an analytic set. Then the following properties hold.
(i) For every a € R™,

dimyg 7*(E)

dimp 7*(FE)

min{dimp, F, d},

sup D(p),
HEP(X): spt(u)CE

dimg7®(F) < dim F,
di_mBWa(E) S di_mcﬁ,

<
<

where dimy E is defined in (5.1), and dimE, dimgE are defined in (6.2).
(ii) Assume that ||T;|| < 1/2 for 1 <i < m. Then for L™-a.e. a € R™,

dimyg 7%(F) = min{dim E, d},
dimp 7%(E) = sup  D(u) = sup D(n),
REP(X): spt(n)CE REP(X): spt(n)CE
di—mBﬂ-a<E) = dim FE,
di_mBﬂ'a(E) = di_mcﬁ,
Moreover if dimp E > d, then LY(7?(E)) > 0 for L™-a.e. a € R™,

This result states, in particular, that under the assumption (1.2), each of the
Hausdorff, packing, lower and upper box-counting dimensions of 72(E) is constant
almost surely. We remark that the analyticity assumption on E is not needed for
the statements for the lower and upper box-counting dimensions.
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Besides the above results, in Section 9 we also provide some inequalities for the
Hausdorft dimensions of the sets of translational vectors at which the dimensions of
projected sets and measures are exceptionally small; see Theorems 9.1-9.2.

Although the settings are a bit different, our constancy results (Theorems 1.1
and 1.4) on the dimensions of projected measures and sets on typical self-affine sets
are analogous to the corresponding constancy results for the dimensions of sets and
measures under orthogonal projections. More precisely, Theorem 1.1 is analogous to
the constancy results of [30, 18] for the lower and upper local dimensions of measures
and to that of [29, 15] for the Hausdorff and packing dimensions of measures under
orthogonal projections; whilst Theorem 1.4 is analogous to the work of [40, 41] for the
Hausdorff dimension of sets, to that of [15] for the packing dimension of sets, and to
that of [28, 14] for the box-counting dimension of sets under orthogonal projections.
Meanwhile, our results are also analogous to the theorems on the Hausdorff and
packing dimensions of the images under factional Brownian motions (see [39, 51, 49,
13]).

For the proofs of Theorems 1.1 and 1.4, besides adopting and extending some
ideas and strategies from the papers [8, 14, 15, 30, 35, 36|, we also need to develop
new techniques (e.g. Lemma 3.4 and Proposition 6.4) to analyse the covering prop-
erties of the projections of sets and measures under the coding maps. The proof of
Theorem 1.3 involves a lengthy and delicate estimation of G,(z,r). Using a similar
strategy we are able to provide a simple criterion (see Theorem 8.1) for the exact
dimensionality of projected measures under typical orthogonal projections. For the
proofs of Theorems 9.1 and 9.2, we apply and extend some estimations in [17].

Recently significant progress has been made in characterizing concrete (planar)
self-affine sets and self-affine measures of which the Hausdorff dimensions coincide
with the affinity and Lyapunov dimensions; see [1, 26] and the references therein.
It is expected that one may specify concrete a for which the equalities in Theorems
1.1(ii) and 1.4(ii) hold under reasonable assumptions on 77,. .., T,.

The paper is organized as follows. In Sections 2 and 3 we investigate the lower and
upper local dimensions of projected measures separately. Theorem 1.1 is a simple
combination of Theorems 2.1 and 3.1. In Section 4 we prove Theorems 1.2 and 1.3.
In Sections 5, we investigate the Hausdorff and packing dimensions of projected
sets. In Section 6 we investigate the lower and upper box-counting dimensions of
projected sets. Theorem 1.4 is then a direct combination of Theorems 5.1, 5.4 and
6.3. In Section 8 we prove Theorem 8.1, which is an analogue of Theorem 1.3 for
orthogonal projections. In Section 9, we prove Thorems 9.1 and 9.2 which estimate
the Hausdorff dimensions of the exceptional sets. In Section 10 we give some final
remarks and questions.

2. LOWER LOCAL DIMENSIONS OF PROJECTED MEASURES

Throughout this section, let 17, ..., T}, be a family of d x d invertible real matrices
with ||| < 1 for 1 <4 < m. Fora= (aj,...,a,) € R™ let 2 : ¥ — R? be the
7



coding map associated with the IFS {f?(x) = T;x + a;}", (see (1.1)). For short we
write ff = flo---o f2 and Ty :=T; ---T;, for I =iy ---i,, € 8y = {1,...,m}".

i1 in
Recall that we have defined the quantities S(u,z), S(u) and S(u) for p € P(X)
and z € ¥ in (1.6) and (1.7). The main result of this section is the following.

Theorem 2.1. Let y € P(X). Then the following properties hold.
(i) For every a € R™,
dimy o (%, 72) < min{S(,2), 4} for p-ace. z € %,

consequently, dimym®y < min{S(y),d}, Ty < min{S(), d}.
(ii) Assume that ||T;|| < 1/2 for 1 <i < m. Then for L™-a.c. a € R™,

dim, (72 p, 7*2) = min{S(u, x),d}  for p-a.e. x € 3,
consequently, dimym®y = min{S(u), d}, dimgm2y = min{S(u), d}.

To prove part (i) of the above theorem, we need the following result.

Lemma 2.2 (Jordan [35]). Let a € R™. There is a positive constant ¢ > 0 which
depends on a and Ty, ..., T,, such that the following property holds. For every e €
(0,1), p e P(X) and £ € {0,1,...,d — 1}, we have for p-a.e. x € X,

(2.1) 2w (B(m?z, cappr (Ton))) > (1 — E)n/]l\f(g[(ﬂﬂ; for large enough n,
where
(2.2) Ny(z|n) := a1 (Topn) -+ (Lo oty (Tapn)-

Proof. For the reader’s convenience, we include here the detailed argument of Jordan
[35].
Let a= (ai,...,a,) € R™. Take a large R = R(a, T, ..., T),) > 0 such that
f2(B(0,R)) C B(0,R) fori=1,...,m,
where f2(z) := T;xz+a;. Clearly the attractor 72(X) of the IFS {f2}7, is contained

in B(0, R). Take ¢ = 4Rv/d. Below we show that the statement of the lemma holds
for such c.

Let e € (0,1), p € P(X) and ¢ € {0,...,d — 1}. For n € N, let A,, denote the set
of the points = € ¥ such that

o ([z(n])
Ny(z|n)

To prove that (2.1) holds for p-a.e. x € X, by the Borel-Cantelli lemma it suffices
to show that

(2.3) > n(An) < oo

72w (B(m?z, cappr (Tom))) < (1 —¢)

For this purpose, below let us estimate p(Ay,).
8



Fix n € Nand I € ¥,. Notice that f2(B(0, R)) is an ellipsoid of semi-axes
ROél(T[) > . > ROéd<T])

7 balls of radius 2R/ day 1 (Ty). Since w2 ([1])

is contained in f2(B(0, R)), it follows that there exists a nonnegative integer L
satisfying

so it can be covered by 2¢T]"

lla

A(T7)
(2.4) L<2 H OZH ;I = 2/N,(I)

such that 72(A, N [I]) can be covered by L balls of radius 2RV da1(T}), say,
By,...,Br. We may assume that 7(A,, N [I]) N B; # () for each 1 < i < L. Hence
for each i, we may pick (¥ € A, N[I] such that 722 € B;. Clearly

(25) Bl CB (Wal'(i),4R\/aag+1(T[)> =B (WaI(i), CO(@+1(T])) .
Since 2 € A, N[I], by the definition of A,, we obtain
. I
(2.6) 2 (B (Wax(l),COé4+1(T[))) <(1- e)”'u([ ])
Ne(I)

It follows that
pAn O [I]) < po (7)Y (x (A, N [I]))

< mip (U Bi)
< 72u (U B (Wal’(i)7 caeH(TI))) (by (2.5))
< La-gr i Gy 26)
< 21 —mu(ll])  (by (24)).
Summing over I € 33, yields that u(A,) < 2%(1 — €)*, which implies (2.3). O

Proof of Theorem 2.1(i). Let a € R™ and p € P(X). We need to show that for
p-a.e. x € X,

di—mloc(ﬂ-gﬂw Wax) S mln{S(:u7 93'), d}
For this purpose, it is enough to show that for every § > 0,

(2.7) dimy, (72, 722) < min{S(yu,z),d} +0 for p-a.e. z € X.
To this end, let § > 0. Pick € € (0, 1) such that
log(1 —
(2.8) log(1 —¢) <,
log oy
where oy = max{||T;|| : i =1,...,m}.
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Set
Ay ={zeX: k<S(px)<k+1}, k=0,...,d—1.
Since dim, . (m2u, 7?x) < d for p-a.e. x € ¥, it suffices to show that (2.7) holds for
j-a.e. T € UZ;(l) Ay

Fix k € {0,...,d — 1}. By Lemma 2.2, there exists A} C A with u(Ax\A,) =0
such that for each z € A},

(2.9) T2 (B(72x, capgr(Tyn))) = (1 — e)"]'lif(k[z?i; for large enough n,

where Ni(z|n) is defined as in (2.2).

Now let z € Aj. Let v € (0,k+ 1 — S(u,z)). Then there exists a subsequence
(n;) of natural numbers such that

(2.10) k< Sy(ur)+y<k+1 and lim S, (u,2) =S, x).
j—oo

Observe that
/,L([Q]'|'n/]]> _ ¢Snj(#7$)(Tmlnj) - ¢Snj(ﬂ7$)+7<Tx‘nj) _ &Snj(u,z)-ﬁf
Nk(‘ﬂ”ﬂ) ¢k(Tx|n])aI;f1<Tx\n,> B ¢k(Ta:|ng)O‘I;f1(Tzln7) rH
where in the last equality we have used (2.10). Hence by (2.9),

(Trlnj)a

log Wf:u (B(Wafl% COlk41 (Tx\nj )))

dim, (72 p, 7*2z) < liminf

j—00 log vy 1(Tiopm,)
o, 1([7[n5])
s (0 =9 ey
< lim inf K J
oo log a1 (Tajn,;)
<liminf (S, (5 2) + 1 2108 =)
T jooo n; " log vy 1(Topn,)

< S(p,x)+v+6 (use avpy1(Tyn,) < (ay)™ and (2.8)).
Since + is arbitrarily taken in (0,k+ 1 — S(u,x)), we get
dimy, (75, m2) < S(p, x) + 6.
That is, (2.7) holds for every « € A}, so it holds for p-a.e. x € Ay, as desired. [

Next we turn to the proof of part (ii) of Theorem 2.1. We need several lemmas.

