Selected solution to 2050B Mid-term

3. (i). Note that for z < 1 and M > 0, one has the following equiva-
lences:

T

< -M & > M

z—1 11—z
S>> M-—aM
sSz(1+M)>M

ST >

1+ M

Suggested by the last equivalence, we would like to have 2 =

1+M
1—46, soweset § := I—HLM. Note that 6 > 0, and if z € (1-6,1),
one has HLM =1-0 <z <1, whence -*; < —M. This shows
that
. x
lim = —00,
z—1- T —

because for any r € R there exists M > 0 such that —M < r.

On the other hand, for z > 1, we have

r - 1
r—1 Joe—1" |Ja—1|

Hence, for any M > 0, if we set ¢ := %, then for all x € (1,1+9),

we have )
T
> - =M.
1)

r—1

This shows that .

lim
r—1+tx —1

= OQ.

Finally, since
x

lim # lim

11— T — a1tz — 1’

we see that lim, ,; -5 does not exist.”

r—

*An alternative approach for question 3(i) is to use the result of question 2(ii).
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(ii). (It seems that the function in consideration is continuous, so we
guess that the limit is \/z3 + 1)

Firstly, note that

2 .2
‘\/xz—l—l—\/:v%—i—l‘: T 7o
Vo +1+ /22 +1
|z — o |x + 20

RV RN

|§| < 1, we have
ze+1

By the elementary inequality

zaol el
VrZ+ 1+ /22 +1 7 Va2 +1+ /a2 +1
kd ||

= +
Voe4+1+y/a2+1  Va2+1+ /a2 +1
|z] |o]
TVl (a1
<l+1=2

Therefore
’\/ac?—i-l—\/x%—l—l’ <2z — x|,
which is nice enough for us to apply the -0 terminology.

Let € > 0. For this €, we set d. := ¢/2. Now whenever x satisfies
0 < |z — zo| < I, we have

‘\/a:2+1—1/1:?)+1’§2|x—a:0|
<20, =c¢.

By -6 terminology, we conclude that

lim Va2 +1= /234 1.
T—T0



(iii). Let e > 0. Set § := min(1,

m), where

M := (|zo| + 1) + (Jao| + 1) |0 + |o|” -

Let 0 < |z — x| < 6. One checks |f(z) — f(zo)] < & where
flz)=a3—bz—T:
|(2® = 5z —7) — (x5 — B5wg — 7)|
< |a® — x| + 5|z — zo]
= |z — mo| |#* + zx0 + 27| + 5 |7 — Z0|
< (M +5)|x—xo| (as |z —a] <d<1so x| <|zg|+1)
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By e-6 terminology, we conclude that

lim (z° — 52 — 7) = 23 — 5wg — 7.
Tr—xQ

Second approach:
Firstly, we have the following result:

lim (f1(2) fo(x)) = (Jim fi(2)) - (I fo(x))

Tr—TQ T—T0
if im, ., fi(x) exists.
Therefore, since lim,_,,, x exists and equals z(, we have

L2 2
lim 2° = xg,

Tr—xQ
and so
lim 2° = (lim 2%) - (lim z) = z;.
T—T0 T—T0 T—T0
Similarly, since lim,_,,,(—5) = —5, the foregoing result for limits
gives
lim —bx = —bux.
T—T0
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Next, we have the following result:
lim (f1(2) + fa(2)) = lim fi(x) + lim fo(z)
T—TQ T—T0 T—T0

if lim,_,,, fi(x) exists.

Therefore, since lim, ., ¥3 and lim,_,,, —5x exists, we have

lim (z° — 57) = lim 2° + lim (—5x) = 2§ — 5xp.
T—T0 Tr—xT0 Tr—TQ

Finally, since lim,_,,,(—7) = —7, by applying the foregoing result
once more, we have

lim (z° — 5x — 7) = lim (2 — 52) + lim (=7) = 2 — 59 — 7.

T—rT0 T—T0 T—T0

5. We have liminf z,, = lim vy, where y,, is defined by y,, := inf{x,, 41, Tnio, .. .}.
n n—oo

Brief explanation (FYR only, need not be given in the answer):

Since
{.ThI'Q, X3, T4, - - } 2 {x27$37x47 e }

2 {$3,$4, .. }
DI

therefore

inf{xy, z9, x3, x4, ...} < infl{xq, x3,24,...}

< inf{ws, x4,...}
<.

Define vy, = inf{z,, Tpi1, Tni2,...}. By above we see that (y,) is

an increasing sequence. It is bounded above as well, because (z,) is
a bounded sequence. By monotone convergence theorem, lim, ., ¥,
exists. We take
liminf z,, = lim y,.
n n—oo



