
Section 4. Instrinoic Description
of the Trajectory of a SRSG
(Viscosity Solution)

Question: Assume (2.7) admits a SRSG. Let u = u(x , t) be an
arbitrary weak solution (function) to (2.7), such that
u(x , t = 0) = u0(x). When u(·, t) = St u0?

Consider u ∈ C ([0,∞),D). For fixed ξ ∈ R1, τ ≥ 0, set

lim
x→ξ±

u(x , τ) exists, u− = lim
x→ξ−

u(x , τ), u+ = lim
x→ξ+

u(x , τ) = u(ξ, τ)


∂t w + ∂x f (w) = 0, t > 0

w(x , t = 0) =

{
u−, x < 0
u+, x > 0



For fixed (ξ, τ) ∈ R1 × R1
+, we define

U#
(u;ξ,τ)(x , t) =

{
w(x − ξ, t − τ) |x − ε| ≤ λ̄(t − τ)
u(x , τ)

for x ∈ R1, t > τ ; also

Ub
(u;ξ,t)(x , t) = W (x , t; ξ, τ)

with W solving {
∂t W + Ã ∂x W = 0
W (x , t = τ) = u(x , τ)

where Ã = ∇f (u(ξ, τ)).



Definition 4.1 (Viscosity Solution). Let u : [0,T ] −→ D be
continuous with respect to t in the L1-norm. Then u(x , t) is said
to be a viscosity solution to (2.7) if ∃C such that at each point
(ξ, τ) ∈ R1 × [0,T ] and for every ρ > 0, ε > 0 sufficiently small,
one has

(1)
1

ε

∫ (ξ+ρ)−λ̄ε

(ξ−ρ)+λ̄ε

∣∣∣u(x , τ + ε)− U#(x , τ + ε)
∣∣∣ dx

≤ C T .V .{u(τ); (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}

(2)
1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣u(x , τ + ε)− Ub(x , τ + ε)
∣∣∣ dx

≤ C (T .V .{u(τ); (ξ − ρ, ξ + ρ)})2



Theorem 4.1 Assume that (2.7) admits a SRSG S . Then a
continuous map: u : [0,T ] −→ D in L1-norm is a viscosity solution
to the Cauchy problem{

∂t u + ∂x f (u) = 0 (4.1)
u(x , t = 0) = u0(x) (4.2)

iff

u(·, t) = St u0



Proposition 4.1 All the trajectories of SRSG must be viscosity
solutions, i.e. ∃ c > 0 at any given point (ξ, τ) ∈ R1 ×R1

+, and for
sufficiently small ρ and ε, one has

(V1)
1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣Sτ+ε ū − U#
(u; ξ,τ) (x , τ + s)

∣∣∣ dx
≤ C T .V . {u(τ) = Sτ ū : (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}

(V2)
1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣Sτ+ε ū − Ub
(u; ξ,τ) (x , τ + s)

∣∣∣ dx
≤ C (T .V . {u(τ) = Sτ ū : (ξ − ρ, ξ + ρ)})2



Proof of Proposition 4.1

Step 1: Verification of (V2).

Given (ξ, τ) ∈ R1 × R1
+, τ > 0, ρ > 0, ε > 0.

Fix ε′ > 0, we choose a piecewise constant function ν̄ ∈ D
(1) ν̄(ξ) = u(ξ, τ) = u(ξ+, τ)

(2)

∫ ξ+ρ

ξ−ρ
|ν̄(x)− u(x , τ)|dx ≤ ε′

(3) T .V . ν̄ ≤ T .V . u(·, τ)



Define ν(x , t) to be the solution to{
∂t ν + Ã ∂x ν = 0, Ã = ∇f (u(ξ, τ)), t > τ
ν(x , t = τ) = ν̄(x)

(4.3)

the solution to (4.3) can be written explicitly. Let the eigenvalues
of Ã be λ̃1, · · · , λ̃n with corresponding eigenvectors γ̃1, · · · , γ̃n.