Lemma 2.3 ([48]). Let v € P(R?) with compact support and x € RY. Then
dim, .(v,z) = sup {s >0: /]az —y|¥dr(y) < oo} :

Proof. The equality was first observed in [48]. The reader is referred to [5, Theorem

3.4.2] for an implicit proof. O
10



Lemma 2.4. Let € P(X) and x € X. Then

S(p,x) = sup{s >0: /mdu(y) < OO}-

Proof. We first show that if s > S(y,x), then [ mdu(y) = 00. Choose § > 0

so that s — 0 > S(u,z). Then there exists a subsequence (n;) of natural numbers
such that S, (u, v) < s —§, which implies that

pllzlng]) = %5 (To,) = 677 (Topn,) = 6° (T, ) (1) s )™,

where ooy = max{||T;|| : i =1,...,m}. It follows that

1 L p([z|ny]) nid
/¢S(Tsz) i) = /[ff”j] ¢3(Tx|nj) ) ¢8(Tx|nj) z (1)
Letting j — oo we have [ —qss(z}my)dﬂ(y) - 0.

Next we show that [ Wdu(y) < oo for 0 < s < S(u,x). Choose § > 0 such

Ay)

that s +0 < S(u,x). Then there exists ny such that S, (u,z) > s+ ¢ for all n > ny.
It follows that for n > ny,

wllzln]) = 6% (Ty,) < ¢4 (Toja) < 6°(Tam)alt,
({z}) = 0. Hence

| S0 = 3 g wletnl) = el -+ 1)
|

which implies, in particular, that

=

n=0 )
o Al[z|n])
<
no—1 o)
p([x[n]) n
< + '’ < oo
2 §*(Tjn) nzzn "
This completes the proof. U

Lemma 2.5 ([8, Lemma 3.1], [50, Proposition 3.1]). Let p > 0. If s is non-integral
with 0 < s < d and |T;|| < 1/2 for 1 < ¢ < m, then there exists a number
c=c(p,Th,...,Tn) > 0 such that

da c
2.11 / <
( ) B, |7Tal‘ _ 7.(-ay|s ¢S(Tx/\y)

for all distinct x,y € ¥, where B, denotes the closed ball in R™ of radius p centred
at the origin.

Now we are ready to prove part (ii) of Theorem 2.1.

Proof of Theorem 2.1(ii). According to part (i) of the theorem, we only need to
show that for £™-a.e. a € R™,

dim, (72 p, 7*2) > min{S(p, x),d} for p-a.e. x € X.
11



To this end, we adapt the arguments in the proof of [30, Theorem 4.1]. Let p > 0.
For a given non-integral s € (0,d) and a positive integer N, let Ay be the set of x

for which .
——du(y) < N.
/Z ¢ ( x/\y) ( )

Notice that by Lemma 2.4, the set of all « for which S(u, z) > s is contained in the
union of Ay for N > 1. Appying Fubini’s theorem,

/Bp /AN /Rd I::xu— FE dp(z)da = /B /AN/Zmdu(y)dﬂ(z)da
- /AN / /Bp mdadu(y)du(x)

/AN/zcb 7oy Hwldntz) - (by (2:11)
< c¢N.

dmi (=)

du(x) < oo and hence
|2z — z|*

It follows that for L™%-a.e. a € B,, / /
Ay JRd

d a
/ M < oo for pra.e. x € Ay.
R

a |z — z|*

Taking the union over N, we have for £L™%-a.c. a € B,,

d a
/ M < oo for pra.e. x with S(u,z) > s
R

a |z — 2|
It follows from Lemma 2.3 that for L™%a.e. a € B,,
dim  (72u, 7%z) > s for pra.e. x with S(u, ) > s
Thus we have shown that for all non-integral s € (0, d),
p({z €T S(ua) > s > dimy, (w2, 7°2)}) = 0

for Lm-a.e. a € B,. Taking the union over all non-integral rational s in (0,d), we
conclude that for £L™%-a.c. a € B,,

p({z e X: min{S(u,x),d} > dim,  (72u, 722)}) =0,

for if min{S(u,z),d} > dimy,.(72u, 7x), then there is a non-integral rational s in
(0,d) such that S(u,z) > s > dim . (72p, 72z). O

3. UPPER LOCAL DIMENSIONS OF PROJECTED MEASURES

In this section we investigate the upper local dimensions of the projections of
Borel measures under the coding map 7. Recall that we have defined the quantities
Zury(1), Gu(x,7), D(p,z), D() and D(p) for p € P(X), x,y € ¥ and r > 0 in
Section 1; see (1.8)-(1.12).

The main result of this section is the following.
12



Theorem 3.1. Let p € P(X). Then the following properties hold.
(i) For every a € R™,
Ttioe (724, 7°2) < D(p 3) for prae. x € 3,

consequently, dimp(n*) < D(u) and dmp(x2) < D(p).
(i) Assume that |T;]| < 1/2 for 1 <i < m. Then for Lm-a.c. a € R™,

dimyee (72, 722) = D(p, ) for p-a.e. v € %,
consequently, dimp (731) = D(u) and dimp(n2p) = D(p).

3.1. Proof of part (i) of Theorem 3.1. The proof is based on several lemmas.
For p > 0, let D, be the partition of R? defined by

=1

We begin with a simple geometric observation.

Lemma 3.2. Let a € R™. Then there exists C' = C'(a) > 0 such that for allr > 0
andie X, =, X,

#{Q: Qe QNAE(R) #0) <
where Z;(r) is defined as in (1.8).

Zi(’f‘)7

Proof. Let a € R™ r > 0 and i € X,. Write for brevity
w:=2max{1, diam(7*(X))}.

Notice that f2(7(X)) is contained in a rectangular parallelepiped of side lengths
uay(Ty), ..., uag(T;). We can divide such a parallelepiped into at most

ﬁ 2max{uay(Ty), 1} < ﬁ 2umax{a(T;), r}  (2u)?

k=1 " i " Zi(r)
cubes of side length r, here we have used (1.9) in the last equality. Take C' =
(2u)4(d + 1)¢. Clearly C” is independent of r and i. The lemma then follows from

the fact that each cube of side length r intersects at most (d + 1)¢ elements in
Recall the definition of G, (z,r) for p € P(X), x € ¥ and r > 0; see (1.10).

Lemma 3.3. Let oy := max{||T;|| : i = 1,...,m} and r € (0,1). Let £ = {(r)
be the smallest integer so that o < r, that is, { = [logr/loga.]. Then for every
xr € X,

{—1
(3-2) Gplw,r) = (Z Za)i (r) (u([]7]) — pllels + 1]))) + Zajo(r) p(l|€]).

Consequently, the mapping x — G, (x,r) is continuous on X.
13



Proof. Let x € ¥. We first show that
(3.3) Zyj(r) =1 for every j > (.

To see this, observe that for j > ¢, ||T,;|| < ai < ol <1, so ag(Tyy;) < rfor
1 < k < d, which implies that

d .
() = min{r, ax(Ty;)} _

This proves (3.3). Now by definition,

Gu(z,r) = / eny (1) dp(y

= Zali(r)p{y : IxAy|=J}) + u({z})

= (ZZW (r)pdy IwAyI—J})+<ZM{y |=’JU/\?J|_J})
+u({r}) (by (3.3))

= Zqu(T)u{y: [z Ayl :J}) + p([z[4])

= inu(T)u{y: \x/\y|:J}) + Zap(r)p([zl€])  (by (3.3))

= i Zal;(r) (u(]7]) = pllzls + 1]))) + Zje(r)p([] ).

This proves (3.2). The continuity of z — G, (z,r) follows immediately. O

The following result plays a key role in our proof of Theorem 3.1(i).

Lemma 3.4. Leta € R™ ~v € (0,1) and € > 0. Then for u-a.e. x € 3, there exists
n(z) € N such that

(3.4) T2 (Byn (722)) 2> v pu([2]l]) Zee(¥")  for allm > n(x) and £ > 0.

Proof. Let a € R™ ~ € (0,1) and € > 0. Let n € N. For £ > 0, set
Ane=A{r € X mlp (Byn(mx)) <" p([2|]) Zze(v") }-
We first prove that
(3.5) (A <C'y™, €=0,1,...,
where C’ is the constant in Lemma 3.2.

To this end, let £ > 0. For i € ¥;, we let F; denote the collection of () € D.u)va

satisfying the following two conditions:
14



(i) QN fA(m2(X)) # 0.
(ii) 72u(Q) <™ u([i])Zi(v™).

By Lemma 3.2, #F; < C'/Z;(+™). It follows that for i € ¥,

i ( U Q) PR (0)

QEF; QEF;
(3.6) Vol
< — -y u(i]) Zi(y"
Z A
= C"y"p([i)).
We claim that
(3.7) (A Nfi)) c |J Q foreveryie S
QEF;

To see this, let i € ¥, and © € A,, N[i]. Let Q(z) be the unique element in

D... ;g which contains the point 7%z. Clearly 7%z € Q(x) N f(7*(X)) since z € [i].

Moreover since diam(Q(z)) < ~", it follows that Q(x) C By (m?z). Hence
mem(@(@)) < mEpu(Byn (r22)) <" p([i]) Z: ("),

where we used the assumption z € A, in the second inequality. Therefore Q(x) €

Fi, and so @z € UQG 7 @ by using the fact that 7%z € Q(x). This completes the

proof of (3.7).

By (3.7) and (3.6), for every i € ¥,

p(An e O [i]) < 72 (n®(Ane N i) < 7lp ( U Q) < O™ p(li]).

QeF;
Summing i over ¥, yields that p(A, ) < C’+™. This proves (3.5).
Next we prove that

nlogy logdiam(r*(X))

(3.8) Ape=0 forall (>

’ log oy log o
where
(3.9) ap =max{||Ti||: i=1,...,m}.

For this purpose, let ¢ > I;lgoiz — logdiliglgf(z)). Then of diam(7®(X)) < 4™ Let
x € . Notice that

diam (7 ([z[(])) = diam(f3,(7*(X))) < ol diam(7?(%)) < ™.
It follows that 72([z|¢]) C Bn(m2x), so
(3.10) pllzl€]) < mlp (m([2]])) < wlp (Byn(7%2)) -
This implies that x ¢ A, 4; since if x € A, then by the definition of A,, ,

Top (Byn (72()) < 7n€ﬂl(£$|£])zx\€(’7n) < u([z]4]),



which contradicts (3.10). Since x is arbitrarily taken from ¥, we have A, , = 0.
This proves (3.8).

Finally, let A, = J,2, Ane. Then by (3.5) and (3.8),

nlogy logdiam(m®(X)) 1
log ar, log ar, '

) = ¢

Therefore Y | 11(A,) < co. By the Borel-Cantelli lemma,
I (ﬂ U An> =0.
k=1 n=k
Hence for p-a.e. x € X, there exists n(z) such that x € A,, for every n > n(z), from
which (3.4) follows. O
As an application of Lemma 3.4, we have the following.

Corollary 3.5. Let a € R™, ~ € (0,1) and € > 0. Then for u-a.e. x €%,

i (B (520) 2 707 (12 1 2) Gl

when n is large enough.

Proof. Let I" denote the set of point = € ¥ such that there exists n(z) € N so that
(3.11) T2 (Byn (122)) > v pu([@]]) Zye (") for all n > n(x) and £ > 0.

Then by Lemma 3.4, p(I") = 1.

Let a4 be defined as in (3.9). Fix x € I" and let n > n(z). Let £ be the smallest
integer so that aﬁ < ~™. Then

(3.12) (< losy
log oy

By Lemma 3.3 (in which we take r = ™),

¢
Gu(z,7") < Zqu(v”)u([wU])
< (U+ 1)y " miu(By(n?z))  (by (3.11))

< n(log” +2) et (B () (by (3.12)),

log ary
which yields the desired inequality. U
Proof of Theorem 3.1(1). It follows directly from Corollary 3.5. U

16



3.2. Proof of part (ii) of Theorem 3.1. Let us begin with the following.

Lemma 3.6. Letx € X, r >0 andn > 0. Then

(3.13) Zgjn(r) = min { gbk&zm) ck=0,1,... ,d} and
(3.14) Zgin(r) < gbt(th ) for all t €0, d].
z|n

Proof. Write for brevity that oy = ay(T,,) for k=1,...,d. By (1.8),

1 if r > ay,
k .
Zan(r) = mféak if a1 <7 <oy for some k€ {1,...,d— 1},
L if r < ay.
alag

Now (3.13) follows from the above equality by a routine check. To see (3.14), we
only need to consider the case when ¢ is a non-integer in (0, d). Let k be the unique
integer so that t € (k,k+1). Clearly 0 < k <d—1. Now t = pk + (1 —p)(k + 1)
for some p € (0,1). By (3.13),

1—
,rk‘ p T’k+1 p T’t T’t
Zm\n(r) < = I—p ¢ T )
Q- Qg Q- Qg1 Q- gy ¢ (Topn)

where we use the fact that 1 — p =t — k in the last equality. U

Recall that for p > 0, B, denotes the closed ball in R™ of radius p centred at the
origin. To prove Theorem 3.1(ii), we need the following.

