Section 4. Instrinoic Description
of the Trajectory of a SRSG
(Viscosity Solution)

Question: Assume (2.7) admits a SRSG. Let u = u(x, t) be an
arbitrary weak solution (function) to (2.7), such that
u(x,t =0) = up(x). When u(-,t) = St ug?

Consider u € C([0,00),D). For fixed £ € R, 7 >0, set

lim wu(x,7)exists, u” = lim u(x,7), u" = lim u(x,7) = u(&,7)
x—&E x—E~ x—E&+

u—, x <0

8tw+(9xf(w):O, t>0
W(X’t_o)_{u+ x>0



For fixed (¢,7) € R x RL, we define

o wx=&t—1) |X—€\§5\(t—7')
U(ﬁ:ﬁﬁ)(x’ t)= { u(x,7)

for x e R, t > 7; also

Ule.ny(x: 1) = W(x, t; &,7)

with W solving

oW +AGW =0
W(x,t =71) = u(x,T)

where A = Vf(u(€,7)).



Definition 4.1 (Viscosity Solution). Let u: [0, T] — D be
continuous with respect to t in the L'-norm. Then u(x, t) is said
to be a viscosity solution to (2.7) if 3 C such that at each point
(¢,7) € R x [0, T] and for every p > 0, £ > 0 sufficiently small,
one has

1 [EFP)—Xe
1 —
0 € /(ﬁ—ﬂ)Jr/_\8
< CTVAu(r)i (€ —p,)U(EE+0))

@ 1 /§+st

€ Je—pt+e
< C(T.VAu(r)i (€~ p.€+p)})?

u(x, 7 +¢e) — U (x,7 + 6)’ dx

u(x,7+¢e)— Ub(x,r—l—a)‘ dx




Theorem 4.1 Assume that (2.7) admits a SRSG S. Then a
continuous map: u: [0, T] — D in L'-norm is a viscosity solution
to the Cauchy problem

{ Oru+0xf(u)=0 (4.1)
u(x,t =0) = up(x) (4.2)

iff

u(-,t) = St up



Proposition 4.1 All the trajectories of SRSG must be viscosity
solutions, i.e. 3¢ > 0 at any given point (§,7) € R! x Rl and for
sufficiently small p and €, one has

1 [Etp—Ae
(Vl) / S‘r-i-aa_ U(#i &) (X,T—l—S)‘dX
€ Je—ptie o
< CTVAu(r)=S1: (E-p,UEE+)}
1 [Ete—Ae
(V2) - Sael—UP . (.7 + s)‘ dx
& Jepine (u; &7)
< C(TV.A{u(r)=50: (§—p,&+p)})>



Proof of Proposition 4.1
Step 1: Verification of (V2).
Given ({,7) e R' xRY, 7>0, p>0, £>0.

Fix ¢/ > 0, we choose a piecewise constant function 7 € D

(1) #(§) = u(§, 1) = u(é+,7)
2) / 500 — u(, ) <
| )ldx <

(3) T.i\;). v<T.V.u(,71)



Define v(x, t) to be the solution to

Orv+ Adyv =0, A=Vrf(ul& 1)), t>T
_ (4.3)
v(x,t =71)=0(x)
the solution to (4.3) can be written explicitly. Let the eigenvalues
of A be A1,---, A\, with corresponding eigenvectors 41, -+, ¥n.

I/(X, t)zz<7,', D(X—S\,'(t—T)) > i
i=1

7,~ is the left eigenvector of A, with normalization LR = I.
On the other hand, by the definition,

U(bu;gﬂ_) :i <7,', U(X—X,‘(t—T),T) > Ai.
i=1



Thus,

/€+05\€
E—p+ie

v(x,T+¢e)— U(bu;fﬁ) (x, 7+ 5)’ dx

< /i:‘:\:a Izj;_ ’<7,. D(X—S\,‘((E-i-T)—’T)) - u(x—j\,-s,T) > i
§+p—Ae . -

< 0(1) »/££p3»5\€ D(X*)\,'E) *U(X*)\,‘é‘,’l’)’dX

< 0w [ )~ uy

IA
pS)
=
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E+p—Ae

—p+Ae
§+p—Ae

7p+5\€

1
€
1
€
+ ‘y(x, T+e)— U(bu;gﬁ) (x,7+¢€)
1
€

57'—‘,—8 L_J - U(bu;s’q') (X7T + 8)‘ dX

{1S: u(r) = S- 0| + |S: 7 — v(x, 7 +¢)|

}dx

E+p
/ lu(r) — 7 dx
§—p

]_/
_1_7
g

—p+5\€

o owe

|Se v —v(x, T+ ¢)| dx +



Since ¥ is piecewise constant, and also v(x, t) is also piecewise
constant:

Claim:
1 [éte— Ae
/ |S: 7 — v(x, 7 +¢€)| dx
€ Je—ptae ( |
JERPMBEET) 6 u(x, £+ h)|dx

S £ / ||mh ot 3 ﬂ+)\ h+t 7’) ; dt
€

< O(ANT.V{7:(§—p, §+p)})