ν(x , t) =
n∑

i=1

< l̃i , ν̄(x − λ̃i (t − τ)) > γ̃i

l̃i is the left eigenvector of Ã, with normalization L̃R̃ = I .
On the other hand, by the definition,

Ub
(u;ξ,τ) =

n∑
i=1

< l̃i , u
(
x − λ̃i (t − τ), τ

)
> γ̃i .



Thus, ∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣ν(x , τ + ε)− Ub
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

n∑
i=1

∣∣∣< l̃i , ν̄
(
x − λ̃i ((ε+ τ)− τ)

)
− u

(
x − λ̃i ε, τ

)
> γ̃i

∣∣∣
≤ O(1)

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣ν̄ (x − λ̃i ε)− u
(
x − λ̃i ε, τ

)∣∣∣ dx
≤ O(1)

∫ ξ+ρ

ξ−ρ
|ν̄(y)− u(y , τ)| dy

≤ O(1) ε′



so,

1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε

∣∣∣Sτ+ε ū − Ub
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤ 1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε
{|Sε u(τ)− Sε ν̄|+ |Sε ν̄ − ν(x , τ + ε)|

+
∣∣∣ν(x , τ + ε)− Ub

(u;ξ,τ) (x , τ + ε)
∣∣∣} dx

≤ 1

ε

∫ ξ+ρ

ξ−ρ
|u(τ)− ν̄| dx

+
1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε
|Sε ν̄ − ν(x , τ + ε)| dx +

O(1) ε′

ε



Since ν̄ is piecewise constant, and also ν(x , t) is also piecewise
constant:

Claim:

1

ε

∫ ξ+ρ−λ̄ε

ξ−ρ+λ̄ε
|Sε ν̄ − ν(x , τ + ε)| dx

≤ L

ε

∫ τ+ε

τ
limh→0+

∫ ξ+ρ−λ̄(h+t−τ)

ξ−ρ+λ̄(h+t−τ)
|Sh ν(t)− ν(x , t + h)|dx

h
dt

≤ O(1)(T .V {ν̄ : (ξ − ρ, ξ + ρ)})2



Indeed, since ν(x , t) is piecewise constant with finitely many
polygonal lines as its discontinuities. Let x = xα(t) is one of
discontinuity. Then ∃ i , such that

(Ã− λ̃i I )(ν(xα(t)+, t)− ν(xα(t)−, t)) = 0

Applying Case III of Lemma 3.1,

1

h

∫ ξ+ρ−λ̄(h+t−τ)

ξ−ρ+λ̄(h+t−τ)
|Sh ν(t)− ν(x , t + h)| dx

≤ O(1)
m∑
α=1

|ν(xα(t)+, t)− ν(xα(t)−, t)| (|ν(xα(t)+, t)− ν̄(ξ)|

+|ν̄(ξ)− ν(xα(t)−, t)|)



However, by construction,

|ν(xα(t)+, t)− ν̄(ξ)| < T .V . {ν̄ : (ξ − ρ, ξ + ρ)}

Step 2: Verification of (V1). In a similar way, for any given
(ξ, τ) ∈ R1 × R1

+, τ > 0 and ρ, ε sufficiently small.

Fix any given ε′, choose ν̄(x), piecewise constant, with finite many
jumps such that

(1) ν̄(ξ±) = u(ξ±, τ)

(2)

∫ ξ+ρ

ξ−ρ
|ν̄(x)− u(x , τ)|dx ≤ ε′

(3) T .V . {ν̄ : (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)} ≤
T .V . {u(τ); (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}



Set ν(x , t) to be

ν(x , t) =

{
ν̄(x) |x − ξ| ≥ λ̄(t − τ)

w(x − ξ, t − τ) |x − ξ| < λ̄(t − τ)

Set Iε = {x | λ̄ ε < |x − ξ| < ρ− λ̄ ε}.