Lemma 3.7 ([36, Lemma 5.2]). Assume that ||T;|| < 1/2 for 1 <i <m. Let p > 0.
There exists C = C(p, Ty, ..., T,) > 0 such that for all x,y € ¥ and r > 0,

L a e B, : |m?x —7m?y| <r} < C- Zypy(r).

Proposition 3.8. Assume that [|T;]| < 1/2 for 1 <i < m. Let x € ¥ and p > 0.
Then

di_mIOC(T(f:ua 7Ta$> = D(,Ua $)

d
for L™%-a.e. a € B,,. i
1



Proof. We adopt an idea from the proof of [15, Lemma 4(a)]. Let x € ¥ and r > 0.
Applying Fubini’s theorem and Lemma 3.7,

| muada = [ [ 1 drtut)da
B, B, JRd

= / / Ly [ray—mazi<r) dia(y)da
B, Js

= / / 1{a: |ray—maz|<r} dad:u(y)
= JB,

= / L™ ae B,: |m%r — 7%y <1} du(y)
2

< ¢ / Zuny() dpi(y)
C- -G

#(x,r),

where C' is the constant given in Lemma 3.7. Hence by Fatou’s lemma, for any
t eR,

/ liminfr~'72u (B, (7%z)) da < liminf/ r~'r2u (B (n?r)) da
B, B,

r—0 r—0

(3.15) < Climinfr 'G,(z,r).

r—0

Next we assume that t < D(u,x). By the definition of D(u,x) (see (1.11)), we
get liminf, ,or~'G,(x,r) = 0. Combining this with (3.15) yields that

/B,, lixgl_jonf r~'r?u (B, (m?x)) da =0,

which implies that liminf, o r~'72u (B, (7*x)) = 0 for L™%-a.e. a € B,. Hence
dimye(72p, T2) >t

for £Lm-a.e. a € B,. This concludes the proposition by letting ¢t — D(u, ). U

Proof of Theorem 3.1(ii). Notice that the mapping (a,x) — 72z is continuous. It
follows that for every r > 0, the mapping (a,z) — 72u (B.(7?x)) is upper semi-
continuous. Meanwhile by Lemma 3.3 the mapping 2 — G (z,r) is continuous.
Since

3 3

log w2y (By—n (m*))

o log G,u(z,27"
e 7°)) = i 2 T, i) = iy REZEE

Y

it follows that the mappings
(a7 .13) = di—mlOC(ﬂ-:u7 Waf)? xr = D(:“’? 1;)
are both Borel measurable. Hence for any p > 0, the set

0, :={(a,x) € B, x ¥ : dimy(72p, 7*x) > D(u, )}
18



is Borel measurable. By Fubini’s theorem and Proposition 3.8,
(L™ x 1) (0,) = / L™ a € B, : dimy(m2p, 721) > D(p, )} du(z)
b

- [ £7(8,) dnte)
= Emd(Bp)'

So applying Fubini’s theorem again,

£MB,) = (£ )(8,) = [l € £ 5 (i, %) = Dipo)} da,

By
which implies that for £L™%-a.e. a € B,,
dimyee (721, 72) > D(p,z)  for p-ae. v € 3.
Combining this with part (i) of the theorem yields that for £L™%-a.e. a € B,,
dimye (72, 72) = D(p, ) for p-ae. z € X,

from which part (ii) follows. d

4. EXACT DIMENSIONALITY OF PROJECTED MEASURES

In this section, we prove Theorems 1.2-1.3. We also construct an example (see
Example 4.4) to show that for every integer d > 2 and s € {1,...,d — 1}, (1.13)
does not always imply (1.14) in the general affine setting.

We begin with the proof of Theorem 1.2.

Proof of Theorem 1.2. By Theorem 1.1,

(4.1) dimyn?p = min{S(n), d}, di—mHﬂ-fu = min{g(u)a d},
‘ dimpr?p = D(p), dimpr2p = D(p).

for £M4-a.e. a € R™. Hence 72y is exact dimensional for for £7%-a.e. a € R™ if
and only if

(4.2) min{S(u), d} = D(p).

Notice that the upper packing dimension of a measure on R? is greater than or
equal to its lower Huasdorfl dimension, but does not exceed d, so by (4.1),

min{S(p),d} < D(p) < d.
Thus (4.2) holds if and only one of the following conditions is satisfied:

(a) S(u) = d;
(b) S(p) = D(u) = s for some s € [0,10!)).



Clearly, the condition (a) is equivalent to (i). Meanwhile, (b) is equivalent to (ii). To
see it, notice that (ii) clearly implies (b). For the converse part, from (4.1) we see that

min{S(u),d} < min{S(u),d} < D(u). So (b) implies S(u) = S(u) = D(p) = s,
which is equivalent to (ii). O

Next we turn to the proof of Theorem 1.3. As it is quite lengthy and delicate, the
reader may skip it in a first reading.

We first prove several lemmas.

Lemma 4.1. Let u be a Borel probability measure on ¥ and 6 € (0,1). Then we
have

1
(4.3) lim sup — log

n—oo T

(u([ﬂfl - T-5)m))
pllzr . aa])
where [a] represents the least integer not smaller than a.

) <dlogm  for p-a.e. x € %,

Proof. Let € > dlogm. For n € N, let ©,, denote the collection of I € ¥,, so that
u(1]) < e ™ p(I][(1 = d)nl]).

Summing over I € ©,, and noticing that for each J € ¥X;_s),) there are at most
m®" many elements I € 3, with I|[(1 — &)n] = J, we have

z ( U [H) < e 3" u([(1 = 8)n]]) < e memdn = ¢l dlosm),

Ieo, I€6,
Hence
> ( U m) < 0.
n=1 1€,
By the Borel-Cantelli lemma, p ()", UpZ, Ujeo, [I]) = 0. It follows that

,u([xl .. .x[(l,(g)n]])
pllay . zn])
Letting € — & logm gives (4.3). O

1
lim sup — log < > <e forp-ae zel.

n—oo N

Recall that the quantities S,(y,x) and G, (x,r) are defined in (1.5) and (1.10),
respectively.

Lemma 4.2. Let p € P(X) and x € X. Then the following statements hold.
(i) If limsup,,_ . Sn(p,z) =t < d, then
1
lim sup 22 Cn®7)
r—0 logr
(i) If iminf, . Sn(u,z) = s < d, then
1
lim inf w > s.

r—0 log r
20



Proof. We first prove (i). Suppose that limsup,,_,. Sn(p,z) =t < d. Let k = |t].
Let € > 0 be small enough so that [t + ¢] = k. Observe that for r > 0,

Gu(xvr) = /Zx/\yd#(y)
= <Z Z);(r) (([z5]) — p([z]5 + 1]))) + p{z}.
§=0
Since Zy;(r) < Zyj41(r) and Zg;(r) < 1 for every j > 0, it follows that for n > 0,

ul(w,r) > Z Za)i (r)(u([zl5]) — p[=]5 + 1]))) +p{r}

(4.4)

v

(sz (1)) <[m\j+1}>>>+zz|n<r>u{w}
= Zapa(r)a([z]]).

Since limsup,, , ., Sn(i, x) = t, there exists nyg € N such that S, (u,x) <t + € for
all n > ng, which implies
(4.5) p([z|n]) > ¢ (Thy,)  for all n > ny.
For n > ng, taking r = a1 (Typn) in (4.4) gives
Gu(@, a1 (Topn) = Zapn (1 (Lopn) ) ([ |n])
> Zyjn(hr1(Ten)) 9 (Topn) — (by (4.5))
)

= ak+1( x|n ) ¢t+6(T‘ )

¢k( $|n)
= Q41 (Tx|n)t+€>

S0
log G (@, g1 (Topm))

log A1 (Tz\n)
Since the sequence (O‘kH(Txln))ZO:no is monotone decreasing with
1

—S ak+1(Tx\n) SL
+ ak+1(Txln+1> G

<t+e.

(see (4.8)), it follows that

) log G, (x,7) . log Gu(z, g1 (Tojn))
lim sup —————= = lim sup
r—0 logr 0o log a1 (1)

<t+e.

Letting € — 0 proves (i).

Now we turn to the proof of (ii). Suppose that liminf, . S,(p, ) = s < d. To
avoid the triviality we may assume that s > 0. Let € > 0 be small enough so that

s —€| < s—2e
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Set k = |s — €]. Since liminf, o S,(p, x) = s, there exists ng such that
(4.6) p([z|n]) = ng"(“’x)(Tx‘n) < ¢ (Typn)  for all n > ny.
This implies, in particular, that p{z} = lim, . u([z|n]) = 0. Hence

)= Ze(r)(ullzln]) = pllz|n + 1))

gzawmww ueln+ 1)+ 32 Zuahulleln])

n=ng+1
<Z%m plelnl) — ol + 1)) + S Zaalrp(iein)
n=ng+1
n=ng+1
- i o) (by (314), (40))
< 4 (T, v (3.14), (4.6
O Togny) 2 072 (o) |
Td + s—2¢ f: (T )6
=7 N7 T k1L gin
¢ (Tx|n0) n—no+1
S 07’8726
for some C' > 0 independent of r. It follows that
1
lim inf w > 5 — 2e.
r—0 log r
Letting € — 0 gives liminf, ,olog G, (z,7)/logr > s. O

Lemma 4.3. Write

(4.7) ar =max{||T;||: i=1,...,m}, a_ =min{ay(T;): i=1,...,m}.

Then for all I € X, 1 € {1,...,m} and k € {1,...,d},

o (Tr;)

ax(Tr)

Proof. This follows from the general fact that
ar(A)ag(B) < ap(AB) < ag(A)aq(B)

for all A, B € GLy(R) and k € {1,...,d}. The reader is referred to [27, Theorem
3.3.16(d)] for the second inequality. To see the first inequality, simply notice that

ar(A) = ap(ABB™") < ap(AB)ay(B™') = ap(AB)/ay(B)
by using the second inequality and the identity ay(B™!) = 1/aq(B). O

(4.8) a <

< ay.

Now we are ready to prove Theorem 1.3.
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Proof of Theorem 1.3. We first prove (i). For s € [0,d) and = € ¥, by Lemma 4.2
we have the implication

1
lim S, (p, z) = s = lim log G, ) =s.
n—00 r—0 IOgT’

Hence we have the implication (1.14) = (1.13) whenever s € [0, d).

Next we prove (ii). According to (i) we only need to prove the direction (1.13)
= (1.14) whenever s € [0,d)\N. To this end, we fix s € [0,d)\N. Suppose (1.13)
holds. Below we prove (1.14) by contradiction.

