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1. Stability for diffusion equation by maximum principle.(Stability in ’uniform’ sense)

Thoerem: Soppose u;(x,t),i = 1,2 are solutions of the following Initial-Boundary-Value-Problem:

Ovu; :k(?gui 0<z<Lt>0

ui(z,t =0) =¢i(z) 0<z<I

ui(z =0,t) =0, ui(x=10,t) =0
Then

max 11 () — up (1) < max [61(r) — 62()
Proof: Set v(x,t) = ui(z,t) — ua(z,t), the v satisfys
o (z,t) = kd?v(x,t)
v(z,t =0) = ¢1(x) — pa(x)
vix=0,t) =0, v(z=1,t) =

Apply Maximum Principle to v, we have

maxv(z,t) < maxv(z,t) < max{0, max ¢1(z) — ¢2(2)} < max [¢1(z) — ¢:(2)]

Apply Minmum Principle to v, we have

o R .
min vz, 1) = winv(a,¢) > min{0, min é1(z) - da(x)}

P

that is
max —v(z,t) < —min{070?;2l¢1 (z)—p2(z)} = max{ovonslggl —(¢1(z) —¢a(z))} < Jnax |91(z) — ga(z)|
Then
max|v(z, t)| < max |¢1(z) — d2(z)|
Thus

mmax fun (2, 1) — ua(a, )| < max [61(z) — 62(a)

2. Error function of statistics on P50

Fact:

/ e dy = NZs

—0o0

Proof of the fact:

00 e’} 00 2
/ e_dex/ eV’ dy = / / (2®+a? )dzdy = / / e rdfdr =
oo _ o Jo



hence [ e Pdx =7 0O
Define .
Erf(x) = / e_p2dp
0

thus Erf(0) =0, and Erf(o0) = limg_y00 Erf () = 1.

Example 1:
x

N

Example 2: Consider the diffusion eqution with the initial data ¢(x) = e~ thus the solution is

1 1 [V e 1 1
==+ —— Pdp = = + —
Q(x,t) 5 + ﬁ/o e D 5 + 25rf(

_@—w)? 1 © (@-y)?

u(z,t) = \/M - (y)dy = T wee Yy
2,2 o, »
_ 1 / 22y —day bty Y = / — 2kt )? M2y
Vakrt J - \/4k7r

0o _z _
= ekt—x—l / e_(yt;i% )2d(7y + 2kt a:) = eM—®
L . Vakt

. Exercise 8 on P45

Consider the diffusion equation on (0,/) with the Robin boundary conditions u,(0,t) — apu(0,t) = 0
and ugz(l,t) + aqqu(l,t) = 0. If ap > 0 and a; > 0, use the energy method to show that the endpoints
contribute to the decrease of fol u?(x,t)dz. (This is interpreted to mean that part of the “energy” is
lost at the boundary, so we call the boundary conditions “radiating” or “dissipative”.)

l l
— / 2ku2dx
0 0

l
— 2kfull, (L, £) — u(0, )ua(0, 1)] — /0 Shudz.

Answer:For the diffusion equation u; — kug, = 0,

d [ ! !
— wldr = / 2uuidr = / 2kutgdr = 2kuuy,
dt Jo 0 0

Then the Robin boundary conditions imply

l l
% wlde = —2k[agu(l, t)? + aou(0,t)?] — / 2kuldr <0,
0 0

where —2k[aju(l,t)?+apu(0,t)?] < 0 shows that the endpoints contribute to the decrease of fol u?(x,t)dz.

. Exercise 8 on P51

Show taht for any fixed 6 > 0(no matter how small),

max S(z,t) =0 ast — 0.
0<|z|<o0

[This means that thee tail of S(x,t) is “uniformly small”.]
Answer:By the definition of S(z,1),
max S(x,t —e ,
2% 0 = T
SO

li S(x,t lim —— =
t—1>I(I)1+6<IE?§oo (:c ) t—l>%l+ \/47rk;te z—+o0o \/Ark

O