Then by construction,∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣∣ν(x , τ + ε)− U#
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤

∫
I0

|ν̄(x)− u(x , τ)|dx

≤ ε′

(4.4)



On the other hand, ∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε
|Sε ν̄ − Sε u(τ)| dx

≤ L

∫ ξ+ρ

ξ−ρ
|ν̄ − u(ξ, τ)|dx

≤ L ε′

(4.5)

Now, apply Lemma 3.2,

Claim:

1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

|ν(x , τ + ε)− Sε ν̄|dx

≤ 1

ε

∫ τ+ε

τ

limh→0+
1

h

∫ ξ+ρ−λ̄(t−τ+h)

ξ−ρ+λ̄(t−τ+h)

|ν(x , t + h)− Sh ν(t)|dx dt

≤ O(1)T .V . {ν̄ : (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}



If the claim is verified, then

1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣∣Sτ+ε ū − U#
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤ 1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

(∣∣∣ν(x , τ + ε)− U#
(u;ξ,τ) (x , τ + ε)

∣∣∣
+ |ν(x , τ + ε)− Sε ν̄|+ |Sε ν̄ − u(x , τ + ε)|) dx

Note that inside the cone: |x − ξ| ≤ λ̄(t − τ)

ν(x , τ + h)− Sh ν(τ) = 0



But outside, |x − ξ| = λ̄|t − τ |.

ν(x , t + h) are piecewise constant with discontinuity at
x = xα(t) (α = 1, · · · ,m), ẋα = λα, and include the two lines
|x − ξ| = λ̄(t − τ).



But then, one can apply the Case 1 of Lemma 3.1,∫ ξ+ρ−λ̄(t−τ+h)

ξ−ρ+λ̄(t−τ+h)
|ν(x , t + h)− Sh ν(t)|dx

≤ O(1)
m∑
α=1

|ν(xα(t + h)+, t + h)− ν(xα(t + h)−, t + h)|

for |xα(t)− ξ| > λ̄(t − τ)

≤ O(1) T .V . {ν̄ : (ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}

Conversely, we have the following proposition:



Proposition 4.2 Any viscosity solution u(x , t) must be a
trajectory of a SRSG. In fact, let u ∈ [0,∞)×D 7−→ D be
continuous in L1-norm, u(0) = ū. Assume that ∃ countable set
N ⊂ R1

+, N = {τ1, · · · } such that for each τ ∈ R1
+ \ N and

ξ ∈ R1, ∃ a Radon measure µτ on R with the properties:

(V1)
1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣∣u(x , τ + ε)− U#
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤ µτ{(ξ − ρ, ξ) ∪ (ξ, ξ + ρ)}

(V2)
1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣∣u(x , τ + ε)− Ub
(u;ξ,τ) (x , τ + ε)

∣∣∣ dx
≤ (µτ (ξ − ρ, ξ + ρ))2

for all but sufficiently small ρ and ε. Then

u(x , t) = (St ū)(x)

i.e., u must be a trajectory of the SRSG.



Proof of Proposition 4.2

Step 1: For any given δ0 � 1, R sufficiently large and T fixed > 0,
it holds that∫ R−λ̄T

−R+λ̄T
|ST−t u(t)−ST ū|dx ≤ δ0

(
t +

∑
τi<t

2−i

)
, t ∈ [0,T ] (F)

Let A = {t ∈ [0,T ], such that (F) holds}.
(1) A 6= φ, since O ∈ A.

(2) Define τ = supA, then τ ∈ A, since the left hand side of (F)
is continuous and the right hand side is lower semi-continuous.

(3) If τ = T , then T ∈ A, thus

∫ R−λ̄T

−R+λ̄T
|u(x , t)− ST ū|dx ≤ δ0

T +
∑
τi<T

2−i

 .

We are done!



Step 2: τ = T . If not, τ < T .

Case 1: τ = τi ∈ N for some i .