Suppose on the contrary that (1.14) does not hold. Then there exists a Borel set
A C ¥ with u(A) > 0 and 7 € (0,1) such that

(4.9) limsup S, (p,z) > s+ 7 forall x € A.

n—0o0

By (1.13) and Lemma 4.1, removing a subset of zero py-measure from A if necessary,
we may assume that

(4.10)
1 1-—
lim sup — log (N(M € q)n]])) <gqlogm forallz € Aand g€ QnN(0,1),
n—oo M p([z[n])
and
1
(4.11) liminf S, (p, ) = s = limsup log Gu(, 1) for all x € A.
n—00 r—0 logr

Now fix a point x € A. In what follows we derive a contradiction by considering
the cases s € (0,d)\N and s = 0 separately.

Case 1. s € (0,d)\N.

Let k = |s|]. Then 0 <k <d—1and k < s < k+ 1. Replacing 7 by a smaller
positive number if necessary, we may assume that £ < s 7 < k4 1. Choose
0 €Qn(0,1) so that

7log(1/ay)

4.12
(412) ~ 4logm + 2klog(1/a_)’

where oy and a_ are defined as in (4.7). Then we pick € > 0 small enough so that

. [T (t—¢€)dlog(l/ay)
(4.13) € < min {5, SToa(1/a) } .

Below we will show that
1
(4.14) limsup 08T o o€
00 log r 2
which clearly contradicts (4.11).
By (4.11) and (4.10), there exists ng € N such that

(4.15) p([zn]) < 0" (Tyn) for all n > ng
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and
(4.16) p([z|(1 = &)n]) < m* u([z|n])  for all n > ng.

In a customary abuse of notation, we write (1 — 0)n instead of [(1 —d)n] in (4.16).

Similarly by (4.9), there exists an arbitrarily large N € N such that

(4.17) p([2[N]) < ¢ (Topw).
Set
N = Oék+1(Tx\N)-

We may require that N is so large that (1 — 6)N > ng and (1/a; )V/? > N, where
the second inequality implies that

(4.18) N <ry?
By (4.13), 379 < (a_). This together with (4.8) yields that
(4.19) QST < (@l < (Toyw)* = %
Similarly by (4.12), (a_)""m?% < afm. This together with (4.8) yields that
(4.20) (o) TRoN 20N < a;NT/Q < 7‘;,7/2.
Now let us estimate G, (z,7n). By (4.15),
u({}) = L ufxlnl) = 0.

It follows that

< z Zapn ()]

(1—8)N
< ZZJM TN Z Zon(rn)p([z]n])
n=ngo
(1+6)N )
+ > Zgarwu(ln)) + Y Zaw(rn)u(lzln])
n=(1-6)N n=(1+4)N

= (I) + (IT) + (ITT) + (IV),

where, and in what follows, we write (1 £ )N instead of [(1£0)N]| in an abuse of

notation. Below we estimate these sub-sums separately.
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We start from the estimation of (I).

= Z Zapn(rn) p([z|n])

rd ng + 1
< (no+ 1) Zumg(rw) < (no + 1) < 0D e

¢d(Tz|no) a ¢d(Tx|no) S

Next we estimate (II).

(1-6)N
Z Zgin(rn)p([z|n])
n=ng
(1-6)N patr
o ( ¢°(Ty)  (by (3.14) and (4.15))
n;o ¢+ (T

= Z a1 (Topn) ¢ (since k < s+71,s—e<k+1)

n=ngo
1-8§)N e
1 s—e 04k+1(Tsc|N) "

-3 (e
n—no ak+1(Tx|n)

< Ny (@f¥ThH™e (by (4))
<NOK_T € }eveaiN(T 6)

< ay e (by (4.18) and (4.19)).

Then we turn to the estimation of (III).

(146)N
(1) := Y Zyalry)p([z/n])
< Ejr g)NZarl(l—l-d N (rv)p([z]|(1 = §)N])
< (146N - WZM) N y([2|N])  (by (3.14) and (4.16))
< (1+5)N.W515)) m*N ¢ (Tyy)  (by (4.17))
< QN T ) KN (L) (b (4)

— (1 4 5) T7V+T . (Oz,) E(ON+1) | m25N
< (140N ) ™ (by (4.20))

<(1+ 5)(a,)’krfv+e/2 (by using € < 7/2 and (4.18)).
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Finally we estimate (IV).

(V)= D Zapulra)p(lzln))

n=(1+6)N

< Y (T (by (3.14) and (415))
n=(1+8)N ¢* " (Lifn)

= Z N Qg1 (L)€ (since k < s—T1,s —e<k+1)
n=(1+0)N

_ i roe (ak+1<T$|n) )T_E
iy N\ (Ta)

= Y VT (by (49)
n=(1+0)N
rf{eaiN(Pe)(l —al )"

IA A

(1—al 973t (by (4.19)).
Summing up these estimates, we see that

Gu(z,ry) < C’rfv+€/2,

where C' > 0 is a constant independent of N. Since N can be taken arbitrarily large,
we obtain (4.14).

Case 2. s =0.
In this case, we choose 6 € QN (0, 1) such that
7log(1/ay)
4.21 0 < ————=
(4.21) 4logm
and take a small € > 0 such that
0l
(4.22) e <min{ L, 208% L
2" loga_
In what follows we will show that
1
(4.23) lim sup w >€/2,
r—0 logr

which contradicts (4.11).

By (4.9) and (4.10) (in which s = 0), we may find arbitrarily large N € N such
that

(4.24) 1([zIN]) < ¢ (Ton) = ar(Ten)’,
and
(4.25) u([z](1 = )N) < m*N (| N)).
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By (4.21) and (4.8), m*Y < o} N2 < a1(Tyn) ™2, So according to (4.24) and
(4.25),

(4.26) p([z](1 = )N]) < m* M p([2|N]) < on(Tyn) ™" - aa(Tayw)™ = o (Toyw) ™2,
Meanwhile by (4.22), o, < (a_)¢, which together with (4.8) yields
(427) af < (a)™ < (L)

Let ry = a1(Tyn). We may require that N is so large that (1/a;)V9? > N,
which implies that
(4.28) N <ry/?
Below we estimate G, (x,rn). Since p({z}) = 0 by (4.9), we have

(z,7x) Zme ) (ul[z]n]) = p(lz|n +11))
S Zin S (el - ulfein+ 1)
n=0 n=(1— 5)N

< NZya-sn(rn) + p([z|(1 = 6)N])

< Nm + ay( x|N) (by (3.14) and (4.26))

a1 (Tyn) /2
=N——~- _1+r
a1 (Ty|1-5)n) '
< NozéN + rJTV/2

< Nrs + 1% (by (4.27))
< 27“% (using € < 7/2 and (4.28)).

This implies (4.23) since N can be taken arbitrarily large. So we have completed
the proof of part (ii).

Finally we prove (iii). Here T; (i = 1,...,m) are assumed to be scalar multiples
of orthogonal matrices. By (ii) it suffices to show that for s € (0,d), (1.13) =
(1.14). For this purpose we only need to modify the proof of part (ii) (for Case 1)
slightly. More precisely, we only need to replace ‘k < s <k+ 1" by ‘k<s<k+1
in the first paragraph in the reasoning of Case 1, and remove the explanations ‘since
k<st7,s—e<k+1 in the estimations of the sums (II) and (IV). Indeed since
T; are scalar multiples of orthogonal matrices, it follows that

ar(Topm) = -+ = ag(Tyn) for all z € ¥ and n € N,
hence the equality ¢*=(Tyn) /" (Tyn) = cgy1(Lyn) T ¢ holds unconditionally. O

In the remainder of this section, we construct an example to show that for every
integer d > 2 and s € {1,...,d — 1}, the conditions (1.13) and (1.14) are not

equivalent.
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Example 4.4. Let d > 2 and k € {1,...,d — 1}. Set m = 3*. Define
T, =---=1T, =dag(p,...,pa),
where p; = -+ = pp = 1/3 and ppy1 = -+ = pg = 1/9. Define
M; =§, i=1,2,....

Write
Ar={1,...,3"}, Ay ={1,...,3"} and Ay ={1}.
Define for j > 1,

As, if je[M;+1,(9/8)M;] for some i,
B =4¢ As, if 7€ [(9/8)M; +1,(5/4)M;] for some 1,

Ai, otherwise.

Set ¥ = {1,...,m}". Construct a compact subset X of X by
X = ﬁBj = {(l'])]oil € X X € BJ} .
=1
Then we define a product :)robabﬂity measure g on X by
n = 10_0[ Pj,
j=1

where for each j, p; is the equal-weighted probability vector in R#5i j.e.,

[ 1
v={g 75}

We will show that

1
(4.29) liminf S,, (i, ) = limsup log Gu(w, r) =k foralzelX,
n—00 r—0 log r
and
(4.30) limsup S, (p,x) >k forall z € X,
n—oo

which indicate that (1.13) does not imply (1.14).

Justification of (4.29) and (4.30). By the definitions of ¢° and T, ..., T,,, we have
forr e X, neN, se0,d and 0 <r <1,

. [ 3 if s € [0, k|,
(4.31) O (Tan) = { 37nkgns=k)if 5 € (K, d],

and
1 if p > loel/r)

log3 ?
n . log(l/r log(1/r
0B =@ S
3kn9(dfk)n,rd ifn< log(1/7)
—  log9 -
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Meanwhile by the constructions of X and p, it is readily checked that for every
r € X and j € N,

3—Mikg=20G-Mok if j e [M; +1,(9/8)M;] for some i,
p([z]f]) = < 3~ G/Mk if j€[(9/8)M;+1,(5/4)M;] for some i,
3k otherwise.

It follows that
(4.33) p([x|n]) <37 for all n € N,

o0 5
— q—nk . ~ M.
(4.34) w([zn]) = 37" for all n € N\ !ﬂl {Ml +1, 4Ml] ,

>~ 5
i=1
9
(4.36) p([z|n]) = 3-C/OMk 3y — gMi fori €N,

By the definition of S, (i, z) (see (1.5)), (4.31) and (4.33)-(4.36), we obtain for every
r e X,

Sn(p,x) >k for all n € N,
Sulpz) =k for allm € N\ U, [M; +1,3M]
Sn(p,x) = 3k if n=3M; for i € N,

which implies that

(4.37) liminf S, (p, z) = k < limsup S, (p,z) for all x € X.
n—00 n—00
In what follows we show that
. log G, (x,r)
limsup ————=> =%k forall z € X.
r—0 logr

By (4.37) and Lemma 4.2(ii), we have limsup,_, % > k. So it is enough to

show lim sup,_,, 2 ggf’” < k. To this end, it is sufficient to prove that
(4.38) Gu(x,37Y) > 37" =1 for all x € X and enough large N € N.

Let x € X and let N > M, be any given integer. Let ¢ be the unique integer so
that

M; < N < My,,.

Then either ZMZ- < N < M;,q, or ZMZ-,l < [N/2] < M;. So by (4.35),
cither u([z|N]) — p([z|N +1]) > 37k 1

or ([ [N/2]]) — u([x|[N/2] + 1) > 37HH/217L,
Taking r = 37 in (4.32) yields that

(4.40) Zon(37V) = 3H=N) for all N/2 <n < N.
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Hence

G(,37) 2 Y~ Zup(37) (ul[x]n]) — p[iwln + 1))

> Zyivyn (377) ([ [N/21]) — p([=[[N/2] + 1]))
+ Zan (37V) (u([2N]) = p([2|N + 1))
= MV (u([2][N/2]]) = pu([=][N/2] + 1))
+ (u[z[N]) = p([z[N +1]))  (by (4.40))
> 371 (by (4.39)).

