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1 Uniform Continuity

Definition. Let A ⊆ R and let f : A→ R. We say that f is uniformly continuous on
A if for each ε > 0 there is a δ(ε) > 0 such that if x, u ∈ A satisfy |x − u| < δ(ε), then
|f(x)− f(u)| < ε.

Nonuniform Continuity Criteria. Let A ⊆ R and let f : A→ R. Then the following
statements are equivalent:

(i) f is not uniformly continuous on A.

(ii) There exists an ε0 > 0 such that for every δ > 0 there are points xδ, uδ in A such
that |xδ − uδ| < δ and |f(xδ)− f(uδ)| ≥ ε0.

(iii) There exists an ε0 > 0 and two sequences (xn) and (un) in A such that lim(xn−un) =
0 but |f(xn)− f(un)| ≥ ε0 for all n ∈ N.

Uniform Continuity Theorem. Let I be a closed bounded interval and let f : I → R
be continuous on I. Then f is uniformly continuous on I.

Example 1. Determine whether the following functions are uniformly continuous:

(a) f : [0,∞)→ R defined by f(x) =
√
x,

(b) g : R→ R definedy by g(x) = cos(x2).

Solution . (a) Note that for any x, y ∈ [0,∞),

|f(x)− f(y)|2 = |
√
x−√y|2

≤ |
√
x−√y||

√
x+
√
y|

= |x− y|.

Let ε > 0. Take δ = ε2. Now, if x, y ∈ [0,∞) and |x− y| < δ, then

|f(x)− f(y)| ≤
√
|x− y| <

√
δ = ε.

Hence f is uniformly continuous on [0,∞).

(b) Let xn =
√

2nπ + π
2

and yn =
√

2nπ for n ≥ 1. Then

|xn − yn| =
√

2nπ +
π

2
−
√

2nπ =
π
2√

2nπ + π
2

+
√

2nπ
→ 0 as n→∞.
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However, for all n ∈ N,

|g(xn)− g(yn)| = | cos(2nπ +
π

2
)− sin(2nπ)| = |0− 1| = 1.

By Nonuniform Continuity Criteria, g is not uniformly continuous on R.

J

Example 2. Let f : R → R be a uniformly continuous function on R with f(0) = 0.
Prove that there exists some C > 0 such that

|f(x)| ≤ 1 + C|x| for all x ∈ R.

Solution . Let ε0 := 1. Since f is uniformly continuous on R, there exists δ > 0 such
that

|f(u)− f(v)| < ε0 = 1 whenever |u− v| < δ.

Let x ∈ R. Choose N ∈ N such that N − 1 ≤ |x|/δ < N . Now

|f(x)| = |f(x)− f(0)|+ |f(0)|

≤
N∑
n=1

|f(n · x
N

)− f((n− 1) · x
N

)|+ 0

≤ N

= 1 + (N − 1)

≤ 1 +
1

δ
|x|.
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Example 3. Let f : R→ R be a continuous function. Suppose lim
x→−∞

f(x) = lim
x→∞

f(x) =

` ∈ R. Show that f is uniformly continuous on R.

Example 4. A function f : R → R is said to be periodic on R if there exists a number
p > 0 such that f(x+ p) = f(x) for all x ∈ R. Prove that a continuous periodic function
on R is uniformly continuous on R.