Then by the continuity of SRSG, ∃ δ > 0 such that for
t ∈ [τ, τ + δ], then

||ST−t u(t)− ST ū|| ≤ ||ST−τ u(τ)− ST ū||+ δ0 · 2−i

Thus for t ∈ [τi , τi + δ],

||ST−t u(t)− ST ū|| ≤ ||ST−τi u(τ)− ST ū||+ δ0 · 2−i

≤ δ0

τi +
∑
τj<τi

2−j

+ δ0 · 2−i

< δ0

t +
∑
τj<t

2−j


Therefore, t ∈ A.



Step 3: τ = maxA 6∈ N , then by assumption, ∃ Radon measure on
R, such that (V1) and (V2) are satisfied. For convenience, we
assume that

(1) µτ ((−R,R)) > 0 (or µ((−R + λ̄T ,R − λ̄T )) > 0).

(2) µτ (I ) ≥ T .V . {u(τ); I} for all Borel sets I .

Now, we are going to show τ + ε ∈ A for some small ε > 0.

Step 3.1: Since St u is a viscosity solution by Proposition 4.1,
∃ c > 0 such that

1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣∣Sε u(τ)− U#
u;ξ,τ (τ + ε)

∣∣∣ dx ≤ c µ((ξ − ρ, ξ) ∪ (ξ, ξ + ρ))

1

ε

∫ ξ+ρ−λ̄ ε

ξ−ρ+λ̄ ε

∣∣Sε u(τ)− Ub
u;ξ,τ (τ + ε)

∣∣ dx ≤ c(µ(ξ − ρ, ξ + ρ))2

for all ε, ρ� 1, where µ = µτ .



Step 3.2: Since µ((−R,R)) < +∞, so the set

B =

{
ξi ∈ (−R,R), µ(ξi ) ≥

δ0

5µ((−R,R)) L(1 + c)

}
Then, B cannot be infinite, either B = φ or B is finite.

B = {ξi , i = 1, · · · ,N}, N < +∞

Now for each ξi ∈ B, we choose ρi , εi such that

(i) µ((ξi − ρi , ξi ) ∪ (ξi , ξi + ρi )) <
δ0

2L(1 + c)N
,

(ii)
1

ε

∫ ξi+ρi−λ̄ ε

ξi−ρi+λ̄ ε

∣∣∣u(τ + ε)− U#
u;ξ,τ (τ + ε)

∣∣∣ dx ≤
µ((ξi − ρi , ξi ) ∪ (ξi , ξi + ρi )),
0 < ε < εi ,



(iii)
1

ε

∫ ξi+ρi−λ̄ ε

ξi−ρi+λ̄ ε

∣∣∣Sε u(τ)− U#
u;ξ,τ (τ + ε)

∣∣∣ dx ≤
cµ(]ξi − ρi , ξi [∪]ξi , ξi + ρi [), 0 < ε < εi ,

(iv) (ξi − ρi , ξi + ρi ) ∩ (ξj − ρj , ξj + ρj) = φ, i 6= j .

Now since [−R + λ̄ τ,R − λ̄ τ ] \

(
N⋃
i=1

Ii

)
with

Ii = (ξi − ρi , ξi + ρi ) is a compact set. Then

Claim: ∃ a family of open intervals I ′j = (ξ′j − ρ′j , ξ′j + ρ′j),
1 ≤ j ≤ M, with the following properties:



(1)
M⋃
j=1

I ′j covers [−R + λ̄ τ,R − λ̄ τ ] \

 N⋃
j=1

Ij

,

(2) µ(I ′j ) <
δ0

4L(1 + c) µ((−R,R))
,

(3) I ′j ∩ I ′m ∩ I ′k = φ if j , m, k are all distinct,

(4)
1

ε

∫ ξ′j +ρ
′
j−λ̄ ε

ξ′j−ρ
′
j+λ̄ ε

∣∣∣u(τ + ε)− Ub
u;ξ′j ,τ

(τ + ε)
∣∣∣ dx ≤

(µ((ξ′j − ρ′j , ξ′j + ρ′j)))2, 0 < ε < ε′j ,

(5)
1

ε

∫ ξ′j +ρ
′
j−λ̄ ε

ξ′j−ρ
′
j+λ̄ ε

∣∣∣Sε u(τ)− Ub
u;ξ′j ,τ

(τ + ε)
∣∣∣ dx ≤

c(µ((ξ′j − ρ′j , ξ′j + ρ′j)))2, 0 < ε < ε′j .