This proves (4.38). O

5. HAUSDORFF AND PACKING DIMENSIONS OF PROJECTED SETS

In this section we investigate the Hausdorff and packing dimensions of projected
sets on typical self-affine sets.

5.1. Hausdorff dimension. For F C ¥ and n € N, we call C C X, a cover of E
with order n if
U[l] DFE and Ji|>nforallieC.
iec
Following Falconer [8] we define, for each s > 0, a net measure M?* of Hausdorff
type on X by
MP(E) = lim M (E), ECX,

n—o0

where
= inf {Z ¢°(T;) = Cis a cover of E with order n} .
ieC
Then M?® is an outer measure which restricts to a measure on the Borel o-algebra

of ¥. We further define
(5.1) dimy F = inf{s > 0: M*(F) < oo} = sup{s > 0: M*(E) = oo}.

It is known [8] that dim X is equal to the affinity dimension dimapg(773,...,Tm)
defined in (1.4).

The main result in this subsection is the following, which slightly generalises the
results obtained in [8, 50, 36, 38, 32].

Theorem 5.1. Let E C X be an analytic set. Then the following properties hold.

(i) For every a € R™ dimy 72(E) < min{dimp F, d}.
(ii) Assume that ||T;|| < 1/2 for 1 <i < m. Then for L™-a.e. a € R™?

dimp 7*(E) = min{dimp E, d}.

Moreover if dimy E > d, then LY(72(E)) > 0 for L™ -a.e. a € R™.
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This result follows from the arguments of [8, 36] in a straightforward manner. For
the reader’s convenience, below we provide some details.

Proposition 5.2. Assume that ||T;|| < 1/2 for 1 < i < m. Let p be a Borel
probability measure on ¥ and s > 0. Assume that there is C' > 0 such that

p(li) < Ce*(13)  for all ie X,
where ¢°(+) is defined as in (1.3). Then for L™ -a.e. a € R™,

(1) If s < d, then dimymw2u > s;
(2) If s > d, then m2u < L2,

Proof. This is a combination of Proposition 2 and Lemma 7 in [36], whilst part (i)
was also implicitly proved in [8, Theorem 5.3]. O

Recall that for s > 0 and A C RY, the s-dimensional Hausdorff measure H*(A) is
defined by H*(A) = lims_,0 H3(A), where

H;(A) = inf {Z diam(A;)* : {A;} is a d-cover of A} :
i=1
See e.g. [11] for the details.

Proof of Theorem 5.1. We first prove part (i) by following the argument of [8]. Fix
a € R™. We may assume that dimy E < d, otherwise there is nothing left to
prove. Let dimy F < s < d. By definition, M*(E) = 0. Let £ = |s| be the integral
part of s.

Let B be a closed ball of diameter at least 1 and large enough such that | J;*, fi(B) C
B. Then 72(3) C B. Given § > 0, choose n € N so large that

diam(fi(B)) <o for all i € ¥, with [i| > n.
Let C C X, such that |J;c.[i] D F and [i] > n for all i € C. Then
w(B) c (= (i) = U (=) c B
icC icc icc
and each ellipsoid f2(B) is contained in at most

Be(i) == {4diam( B) (1)) a(T5)

a1 (T3) a1 (T3)

cubes of side length ayy1(T}). Clearly these cubes are of diameter Vidog (T;) < Vdo.
It follows that

$s(M(E)) < Zﬁe(i) (\/EOéul(Ti))s
< Z(4diam(B))d0q(Ti) - ap(T) g (Th) (\/?lam(Ti))
< (4\/Ediam(B))d Z ¢*(T3).
ieC
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This holds for all C C X, such that (J;.[i] D F and |i| > n for i € C. Hence
* (™ (E)) < (4Vddiam(B))" M; (E).
Letting n — oo and then 6 — 0 gives
H¥(72(E)) < (4Vddiam(B))*M?(E) = 0.
So dimy 7(FE) < s. Since s € (dimp F, d) is arbitrary, it follows that dimyg 72(F) <
dim ¢ £. This proves (i).
Next we prove (ii). To avoid triviality we assume that dimy £ > 0. Let 0 <
s < dimy E. Then M*(E) = oco. By [46, Theorem 55| there exists a compact
subset F' of E such that 0 < M*(F) < oo. A slight modification of the proof of [7,
Theorem 5.4] shows that there exists a compact set F; C F with M*(F7) > 0 such
that M*(Fy N [i]) < c¢®(T}) for some ¢ > 0 and all i € ¥,. Define u € P(X) by
M (F 0 [i])
ij) = "——"2,
p(lil) M ()
Then p is supported on Fy C E, and pu([i]) < C¢*(T;) for C' := ¢/ M*(F;) and
ied,.

iel,.

If dimy E > d, we may require that s > d and then apply Proposition 5.2 to
obtain that for £Lm-a.e. a € R™, 72y < L4, implying that £4(7?(F)) > 0 since
m2p is supported on 7(E). In what follows we assume that dimy E < d. by
Proposition 5.2, dimy7w2u > s for £L™%-a.e. a € R™. Since u is supported on E,
it follows that dimpn®(E) > s for L™%a.e. a. Letting s — dimy E yields that
dimg7m®(E) > dimy E for £L™-a.e. a. Since dimym®(E) < dimy E for each a by

part (i), we obtain the equality for £™%-a.e. a. This proves part (ii). O
Remark 5.3. For each analytic subset E of ¥, we have
dimy F = sup S(u) = sup S(p).
HEP(X): sptuCE HEP(X): sptuCE

Indeed the inequality dimap B < SUD,ep sy sptpcE S(u) was implicitly proved in the
proof of Theorem 5.1(i). To see dimpy E > Sup,cpisy. spruce S(1), suppose that
S(p) > s for some p € P(X) with sptpy C E. Then there exist E' C E of positive
measure and ng such that p((xzn]) < ¢°(Tyy,) for all v € E' and n > ng, which
implies that M*(E') > p(E') > 0, hence dimpy E > dimpyg E' > s, as desired.

5.2. Packing dimension. In this subsection we prove the following.
Theorem 5.4. Let E be an analytic subset of 3. Then

(i) For every a € R™4,

dimp(r*(E) < s D(u)
HEP(X): spt(u)CE

(ii) Assume that ||T;|| < 1/2 for 1 <i < m. Then for L™-a.c. a € R™?
dimp(7?(F)) = sup D(p) = sup D(p).

HEP(X): spt(n)CE HEP(X): spt(pn)CE
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Theorem 5.4 is based on Theorem 3.1 and the following well known result (see
e.g. [9, Proposition 2.8]).

Lemma 5.5. Let F' be an analytic subset of R, Then

dimp F' = sup dimp fs.
neP(RA): spt(u)CF

Proof of Theorem 5.4. Let E be an analytic subset of 3. To prove part (i), let
ac R™ and 0 <t < dimp(7®(E)). Let N' = NY be the Baire space (with product
topology, N being discrete). Since E is analytic, there is a continuous surjective
map f: N — E. Define g = 7o f. Then 7m®(F) = g(N). Choose s > 0 such that
t < s < dimp(7?(FE)). Since m2(E) = g(N), it follows from Theorem 2 of [25] that
there exists a compact C' C N such that dimp(g(C)) > s. Write K = f(C). Then
K is a compact subset of E with dimp(7?(K)) = dimp(g(C)) > s > t. By Lemma
5.5, there exists a Borel probability measure v on 7®(K) such that dimpv > t. Now
by Theorem 1.20 of [42], there exists a Borel probability measure p on K such that
v = m2u. Clearly p € P(X) with spt(p) C E and dimp(72p) > t. By Theorem
3.1(1), D(p) > dimp(72p). Thus D(p) > t. This proves part (i) of the theorem.

Next we prove part (ii). It suffices to show that for any ¢t > 0 with

t< sup  D(p),
HEP(X): spt(u)CE
> t for £L™-a.e. a € R™. To this end, let ¢ be such a
P(¥) such that spt(u) € E and D(u) > t. By Theorem
(k
(E

one has dimp(7®(F))
number. Choose p €
3.1(ii), dimp(72u) = D
it follows that dimp(7®

) for L™-a.e. a € R™. Since 72y is supported on 72(E),
)) > D(p) >t for Lm%a.e. a € R, O

6. BOX-COUNTING DIMENSIONS OF PROJECTED SETS

In this section, we investigate the lower and upper box-counting dimensions of
projected sets on typical self-affine sets. By adapting arguments from Falconer [14]
(in which he gave a capacity approach to the box-counting dimensions of orthogonal
projections of sets), we establish a projection theorem (see Theorem 6.3) for the
box-counting dimensions in the typical self-affine setting.

We first introduce the following two definitions, which are the variants of the
corresponding definitions in [14] in the setting of orthogonal projections.

Definition 6.1. For a nonempty compact set E C X and r > 0, we write

(6.1) C.(E) (Melgf // ey (1) du(z)dp(y )) 1,

and call it the r-capacity of E, where P(E) is the collection of all Borel probability
measures supported on E.

Definition 6.2. Let E be a non-empty compact subset of 3. Define

S log C.(E log C.(E
(6.2) dim¢E = limsup og—()’ dim,F = liminf og—()'
r—0 —logr r—0  —logr
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We call them the lower and upper capacity dimensions of E.

The main result of this section is the following.

Theorem 6.3. Let E be a non-empty subset of 2. Then the following properties
hold.

(i) For alla € R™ dimpn®(E) < dim,E and dimpn®(E) < dim¢E.

(i) Suppose that | T;|| < 1/2 for 1 < i < m. Then for LM g.e. a € R™,
dimp7®(E) = dimg E and dimpg7?(FE) = dimcE.

To prove the above result, let us recall the definitions of lower and upper box-
counting dimensions. For a non-empty set F C R% let N,(F) be the minimum
number of sets of diameter r that can cover F'. Then the lower and upper box-
counting dimensions of F' are defined by

log N,.(F)

— log N, (F
dimp ' = liminf ———————=,  dimpF = limsup og—().
r—0  —logr r—0 —logr

The following result states that for a given non-empty compact set £ C ¥ and
a € R™, the covering number N,(72(E)) is nearly controlled by the r-capacity
C,.(E) when r is sufficiently small. The formulation of this result is inspired by [14,
Corollary 2.4].

Proposition 6.4. Let a € R™ and E a non-empty compact subset of ¥. Then
log r

M (E) < (it

where o, is defined as in (4.7), and C” is the constant given in Lemma 3.2.

+ 2) C'-C.(E) foral 0<r<ay,

The proof of Proposition 6.4 is based on the following energy-minimising property,
which is standard in potential theory (see e.g. [24, Theorem 2.4] or [14, Lemma 2.1]),
and only uses the fact that the mapping (z,y) — Z,n,(r) is positive, symmetric and
continuous on Y x ¥ for each r > 0.

Lemma 6.5. Let £ C X be a non-empty compact set and r > 0. Then the infimum
in (6.1) is attained by a measure py € P(E). Moreover

[ Zanslr) it = ¢

C.(B)
with equality for pg-a.e. v € E.

forall x € F,

For p > 0, let D, be the partition of R? defined as in (3.1).

Proof of Proposition 6.4. Let a € R™ and £ C ¥ a non-empty compact set. Let
0 <r < a;. To estimate N, (72(F)), we write

D, a(E) = {Q €D, a: Qnr(E) £0}.
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Clearly D, 5(E) is a cover of 7*(£). Since each cube in D, 5(E) is of diameter r,
it follows that N,(7*(E)) < #D, , z(E).

