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Question 1. Is there a function f : R→ R that is continuous on R\Q but discontinuous
on Q?

Answer: Yes. The Thomae’s function.

Question 2. Is there a function f : R→ R that is continuous on Q but discontinuous on
R \Q?

Answer: No. Follow the exercises below to give a proof of this result.

Exercise 1. Let f : R→ R be a function that is continuous on Q. Write Q = {rn : n ∈
N}.

(a) Show that there is a sequence {In}n∈N of closed bounded intervals such that for all
n ∈ N,

(i) I̊n ⊇ In+1 (here ˚[a, b] = (a, b));

(ii) In ∩ {r1, . . . , rn} = ∅;

(iii) x, y ∈ In =⇒ |f(x)− f(y)| < 1

2n
.

(b) Show that
⋂∞

n=1 In 6= ∅ and f is continuous on
⋂∞

n=1 In.

(c) Hence conclude f cannot be discontinuous on R \Q.

The following could be useful in proving (a) above.

Exercise 2. Let f : R → R and let a < x0 < b. Suppose f is continuous at x0. Show
that, given any ε > 0, there exist c, d ∈ R such that a < c < x0 < d < b and

|f(x)− f(y)| < ε whenever x, y ∈ [c, d].