Clearly, (3) =⇒
m∑
j=1

µ(I ′j ) ≤ 2µ((−R,R)).

Now, we choose ε∗ > 0 such that

(i) 0 < ε∗ < min{ε1, · · · , εN ; ε′1, · · · , ε′M}

(ii)

(
N⋃
i=1

(ξi − ρi + λ̄ ε∗, ξi + ρi − λ̄ ε∗)

)
∪ M⋃

j=1

(ξ′j − ρ′j + λ̄ ε∗, ξ′j + ρ′j − λ̄ ε∗)


⊃ (−R + λ̄ τ,R − λ̄ τ)



Step 3.3: Claim:∫ R−λ̄T

−R+λ̄T

∣∣ST−(τ+ε) u(τ + ε)− ST ū
∣∣ ≤ δ0

(
τ + ε+

∑
τi<τ+ε

2−i

)
∫ R−λ̄T

−R+λ̄T
|ST−(τ+ε) u(τ + ε)− ST ū|dx

≤
∫ R−λ̄T

−R+λ̄T
|ST−(τ+ε) u(τ + ε)− ST−τ u(τ)|dx

+

∫ R−λ̄T

−R+λ̄T
|ST−τ u(τ)− ST ū|dx

=

∫ R−λ̄T

−R+λ̄T
|ST−(τ+ε) u(τ + ε)− ST−(τ+ε) Sε u(τ)|dx

+

∫ R−λ̄T

−R+λ̄T
|ST−τ u(τ)− ST ū|dx

≤ L

∫ R−λ̄(τ+ε)

−R+λ̄(τ+ε)
|u(τ + ε)− Sε u(τ)|dx + δ0

(
τ +

∑
τi<τ

2−i

)



∫ R−λ̄(τ+ε)

−R+λ̄(τ+ε)

|u(τ + ε)− Sε u(τ)|dx

<

N∑
i=1

∫ ξi+ρi−λ̄ ε

ξi−ρi+λ̄ ε
|u(τ + ε)− Sε u(τ)|dx

+
M∑
j=1

∫ ξ′j +ρ′j−λ̄ ε

ξ′j−ρ
′
j +λ̄ ε

|u(τ + ε)− Sε u(τ)|dx

≤
N∑
i=1

∫ ξi+ρi−λ̄ ε

ξi−ρi+λ̄ ε

∣∣∣u(τ + ε)− U#
u;ξi ,τ

(τ + ε)
∣∣∣+∣∣∣Sε u(τ)− U#

u;ξ,τ (τ + ε)
∣∣∣dx

+
M∑
j=1

∫ ξ′j +ρ′j−λ̄ ε

ξ′j−ρ
′
j +λ̄ ε

∣∣∣u(τ + ε)−Ub
u;ξ′j ,τ

(τ + ε)
∣∣∣+∣∣∣Sε u(τ)− Ub

u;ξ′j ,τ
(τ + ε)

∣∣∣dx
≤ ε

N∑
i=1

(1 + c) µ ((ξi + ρi , ξi ) ∪ (ξi , ξi + ρi )) + ε

M∑
j=1

(1 + c) (µ(I ′j ))2

≤ ε(1 + c)
δ0

2L(1 + c)N
N + ε(1 + c)

δ0

4L(1 + c) µ ((−R,R))
2µ((−R,R))

=
ε δ0

L



Thus we have shown∫ R−λ̄(τ+ε)

−R+λ̄(τ+ε)
|u(τ + ε)− Sε u(τ)|dx ≤ ε δ0

L
,

so,∫ R−λ̄T

−R+λ̄T
|ST−(τ+ε) u(τ + ε)− ST ū|dx ≤ δ0

(
τ + ε+

∑
τi<τ+ε

2−i

)
.