Now for each @ € D, ;(E), we pick a point 2(Q) € Q N7*(E). Set

A={:Q): Qe D, u(E)}.
Clearly A C m®(F) and #A = #Dr/\/g(E). So
(6.3) #A > N.(m*(E)).
In what follows we will give an upper bound of #A.

Let ¢ be the smallest integer so that af, <r. That is, ¢ = [kl)‘;%-‘. Let pp € P(E)
such that the infimum in (6.1) is attained at po. The existence of pg follows from
Lemma 6.5. Moreover by Lemma 6.5,

(6.4) / Zuny(r) dpoly) >

for all =z € F.

Ci(E)

Now we construct a finite sequence {v,}!_, of probability measures on A as
follows:

(65) VUp = Z Z HJO](&I]D : 5z(Q)7 n = 0, ce ,E,

1€8n  QED, , 5(E): Qnma([[INE)#D

where
N = #{Q €D, 4(E): Q1] E) 0}

and ¢, stands for the Dirac measure at the point y. Here we take the convention
that % = 0. Clearly, for each n the total mass of v, is equal to

)3 > -t

Iex, QEDT/\/E(E): QNma([IINE)#0 Iex,

So v, € P(A) forn=0,...,¢.

Set v =vg+ -+ 1. Then v(A) = £+ 1. The following inequality is a key point
in our proof:

(6.6) for all z € A,

1
v({z}) > T CL(E)

where C’ > 0 is the constant given in Lemma 3.2. To prove (6.6), let @ € D, 5(E).
By (6.5), for every 0 < n </,

o([1])
va({2(Q)}) = - Holl .
Iezgn #{Q €D,,a(E): QNr=([I]NE) ;A@}
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Since z(Q) € QN 7?(E), there exists x € F such that 7®(z) = 2(Q). It follows that
for every 0 < n </,

n({2(Q)}) 2 —— po([eln])
# {Q €D, 4(E) : QNma([zln] N E) # (z)}

> L o(@ln)) Zon(r) (b Lemma 3.2).

Summing over n yields that
¢

A=) = 25 S polleln]) Zaa)

n=0

1
—G (2, 7) (by Lemma 3.3)

>

> L
= & [ Zent0) dualy
257%5 (by (6.4)).

This proves (6.6).
Since v(A) = £+ 1, by (6.6) we obtain that
HA< (+1)C - Cp(B) = q W +1) O C.(E) < ( log +2> C' - C(E).
log

Combining this with (6.3) completes the proof of the proposition. O

log r

log oy

Now we are ready to prove Theorem 6.3.

Proof of Theorem 6.5(i). Let a € R™ and E a non-empty subset of ¥. Observe
that

(6.7) dimpn®(E) = dimp7r®(E), dimpr®(F) = dimzn®(E).

By Proposition 6.4, for all 0 < r < a,

e logr , —
N, (m*(F)) < <loga+ + 2) C' - C.(E),
SO
log N.(x*(E)) _ log C,(E) _ log(C'((logr/log ) +2)
—logr — —logr —logr ‘
Taking lower and upper limits as » — 0 yields the desired upper bounds for the
lower and upper box-counting dimensions of 72(E). U

To prove Theorem 6.3(ii), we still need the following.

Lemma 6.6 ([14, Lemma 2.2]). Let F C R? be non-empty and compact and let
r > 0. Suppose that there is a measure v € P(F) such that for some >0

(v xv){(z,y) - |z —y[ <71} < 6.
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Then
Cd
Aﬁ F 2 R
(F) 5
where ¢q depends only on d.

Proof of Theorem 6.3(ii). Our arguments are mainly adapted from the proof of The-
orem 1.1 in [14].

Due to (6.7) we may assume that £ C ¥ is non-empty and compact. Let p > 0.
It is enough to show that

dimgm®(E) > dimgFE, dimgr®(E) > dim F
for £L™-a.e. a € B,.

By Lemma 3.7, there exists C' = C(p, m,d) > 0 such that
(6.8) L™ {a€ B,: |7 — 7% <r} <O Ziy(r)
for alli,j € ¥ and r > 0.

Let € P(FE). Using Fubini’s theorem and (6.8),

/ (% {(iJ) : |n% — 7| < r} da

= // L™ a e B,: | — 7| <r} du(z)du(y)
(6.9) < [[ ¢ 2uytr) dutirini.

If dim¢E > ¢ >t > 0, then there exists a non-increasing sequence {rj}>, with

r, — 0 and 0 < 7, < 2%, such that C, (E) > r;*. Thus by Lemma 6.5, for each k
there exists yup € P(E such that

// () dpe(@)din(i) = ( <t

Applying (6.9) to each p and summing over k,

/B <Z (2 X w2 {(2,y) ¢ e —y| < Tk}) da

k=1

=50t [ G (G e - < ) da

k=1 Bp
<0y rt // Zipj(re) dpu (1) dp ()
k=1
< CZT}Z‘t < CZ 2~k =) — 5o
k=1 k=1



Hence for £™%-a.e. a € B, there is M, < oo such that
(w2, X T2 ) {(z,y) : | —y| <rp} < Mary, for k €N,
For such a, applying Lemma 6.6 to the set 72(E) yields that
N, (7*(E)) > cqg(M,) 'r.!, for k € N.
It follows that

N log N, (m®(E
dimg(7*(E)) = lim sup log Nv(m*(£))
r—0 - 10g r
This holds for all ¢ < dimgF, thus dimp7®(E) > dimcE for L™%a.e. a € B,.

The inequality for the lower box-counting dimension for almost all a € B, follows
in a similar manner, noting that it is enough to take r = 27%, k € N, when consider-
ing the limits as » — 0 in the definitions of lower box dimension and lower capacity
dimension. Thus we have proved Theorem 6.3(ii). O

> 1.

7. THE PROOFS OF THEOREMS 1.1 AND 1.4
Proof of Theorem 1.1. It follows directly by combining Theorems 2.1 and 3.1. [

Proof of Theorem 1.j. This follows directly by combining Theorems 5.1, 5.4 and
6.3. O

8. AN ANALOGOUS RESULT FOR ORTHOGONAL PROJECTIONS

Let n,m be two positive integers with n > m. We denote the Grassmann mani-
fold of all m-dimensional linear subspaces of R" by G,, ,, and the natural invariant
probability measure on G, ,,, by Ypm. For V € G, ., let Py : R" = V denote the
orthogonal projection onto V. For pu € P(R™), let py denote the projection of p
under Py, that is, yuy = po P‘;l.

In this section, we prove the following result, which is an analogue of Theorem
1.3 for the orthogonal projections.

Theorem 8.1. Let p be a Borel probability measure on R™ with compact support.
Then py is exact dimensional for vy m-a.e. V. € Gy if and only if one of the
following two conditions fulfils:

(i) dimpp > m;
(i) p is exact dimensional with dimension smaller than m.

The proof of Theorem 8.1 is based on the following known result, in which (8.1) is
due to Hunt and Kaloshin [30, Theorem 4.1] and (8.2) is due to Falconer and O’Neil
[18, Proposition 3.2].

Theorem 8.2 ([30, 18]). Let p be a Borel probability measure on R™ with compact
support. Then for p-a.e. x € R™ and v, m-a.e. V € Gy,

(8.1) dimy,(pv, Pya) = min{m, dim,(p, )}
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and
log Fl’f(x, r)

8.2 dimyee(py, Pyx) = 1i
(8:2) imyoc (pv, Pyx) msup —— o
where

,rm
8.3 F'(x,r ::/ min{l, —} du(y).
(33) )= | o

Indeed, according to Theorem 8.2, py is exact dimensional for 7, ,-a.e. V € Gy,
if and only if either dimypu > m, or there exists s € [0,m) such that

log F™™(x,r
(8.4) dimy, . (@, ) = limsup g”—() =s for y-a.e. x € R™.
r—0 log r
Hence to prove Theorem 8.1, it remains to show that for each s € [0,m), (8.4) is
equivalent to the following.

(8.5) dimy,.(pt, 7) = dimyee(p, 7) = s for p-a.e. x € R™.

To prove the equivalence of (8.4) and (8.5) for s € [0,m), we use an approach
similar to that of the proof of Theorem 1.3.

Let us first present some required auxiliary results. For x € R™ and r > 0, below
we use B(z,r) instead of B,(z) to denote the closed ball of radius r centered at x.

Lemma 8.3 ([16, Corollary 2.3]). Let 0 < a < 1 and € > 0. For every Borel
probability measure on R™ the following holds at p-a.e. x: if p > 0 is sufficiently
small, then

4r

n(1+€)
p) u(B(z, )

B < (

for all r with p* <r <1.

Corollary 8.4. Let p € P(R™) and § € (0,1). Then

oy 108 (B, ) (B 1))
L sup log(1/1)

<on  for p-a.e. v € R™.

Proof. Let € > 0. Applying Lemma 8.3 to a = 1 — § and r = p'~9 yields that for
p-a.e. x € R™ and for sufficiently small p > 0,

WBE )
(Bl =)

Y

which implies

log (u(B(x, p'=%))/u(B(z, p)))

lim sup < on(l+e).
o l0x(1/7) )
Letting € — 0 gives the desired inequality. 0
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Proof of Theorem 8.1. According to the remark after Theorem 8.2, it remains to
prove the equivalence of (8.4) and (8.5) for s € [0,m).

By (8.3),

Fren) = [ winf1, ok du) 2 ()

y —x|™
it follows that
log Fi(z,7)  ——

lim sup < dimyee(p, x)

r—0 log r
for each x € RY, leading to the direct implication (8.5)= (8.4) for s € [0,m). In
what follows we prove the reverse direction (8.4)= (8.5).

Fix s € [0,m). Suppose that (8.4) holds. We need to show that dim.(p, z) < s
for p-a.e. x € R™. To this end, we use contradiction. Suppose on the contrary that
there exist a Borel set A C R" with p(A) > 0 and a positive number 7 such that

(8.6) dimyee(p, ) > s +7  forall z € A.
By (8.4) and Corollary 8.4, removing a subset with ; measure zero from A if neces-
sary, we may assume that for all z € A,
log F'"(z,r
(87) di—Inloc(:u7 I) = lim sup gM—H =S
r—0 log r

and

0 x, 0 z,r
(8.8) liI?jollpl 8 (u(B( bg(l)/% p(B(z, 1)

To derive a contradiction, we fix x € A and § € QN (0, 1) such that

<on foralld € QN (0,1).

-
(8.9) 0<d< e

Next we continue our argument by considering the cases s € (0,m) and s = 0
separately.

Case 1: s € (0,m).

In this case we take a small € € (0, s) so that

(8.10) dm+(1—=109)(s—¢€) >s.
By (8.7), there exists 79 > 0 such that
(8.11) p(B(z,r)) <r*=¢ forall 0 <r <r.

