MATH4050 Real Analysis
Assignment 2
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There are 10 questions in this assignment. The page number and question number tor each question
correspond to that in Royden’s Real Analysis, 3rd or 4th edition.

In this assignment, {2} and {yn} are sequences of real numbers. E is a subset of R. X € /K b C n/ac A_
a powk o) tloswve 4 E it eath hevghbomwhood or Z milersels E .
™ (3rd: P.39, Q12)

Show that = limx, if and only if every subsequence of {z,} has in turn a subsequence that
converges to z.

Q: Howabowk X€ {-0 0} 7

2. (3rd: P.39, Q13)
Show that the real number ! is the limit superior of the sequence {z,} if and only if (i) given € > 0,
In such that z < | + € for all k > n, and (11) given € > 0 and n, 3k > n such that zx > | — €.

3‘.*(3rd: P.39, Q14)
Show that limsup z, = oo if and only if given A and n, 3k > n such that z; > A.

4. (3rd: P.39, Q15)
Show that lim inf z,, < limsup z,, and liminf z,, = limsup z, = [ if and only if [ = lim z,,.

Ei‘ (3rd: P.39, Q16)
Prove that
lim sup z,, + liminfy, < limsup (z, + y») < limsup z, + limsup y,.

provided the right and left sides are not of the form oo — oo.
6. (3rd: P.39, Q17)
Prove that if z, > 0 and y, > 0, then
lim sup (znyn) < (lim sup zp)(limsup yn)
provided the product on the right is not of the form 0 - co.

7. (3rd: P.46, Q27)
Show that z is a point of closure of E if and only if there is a sequence {yn} with y, € E and

z = limy,.

8. (3rd: P.46, Q28; 4th: P.20, Q30(i))
A number z is called an accumulation point of a set E if it is a point of closure of E'\ {z}. Show
that the set E’ of accumulation points of E is a closed set.

9. (3rd: P.46, Q29; 4th: P.20, Q30(ii))
Show that E = EU E'.

10. (3rd: P.46, Q30; 4th: P.20, Q31)
A set E is called isolated if EN E’ = ¢. Show that every isolated set of real numbers is countable.
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