Indeed, since v(x, t) is piecewise constant with finitely many
polygonal lines as its discontinuities. Let x = x,(t) is one of
discontinuity. Then 3/, such that

(A= X D(r(xa(t)+, 1) — v(xa(t)—, 1)) =0

Applying Case Il of Lemma 3.1,

1 [Erp=A(h+t—T)
— / |Spv(t) — v(x, t+ h)| dx
h E—pr;ﬁ-X(h-l-t—T)

< 0(1) Y (xa(t)+, ) = v(xa(t)= )] (IW(xa(t)+, £) = B(E)]
a=1
+7(§) — v(xa(t)—, 1)])



However, by construction,

[v(xa(t)+, 1) = 2(E)| < TV AT (€= p, £+ )}

Step 2: Verification of (V1). In a similar way, for any given
(&, 7) e R xRL, 7> 0 and p, ¢ sufficiently small.

Fix any given &', choose 7(x), piecewise constant, with finite many
jumps such that

(1) #(&) = u(+,7)
(2) /£+p |7(x) — u(x,7)|dx <&
. ; <

—-p
3) TVAZ:(§=p U+ <
T.VAu(r)i (€ = p, ) U (& €+ p)}



Set v(x, t) to be

- 7(x) x =€l = Xt -)
V(X’t)_{w(x—f,t_T) Ix —&] < Mt —T)

Set . = {x| Xe<|x—¢& <p— e}
Then by construction,
E+p—Ae

/—p+Xe

/ |7(x) — u(x, T)|dx
I

0

v(x,7+¢€)— Uéél;fT

) (x,7+¢)|dx

IN

EJ

IN

(4.4)



On the other hand,

E4p—Ae
/ |5 v = Scu(T)| dx
3

—pt+Ae

S (4.5)
L/5 |7 — u(&,7)|dx

—p

IN

< L¢

Now, apply Lemma 3.2,

Claim:

1 E+p—Xe
= / v(x,7+e¢e)— S, D|dx
€ Je—ptie
1 [Tte E+p—A(t—7+h)

< = / limp_0+ — / |v(x, t + h) — Spv(t)|dx dt
€ E—p+A(t—T+h)

< 0TV A{r:(§- p,S)U(£,§+p)}



If the claim is verified, then

/£+p5\ €
E—p+re

E+p—Ae

/ ) (’I/(X,T-FE)—U(#;,sT) (X,T‘l‘&)‘
E—pt+Ae ~

lv(x,74+¢€) = S 0|+ |S: v — u(x, 7 + €)|) dx

Sricl— Uﬁl;w) (x, 7+ 5)’ dx

IN
4+ Ol ol

Note that inside the cone: |x — &| < A(t — 7)

v(x, 7+ h) —Spv(r) =0



But outside, |x — &| = At — 7.

A

\4

v(x,t + h) are piecewise constant with discontinuity at
x =Xxo(t) (. =1,---,m), X, = A\, and include the two lines
x =&l = At —7).



But then, one can apply the Case 1 of Lemma 3.1,

E+p—X(t—T+h)
/ lv(x, t + h) — Spv(t)|dx
3

—p+A(t—7+h)
m

< 0(1) Y [Wlxalt+h)+ t+ h) = v(xa(t + h)—, t + h)|

a=1
for |xa(t) — &| > S\(t —7)

<O() TV {7: (= p.&) U (£ + )}

Conversely, we have the following proposition:



Proposition 4.2 Any viscosity solution u(x, t) must be a
trajectory of a SRSG. In fact, let u € [0,00) X D +—— D be
continuous in L1-norm, u(0) = &. Assume that 3 countable set
N CRY, N = {r,---} such that for each 7 € R} \ \ and

¢ € R, 3 a Radon measure 1, on R with the properties:

1 E+p—2Xe
(v1) s e +2) — U o 42 d
€ Je—ptie ~
< wAE—p UG E+0)}
1 E+p—IAe
(V2) = / u(x, 7 +¢)— U(buf:r) (x, 7+ 5)’ dx
€ Je—ptre "

< (ue(E—pE+p))

for all but sufficiently small p and €. Then
u(x,t) = (5S¢ t)(x)

i.e., u must be a trajectory of the SRSG.



Proof of Proposition 4.2

Step 1: For any given §p < 1, R sufficiently large and T fixed > 0,
it holds that

/R—)\T (Sr_e u(t)— Sy Gldx < do <t+ Zz—f> , te [0, T] ()

_RJ’_:\T Ti<t

Let A= {t € [0, T], such that (%) holds}.
(1) A# ¢, since O € A.

(2) Define T =sup A, then 7 € A, since the left hand side of (%)
is continuous and the right hand side is lower semi-continuous.

(3) If 7= T, then T € A, thus

R-XT
/  Ju(xt)— Sralde<d [ T+ Y 27
—REAT n<T

We are donel



Step2: 7=T. Ifnot, 7< T.
Case 1: 7 = 1; € N for some .