By (8.6) and (8.8), there exists an arbitrarily small r € (0, ) such that
N(B(:Ev 7“1)) S 7“19+T
and
(8_12) M(B(I, Ti—&)) < TI_QEHLL(B(I, 7"1)) < Tie+r—26n < Tf+T/2,

where we used (8.9) in the last inequality.
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Observe that

rm
" (x,r :/ min{l, ;} du(y
I ( 1) an ‘y _ .ﬁE‘m lu( )
g/ 1 du(y) +/ ——— dpu(y)
B(:p,r%f‘s) {y: ly—z|>ro} |y - IL'|

+ / Lm du(y)
{y: ri75<\yfx|<ro} |y - ZL‘|
(8.13) <P (e Jro)™ 4 0T (by (8.12)),

where
1

T .= / T du(y).
{y: r%76<|y—x|<ro} |y - JZ|

To estimate T', write E := {y: r{™° < |y — x| < ro}. Using [42, Theorem 1.15] by
a change of variable,

7 [ T ) = [T B oyl 2 ) do
(8.14) :/Oou(EﬂB(x u~tmy) du—m/ w(EN B(x,u)u ™ du

—m/ w(E N B(z,u)u™™" du,

where in the last equality we use the fact that £ N B(z,u) = 0 if u < 71 7°. Hence

T = m/ w(E N B(z,u))u™™ ! du

§/ am,u(B(a:u)) mldu—l—/ mu~"™"! du

1
70

< mu®" " dy +/ mu”"" du (by (8.11))

- 1-6
1

m —m+5 1—-6)(s— _
< r m4om—+( )(s—¢€) 4 r; m
m-—+e€— S

Combining this with (8.13) yields
F'(w,11) < C( T2 gy S0 )>,

where C only depends m, s and 7. Since r; can be taken arbitrarily small, by (8.10)
it follows that

log Fi"(, 1)

limsup ————= > min{s +7/2, m, dm+ (1 —9)(s —€)} > s,
r—0 log r
which contradicts (8.7).
Case 2. s =0.
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In this case, we simply take 7o = 1 and don’t need to introduce the quantity e.
We follow the identical argument starting from the second paragraph in Case 1 until
the end of (8.14). Then by (8.14),

T [0 B o [ a0

Combining this with (8.13) (in which s = 0) yields that

F[L”(x,rl) < 7{/2 + "+ Tfm.

Since 71 can be taken arbitrarily small, it follows that

log F"(z,r
limsupg“—() > min{7/2, om} >0 =s,
r—0 logr

which contradicts (8.7) again. O

9. HAUSDORFF DIMENSIONS OF EXCEPTIONAL SETS

For each a = (ay,...,a,) € R™, let 7@ : ¥ — R? denote the coding map
associated with the afﬁne IFS {T;x + a;} in ]Rd see (1.1). Recall that we have
defined the quantities S(u, ), S(u), S(i), D(pu,x), D(n) and D(u) for u € P(X)
and x € ¥ in (1.6), (1.7), (1.11) and (1.12), and the quantities dimp E, dim,F,
dimgE in (5.1) and (6.2).

The main results of this section are the following, where Theorem 9.2 is an im-
provement of Theorem 9.1(vii) in the case when dimy E < d.

Theorem 9.1. Let p € P(X) and let E be an analytic subset of 3. Suppose that
T\ < 1/2 for all 1 < i < m. Then for each 0 < 6 < d, the following properties
hold:

(i) dimg {a € R™: p({z € ¥ dimy, (72p, 7°2) < min{d, S(u, )} — 6}) > 0} <

dm — 0.
(11) dimyg {a € Rmd ;. H ({-T €X: di—mloc(ﬂ—?lh Wax) < D(:uﬂx) - 5}> > 0} < dm—
J.

(iii) dimy {a € R™ : dimy7?p < min{d, S(p)} — 6} < dm — 0.

(iv) dimy {a € R™: dimgn®y < min{d, S(u)} — 0} < dm —é.

(v) dimy {a € R™: dimpmip < g(,u) — 0} <dm—a.

(vi) dimy {a € R™ : dimpm?u < D(p) — 0} < dm — 4.

(vii) dimy {a € R™ : dimy 7*(E) < min{d, dimy(E)} — 6} < dm — 4.

(viii) dimy {a € R™ : dimp 72(E) < SUD,ep(s): spt(mc 2 2(N) — 6} <dm—é.
) ) < dimeE -6} < dm — 6.
)

(ix) dimy {a € R™ : dimgn®(E
dimy {a € R™ : dimpn®(E) < dimcE — §} < dm — .

(x

Theorem 9.2. Suppose that ||T;|| < 1/2 for all 1 < i < m. Let E be an analytic
subset of ¥ with dimy E < d. Set 7 = min{log oy (T;)/log ag(T;) = ¢ = 1,...,m}.
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Then for each 0 < 6 < d,
dimy {a € R™ : dimy 7*(E) < min{d, dimy(E)} — 6}
(9.1)

Smax{dm— 0 ,
1—7

dm+dimME—d—5}.

The proofs of the above theorems are based on the following two lemmas, which
are the generalizations of Lemmas 2.5 and 3.7 respectively.

Lemma 9.3 ([17, Lemma 4.3 and (4.9)]). Let v be a Borel probability measure with
support in B(0,p) C R™ such that v(B(a,r)) < cor? for all a € R™ and r > 0,
where (m—1)d < ¢ < md. Let 0 < s < d be a number such that md —(d—s) < ¢ <
md with ¢ — s non-integral. Assume that |T;|| < 1/2 for all 1 < i < m and p > 0.
Then there is a number ¢ such that for all distinct x,y € ¥ and r > 0,

/ dv(a) < ey (Typy )01 < c
By [2(@) —m3(y)|* = ¢ tmima(Tyny) = ¢etmd=a(Ty,y,)
Lemma 9.4. Let v be a Borel probability measure with support in B(0, p) C R™

such that v(B(a,r)) < cord for alla € R™ and r > 0, (m—1)d < ¢ < md. Assume
that | T;]] < 1/2 for all1 <i <m and p > 0. Then there is a number ¢ such that

(9.2)

r

T md—q
(9.3) v{ae B(0,p): |m*x — 7yl <1} < cZypy(r) max {1, (M> }
for all distinct x,y € ¥ and r > 0. Consequently,

(9.4) via € B(0,p): |12z — 7%y| <1} < cZppy(r)rt™
for all distinct x,y € ¥ and 0 < r < 1.

Proof. We will apply some estimations given in [17]. Let z,y € ¥ with  # y. Set
n=|zAy|, 2 =c"r and y = o"y. Let L, : R™ — R? be the linear mapping
defined by a — 722’ — n2y’. Clearly

(95) |Ley(@)| < |72 + 72| < (1Tl + 1 Tyml)lal < > 2'"(a] = 4fa].
n=0 n=0

Let vy denote the push-forward of v by L, ,, ie., vy = vo L;’é. It was proved by

Falconer and Miao (see [17, Lemmas 4.1 and 4.2]) that there is a number ¢; (which
is independent of x,y) such that

(9.6) Vo(Bga(z,7)) < e;rt~™4 for all z € R and r > 0,
where Bga(-, ) stands for a closed ball in R?. Notice that
v{iae€ B(0,p): |r%z —7n?y| <r}
=v{a€ B(0,p) : Typny(n?az" — 7*y') € Bga(0,7)}
=v{ae B(0,p): n*2' —ny € T,,, Bra(0,7)}
= v (T, Bra(0,7)) .

TAY

(9.7)
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Since v is supported in B(0, p), it follows from (9.5) that vy is supported in Bga(0,4p).
Hence

(9.8) vo (Typ, Bra(0,7)) = vo (Bra(0,4p) N (T, Bra(0,7))) .

TA\Y TA\Y

It is easy to see that the set Bra(0,4p) N (7, x‘,\lyBRd(O, 7)) is contained in a rectangle
with side lengths ¢; < --- < {4, where

2r T
l; =min{ 8p, ———— > < coming 1, ———— 5, 1=1,....,d,
{ ’ a@.@m,)} ’ { axTw)}

with ¢; := max{8p,2}. Hence if r < a1 (Typy), then Bra(0,4p) N (1., Bra(0,7)) can
be covered by

d d
# Wity = oot Tl 1 75
= (2c9) 1 (Tony) 1™ Zopy (1) (by (1.8))
balls of radius 2v/dr/a; (T, ); so by (9.6),
vo (Bga(0,4p) N (T, Bra(0,7)))

TAY

(1—m)d+
2\/37’ > !

< (202)da1 (Tx/\y)dT_dZI/\y (T)Cl (Ctl (Tx/\y>

Tg: md—q
S C3Zx/\y(r) . (M) )

”

where ¢z := ¢1(2¢2)?(2Vd)%. If r > a1 (T,ny), by (1.8) we have Zy,(r) = 1, so
Yo (BRd(O> 4;0) N (Tm_AlyBRd(()? 7”))) <l= Zmy(r).

Hence for all r > 0,

77z md—q
vy (Bra(0,4p) N (T, 0, Bra(0,7))) < max{1,cs} Zypy(r) max {1, (M) } :
r
Combining this with (9.7), (9.8), and setting ¢ = max{1, c3}, we obtain (9.3). The
inequality (9.4) follows directly from (9.3) since

md—q
max {1, (M) } < pa—md
T

whenever 0 < r < 1. Ol
Now we are ready to prove Theorem 9.1.

Proof of Theorem 9.1. Notice that the mapping (a,z,r) — w2u(B(n?z,7)) is up-
per semi-continuous on R™ x ¥ x (0,00). It follows that the mappings (a,z)
dim, (721, 722), (a,x) > dimye(72u, 722) are Borel measurable. Hence by stan-
dard arguments, all the functions dimy7®u, dimg7r2u, dimp7®p, dimpr2y are Borel
measurable in a.
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We first prove (i). Let Fy(d) denote the set of a € R™ so that
p{r e ¥ dimy  (72p, 7*2) < min{d, S(u,x)} — 0} > 0.

Since a — p{xr € ¥ : dimy (72, 7*z) < min{d, S(u,x)} — ¢} is Borel measurable
(which follows from the Borel measurability of the mappings a — dim, . (72u, 72x)
and x — S(u,z)), F1(6) is a Borel subset of R™. Suppose on the contrary that (i)
does not hold, that is, dimyg F1(0) > dm — §. By Frostman’s lemma (see e.g. [42,
Theorem 8.8]), there is a Borel probability measure v supported on Fj(§) such that
v(B(a,r)) < cor™®=? for all a € R™ and r > 0. We may further assume that
v is supported on B, := B(0, p) for some p > 0. Next we show that for a given
s € (0,d — 9) with s + § non-integral, for v-a.c. a € B,,

(9.9) dim,  (m2p, ) > s for p-a.e. x with S(u,z) > s+ 0.

The proof runs along similar lines as that of Theorem 2.1(ii). For each positive
integer N, let Ay be the set of z for which

1
/ ST w>du(y) < N.

Notice that by Lemma 2.4, the set of all  for which S(p,x) > s+ 6 is contained in
the union of Ay for N > 1. Appying Fubini’s theorem,

/Bp /AN /Rd |7Crl:x/i PE p(z)dv(a) —/Bp /AN/Zmdu(y)du(x)dy(a)
-[ L de(a)du@)duw
< |, Ly inta

by (9.2) in Wthh we take ¢ = md — §)

dmip(z) du(x) < oo and hence

It follows that for v-a.e. a € B,, / /
Rd

|maz — 2] z|
d
/ M < oo for pra.e. x € Ay.
rd |TRXT — 2|
Taking the union over NV, we have for v-a.e. a € B,
d a
/ dmip(z) < oo for p-a.e. x with S(u,x) > s +9.
rd |TRT — 2|*

It follows from Lemma 2.3 that for v-a.e. a € B,

dim, (72, 72z) > s for pra.e. z with S(p,x) > s+ 9.

This proves (9.9). Thus we have shown that for all s € (0,d — ) with s + ¢ non-
integral,
p({r €% S(ua)— 6 > 5 > dimy (x, 70)}) = 0
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for v-a.e. a € B,. Take the union over all rational s in (0,d — §) with s + § non-
integral, we conclude that for v-a.e. a € B,

p{r e X min{S(p, ), d} — 6 > dimy, (73p, 7°2)}) = 0,
which contradicts that v is supported on Fi(0). This proves (i).
Next we prove (ii). Let F5(d) denote the set of a € R™? so that
pl{r € ¥ ¢ dimye(n?p, 722) < D(p, ) — 6} > 0.

