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The following were discussed in the tutorial this week:

1 Infinite Limits

Definition 1. Let ACR, f: A — R, and ¢ € R be a cluster point of A.

(i) We say that f tends to co as x — ¢, and write

lim f = oo,
Tr—cC

if for every o > 0, there exists 6 = §(«) > 0 such that for allz € A with 0 < |[z—c¢| < 0,
then f(z) > a.

(i) We say that f tends to —oo as © — ¢, and write

lim f = —o0,
Tr—C

if for every o > 0, there exists 0 = d(a)) > 0 such that for all z € A with 0 < |x—c| < 9,
then f(z) < —a.

Remark. The following are defined in a similar fashion:

lim f=o00, lim f=o00, lim f=—-o00, lim f= —o0c.
z—ct T—c™ z—ct T—c”
x
Example 1. Evaluate the limits lim and lim * using definition. What
x%l_\/z—.f z—1t \/E—I
x

?

can you say about the limit lim
r—1 xx—x

Example 2. Is there a function f : R — R such that lim f(z) = oo for every ¢ € R.

Tr—cC

Solution: No. Suppose there is such a function f. Then, given any ¢ € R and M > 0,
there exists 0 > 0 such that f(x) > M whenever = € Vs(c) \ {z}. By shrinking the
neighbourhood if necessary, we can easily deduce the following:

Claim: Suppose a < b. For any M > 0, there are «, § with a < a < 8 < b such that

f(x) > M  whenever z € [o, f].

Let Iy = [0, 1]. By the claim, there are 0 < a; < ; < 1 such that

flz)>1 whenever z € [ay, £1].
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Let I := [y, £1]. By the claim again, there are ay < ap < 2 < (31 such that
f(z) >2  whenever x € [y, Bs].

Continue in this way, we can find a sequence {I,},en of closed bounded intervals such
that

(i) Iny1 C I, for all n € N, and

(ii) f(x) > n for any = € I,,.

By the Nested Interval Theorem, m I, # 0. Let 2y € ﬂ I,,. Then we have f(xg) > n

neN neN
for all n € N, contradicting the fact that f(xg) € R.

2 Limits at Infinity

Definition 2. Let A C R and let f: A — R. Suppose that (a,00) C A for some a € R.
We say that L € R is a limiit of f as x — oo, and write

lim f =1L,

T—00
if given any € > 0 there exists K = K(¢) > a such that for any x > K, then |f(z)—L| < e.

Remark. lim f = L is defined similarly.

T—r—00

Vo —zx

Example 3. By virtue of definition, show that lim = —1.

T—00 VAE T

Example 4. Prove that if f: R — R is periodic and lim f(z) = 0, then f is identically

T—00

Zero.