Then by the continuity of SRSG, 36 > 0 such that for
t € [r, 7+ ¢], then

|ST—¢u(t) — St a|| <||St—ru(r) — ST ||+ do - 21
Thus for t € [r;, 7 + 4],
1ST—cu(t) =S|l < ||ST—ru(r) = STO|| +d0-27"

< SofmH+ D 27 40027

Ti<Tj

< bo|t+> 27

<t

Therefore, t € A.



Step 3: 7 = maxA € N, then by assumption, 3 Radon measure on
R, such that (V1) and (V2) are satisfied. For convenience, we
assume that

(1) ur((=R,R)) >0 (or u((-R+AXT,R—=XT))>0).

(2) pr(1) > T.V. {u(r); I} for all Borel sets /.

Now, we are going to show 7+ ¢ € A for some small ¢ > 0.

Step 3.1: Since S; u is a viscosity solution by Proposition 4.1,
3¢ > 0 such that

1 /5+ﬂ5\€
€ Je—pt+ie
1 E+p—Ae . )
! / O Seu(r) U, ()| dx < c(ulE— prE+ )
€ Je—ptie

IN

S.u(r) - U cpu((§ = p, U (&S +p))

u;E,T

(T—|—€)’dx

for all e, p < 1, where p = pir.



Step 3.2: Since pu((—R, R)) < 400, so the set

o= {6 e CRRL O i
Then, B cannot be infinite, either B = ¢ or B is finite.
B={¢, i=1,---,N}, N<+oo
Now for each & € B, we choose p;, €; such that

(1) u((& = piy &) U (& &i +pi)) < 2L(154(:C)N'

1 Eitpi—Xe
3 [
€ Je—pitie

(& = pir &) U (&L &+ pi)),

0<e<e,

u(t +¢) — Ufsﬁ (T4+¢)|dx <




Scu(r) — ks

u;g, T

(T+€)‘dxg

1 [Eitpi—Ae
(iil) = /
€ Jei—pitie

cp(J& — pis &ilVIEL &+ pil), 0<e<e,
(iv) (& —pis&i+pi)N (& —pj&+p) =0, i#].

N

Now since [-R+ A7, R — A7]\ (U /,.) with
i=1

I = (& — pi, & + pi) is a compact set. Then

Claim: 3 a family of open intervals I/ = (£} — p}, §; + pf),
1 <j < M, with the following properties:



C§

(1)

Jj=1 j=1

N
I covers [-R + AT, R — A7)\ (U IJ) ,
@) ulf) < .
77 AL+ ) p((=R,R))’

(3) NIyl =¢if j, m k are all distinct,

1 Etpi—Ne )
(4) z /, - u(T—i-E)—Uu;gJ{’T(T—i—g)‘dxg
§i—pjtAe

(u((&§ = P} &+ 0)))? 0<e<e,

1 §/+pJ Ae .
(5) = / B Scu(T) — Uger » (T + 5)’ dx <
€ §i—pitAe =i

c(u((& —pl &+ ), 0<e<e)



Clearly, (3) = > u(l]) < 2u((—R, R)).
j=1
Now, we choose €* > 0 such that

(i) 0 <e* <minfeq, - ,en; €1, eyt

N

(ii) <U(€i-ﬂi+5\s*, §i+Pi—5\5*)> U
M —_ —_

(U(f}p}+)\6*, 5}+P})\5*)>

j=1
D(-R+AT,R—AT)



Step 3.3: Claim:

R-XT .
/ ‘ST—(7—+5) u(t+¢)— St fl| <o <T +e+ Z 2_'>

—R+AT Ti<T+E€

R-X\T
| ISt rulr ) - Sl
—R4+AT

R-A\T
< [ IS o+ e) - Srr u(r)ldx
“RAT
R-AT
+/ _ |ST_.,- U(T)—ST EI|G’X
—RHAT
R-AT
= ST U+ €)= St(ri0 S ulr) o
—R+AT
R-A\T
+/ _ ’57',.,- U(T)—ST L_I’dX
“RHAT
R—M\(7+¢) )
< L/ lu(T +¢) — S u(T)|dx + o T+Z2*’
—R+X(7+¢)

Ti<T
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/R—S\(T-‘rE)

R+A(T+¢)
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+Z/

>

&+p;

/

P/JFS‘

|u(T 4+ &) — Sc u(T)|dx

e

lu(T +€) — Se u(T)|dx

€

Etpl—Xe

+Z/J j

j=1"&=rj

Eitpi—Ae
>/,

pitA

p+5\s

eZ(1+c

e(1+¢)

850

L

20(1+

lu(T +¢) —
+e

(T+€) u§'r

€
—Xe

u(t +¢)—

Se u(T)|dx

(t+¢)

Ube - (m+)|+

(1)~ U,

u;€,T

T—l—E)‘dX

(7) = Ul . (7 +2)

((& + pi, &) U (&0, & + i) +eZ(1+c) p(1))?

)NN+€(1+C)

50

4L(1+¢)

1 (=R, R))

2u((=R, R))



Thus we have shown

R—X(t+¢)
/ |u(7+s)—55u(7)|dxgﬂ,
- L

SO,

R-XT .
/ |ST_(r4e) u(T +¢) — ST Udx < do <T +e+ Z 2’) )

—R+AT Ti<TH€