Then Fy(§) is a Borel subset of R™¢. Suppose on the contrary that dimyg F5(5) >
dm — 0. By Frostman’s lemma there is a Borel probability measure v supported on
Fy(9) such that v(B(a,r)) < cor™@? for all a € R™ and r > 0. We may further
assume that v is supported on B, for some p > 0. Next we show that for every
xr €,

(9.10) dimyee(72p, m2) > D(p,z) — & for v-a.e. a € B,,.

To this end, we modify the proof of Proposition 3.8 slightly. Let z € Y and 0 < r < 1.
Applying Fubini’s theorem,

/Bp 72 (B (m%z)) dv(a) = /Bple{y: moy—reai<ry dpi(y)du(a)

= / / ]-{a: |ray—maz|<r} d’/(a)dﬂ<y)
»JB,

= / v{ae B,: |tz —7m%y| <r}du(y)
s

< c / Zopy(r)r ™" dp(y)
by
(by (9.4) in which we take ¢ = md — )
= o 'Gu(z,7).
Hence by Fatou’s lemma, for any ¢ € R,

/ liminf r~*72u (B, (7%x)) dv(a) < liminf/ r'7?u (B, (7)) dv(a)
B, B,

r—0 r—0

(9.11) < climinfr G, (z,r).

r—0

Now we assume that ¢ < D(u,x) — d. By the definition of D(u,x) (see (1.11)), we
get liminf, o7~ °G,(z,7) = 0. Combining this with (9.11) yields that

/ liminf r 72 (B, (7%x)) dv(a) =0,
B, r—0

which implies that liminf, o r~*72u (B, (7?z)) = 0 for v-a.e. a € B,. Hence

dimyee (72, 722) >t
for v-a.e. a € B,. Letting t ,/* D(u, x) — d yields (9.10). Now let A denote the set
of (a,z) € B, x ¥ such that

dimyee (72, 722) > D(p, ) — 6.
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Then A is a Borel subset of B, x 3. By (9.10) and Fubini’s theorem, v x pu(A) = 1.
Applying Fubini’s theorem again, we have

p{zey: dimyee (72, 722) > D(p, ) — 6} =1
for v-a.e. a € B,, which contradicts that v is supported on F5(§). This proves (ii).

Now we claim that (iii) and (iv) follow directly from (i), and (v) and (vi) follow
directly from (ii). Here we only prove the direction (i)==-(iii), since the other
implications can be proved in a similar way. To prove (iii), by (i) it is enough to
show that
{a: dimymlp < min{d, S(u)} — 6}

Cc{a: p({z: dim, (72, 7*z) < min{d, S(u,z)} —6}) > 0}.

To see this, let a € R™ such that dimy7®u < min{d, S(u)} — d. Then there is a
number s such that

(9.12)

dimym2p < s < min{d, S(u)} — 9,
which implies that
pl{z: dim  (m2u, 7%2) <s} >0 and p{xr: s <min{d,S(p,x)} —0} =1,
hence
pla - dimy, (7p, 7%2) < min{d, S(p, z)} — 6} > 0.
This proves (9.12).

Next we prove (v)==-(vii). Let E be a non-empty analytic subset of ¥. By
Remark 5.3, we can pick a sequence (u,) C P(X) with spt(n,) C E such that
S(pn) > dimpy E — 1/n. Since dimyn2u,, < dimyg 72(E), it follows that

{a: dimy 7*(F) < min{d, dimy E} — 6}

1
C {a o dimygm@p, < min{d, S(u,)} — 0 + ﬁ}

for each n € N. Combining this with (v) yields (vii).

Using a similar argument, we can show that (vi)==-(viii). We leave the details to
the reader.

Finally it remains to prove (ix) and (x). We only prove (ix) since the proof of (x) is
similar. We may assume that E is compact. Notice that for every ¢ > 0, N (7*(FE))

is upper semicontinuous in a. It follows that the mapping a — dimg7®(F) is Borel
measurable. Let F3(d) denote the set of a € R™ so that

dimg(7®(E)) < dim¢E — 6.
Then F3(9) is a Borel subset of R™. Suppose that (ix) does not hold, i.e. dimy F3(d) >
md — §. Below we derive a contradiction.

By Frostman’s lemma there is a Borel probability measure v supported on F3(0)
such that v(B(a,r)) < cor™@=? for all a € R™ and r > 0. We may further assume
that v is supported on B, for some p > 0. Next we will show that

(9.13) dimp(7®(E)) > dim¢E — 6 for v-a.e. a € B,,
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which clearly contradicts that v is supported on F3(d). To prove (9.13), we follow
the lines of the proof of Theorem 6.3(ii) with minor modifications. Let u € P(FE).
By Fubini’s theorem,

/B (i x ){(J) : |7 — 7% < r} dv(a)
= // v{ia€ B, : |7 — %) < r} du(i)du(j)
(9.14) < / / ¢+ Zang(r)r= dp(i)dp(i),

by using (9.4) in which we take ¢ = md — 6. If dimgE > ' > ¢ + 6, then there
exists a non-increasing sequence {ry}%°, with r;, — 0 and 0 < r;, < 27, such that
C,, (E) >r.". Thus by Lemma 6.5, for each k there exists y; € P(F) such that

J[ Bt duntidiants) = 5= < i

Applying (9.14) to each p; and summing over k,

/B (Z e (e X wi){(2,y) v —y| < rk}> dv(a)

k=1

=S [ G ) (G0 s % 5] < e o)
<ey ! / / Zing(ri)ri® dpan(D)dpan )

o o0
< ch}:_t_‘s < CZ 9kt —t=0) ~ o,
k=1 k=1

Hence for v-a.e. a € B, there is M, < oo such that
(72 X 2w {(z,y) : |2z —y| <7} < Murh, for k€N,
For such a, applying Lemma 6.6 to the set 72(E) yields that
N, (m*(E)) > ca(My) 'r,*, for k € N.
It follows that

— log N, (m*(E
dimg(7?(F)) = limsup log Nr(w*(E)) > t.
r—0 —logr
This holds for all t < dimgE — 6, thus (9.13) holds. 4

Proof of Theorem 9.2. Here we follow the strategy of the proof of [17, Theorem 4.9]
with suitable modifications.

Write q:max{dm— % dm+dimME—d—5} and

T

Fy(6) = {aeR™: dimy7r*(E) < dimpy E — 5}
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According to a general result of Mattila and Mauldin (see [43, Theorem 2.1]), the
mapping a — dimyg 7®(E) is Borel measurable. Hence Fy(J) is a Borel subset of
R™?. Suppose on the contrary that (9.1) does not hold, i.e. dimg Fy(§) > ¢g. Then
by Frostman’s lemma, there is a Borel probability measure v supported on Fy(J)
such that v(B(a,r)) < cor? for all a € R™? and r > 0. We may further assume that
v is supported on B, := B(0, p) for some p > 0.

Let € > 0. As shown in the proof of Theorem 5.1(ii), there exists u € P(X) such
that p is supported on E and

(9.15) pwl[z|n]) < 1M ET(T),)

forallz € Y andn € N. Let s € [0, dimpy; E—J§—¢) so that s+md—q is non-integral.
Since ¢ = max{dm + dimy E' —d — 6,md — 0 /(1 — 1)}, it follows that

(9.16) s+md—qg<d—e
and
(9.17) s+ (1—=7)(md—q) <dimpy E — €.

By (9.15) and (9.17), we obtain that

p([z|n]) 0 né
(9.18) T =0 (T} <y (Typ)” < ey,

where 0 ;= dimpy E—€e— (s+ (1 — 7)(md — q)) > 0 and o is defined as in (4.7).

Next we show that dimy72y > s for v-a.e. a € B,. By the potential theoretic
characterization of the Hausdorff dimension (see e.g. [11, Theorem 4.13]), it is
enough to show that for v-a.e. a € B, 7¥u has finite s-energy:

() //dﬂu d7r,u)<oo
|z —wl*

Integrating over B, with respect to v and using Fubini’s theorem,

/B,,[ (m2p)dv(a /Bp//dW,LTZ_dZ)lsM )dy(a)
/Bp // \Wax _ Way’ dv(a)
// /B,, |rax — ﬂay| s dr(@)du(y)

// ;?imdx/;y d w(z)du(y)  (by (9.16) and (9.2)).

:1:/\y

Notice that

a1 (Tupy) ™0 ag(Typpy) 749 < 1
GHmIA(Typ) = @Hmd(Tpy) — GHIDMED(T, )
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It follows that

/B Lint)dv(a) < / / g )

<e / > (D (T0) i) (o)

<cor [ S attduty) by (0.15)

< 00.

Hence dimy7®u > s for v-a.e. a € B,. Since p is supported on F, it follows that
dimy 7®(E) > s for v-a.e. a € B,. As s is arbitrarily taken in [0,dimay E — 6 — ¢€)
with s + md — g non-integral, letting e — 0 we obtain that

dimyg 7?(E) > dimpy E — 0
for v-a.e. a € B,,. This contradicts the fact that v is supported on Fy(0d). U

Remark 9.5. In the special case when E =%, (9.1) slightly improves the estimate
(4.23) in [17, Theorem 4.9].

10. FINAL REMARKS AND QUESTIONS

In the section we give a few remarks and questions.

In our main theorems, the assumption that ||T;]] < 1/2 for 1 < i < m can be
weaken to max;.;(||T;|| + ||7;]]) < 1. Indeed the first assumption is only used to
guarantee the self-affine transversality condition (see Lemma 3.7 and Lemma 2.5).
As pointed in [3, Proposition 9.4.1], the second assumption is sufficient for the self-
affine transversality condition.

Under one of the above norm assumptions, for a given Borel set £ C ¥ and a Borel
probability measure p on X, although we have provided the formal formulas for the
various dimensions of the projections of E and p under 7 for almost all a, however
it looks difficult to calculate or estimate these dimensions directly. For instance, it
seems hard to find an easily checked necessary and sufficient condition on E such that
dimyg 72(F) = dimp7®(E) for almost all a, although we have the following theoretic
criterion by Theorem 1.4(ii): either dimy E > d or dimy E = dimgE. Meanwhile
since these formal formulas depend on the matrices T1,...,T,,, it arise a natural
question when they continuously depend on these matrices. As a partial result,
the affinity dimension dim % continuously depends on these matrices [22, 44]. It
would be interesting to further investigate the above continuity problem in the more
general case.

As mentioned in Section 1, our dimensional results on projected sets and mea-
sures on typical self-affine sets are analogous to the theorems on dimensions of
orthogonal projections and images under factional Brownian motions. The proofs of
these results use similar transversality type ideas and potential theoretic approaches,

although the technical details are quite different. We remark that these constancy
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results also extend to dimensions of a general projection scheme introduced by Peres
and Schlag [45] under certain regularity and transversality assumptions. Moreover,
projection theorems can be established for dimensions of projected sets and mea-
sures on certain translational families of self-conformal sets under mild assumptions.
The details will be given subsequently.

Recently Burrel, Falconer and Fraser [6] proved the constancy result for the in-
termediate dimensions under orthogonal projections. By adapting and extending
the arguments in [6] and the present paper, Zhou Feng obtained an analogue of this
result in the typical self-affine setting [23].
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