MATH2050B 2021 HW 6
TA’s solutionsﬂ to selected problems

Q1. Show that for @ # A C R and ¢ € R that

(i) ¢ € A®if and only if each neighborhood of ¢ intersect A\ {c}.

(ii) Let ¢ € [—00,00], and let Uy, ... U, be neighborhoods of ¢. Then N}" ,U; is a neighborhood
of c.

(iii) (ii) is not true for infinitely many neighborhoods.

Solution. (i): is due to definition, see Q3 of HW5.

(ii): Case 1. ¢ € R. Then for each ¢ = 1,2,...,n there exists ; > 0 such that V,. (c) C U;.
Take r = min(ry,r2,...,7r,) > 0. Then V,.(¢) C U; for all i.

Case 2. ¢ = oo. Then for each i there exists r; € R such that V;,(c0) C U;. Take r =
max(r1,...,r,). Hence V;(00) C U; for all i.

Case 3. ¢ = —oo. Then for each i there exists r; € R such that V;,(—o0) C U;. Take
r = min(ry,...,r,). Hence V,(—o0) C U; for all i.

(iii): Consider ¢ =0 and U,, = (—2, 1), then N,U,, = {0} is not an open neighborhood of 0.

n

Q2. Let f: A — Rand ¢c € A° C [—00,00] and and ¢ € [—o00,00]. Show that the defi-
nitions(given in Bartle, Lectures, Tutorials) for limzacl: f(x) are consistent with the following:
x
lingj f(z) = £ iff for any neighborhood U of ¢, there exists neighborhood W of ¢ such that
xT

the image
{flw):weWn(A\{c})} CU

Solution. (=) Case 1. (¢ € R. Suppose hmx?ﬁ f(x) = £, ie. for every € > 0 there exists
x

d > 0 such that for all z € A with 0 < |z —¢| < 0 we have |f(z) —¢| < e. Let U be a
neighborhood of ¢. Then there exists ¢ > 0 such that V,(¢) C U. Let § > 0 be chosen as in
the above, and W = Vj(c). Then f(W N (A\ {c})) C U because for all z € W N (A\ {c}, by
definition z € A and 0 < |z — ¢| < §.

Case 2. { = co. Let U be a neighborhood of ¢. Then there exists M such that Vj,(co) C U.
By definition, there exists [ such that for all z > [, f(x) > M. Take W = Vj(c0), then
f(WNA)C Vy(oo) CU. The case for £ = —co is similar.

(<) Case 1. £ € R. Let € > 0. Put U = V,(¢). Then there exists neighborhood W of ¢ such
that f(W N (A\ {c}) CU. Then there exists § > 0 such that Vs(c) C W. Hence it follows that
forallz € Awith0 < |z —¢|<d,z€ WN(A\ {c}) and therefore |f(z) — £| < e.

Case 2. { = o00. Let M > 0 Put U = Vjy(00). By assumption there exists neighborhood W of
oo such that f(W N A) C Vas(oo). Then there is [ such that V;(co) C W. Hence similar as in
above, for all x > [, x € A, we must have f(x) > M. The case for £ = —o0 is similar.

Q3. Let f,g: X — (0,00) and zp € X NR. Show that
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(i) limz—azo f(x) = £ € [—00, 00| iff limx—g(o flx) =—L.

reX PSS
(ii) limx—>§(o g(x) = 0 iff hm:v—>)x(o ﬁ = oo (Can the assumption g(z) € (0,00) for all x
€ €
replaced by g(x) € R\ {0} for all 7)

(iti) If limary f(z) = € € (0,00) and limer g() = 0, then lims—r, L8 = 4oo.

(iv) Show that hmx%xo f = +o00 by two methods:

(a) Use the results (7)-(4i).
(b) Check from def.

Solution. (i): hmz%mo f(z) = £ iff: for all neighborhood U of ¢ there exists a neighborhood
W of xg such that f(W N (X \{zo})) CU,ie. —f(WnN(X\{zo})) C —U. Note that for any

neighborhood U of ¢, —U is a neighborhood of —¢. Hence (i) follows.
(ii): (=) Suppose limm—>§(0 g(z) = 0. Let M > 0, then € := 5; > 0, there exists § > 0 such that
Te

for all z € X with z € Vs(o) \ {70}, 0 < g(z) < € = 4, so that g(x) > M.

(<) Suppose limx—>§(o ﬁ = 00. Let € > 0, then M := % > 0, so there exists § > 0 such that
e
for x € X with z € Vs(xo) \ {20}, we have TI@ > M, ie 0<g(x)<e

The assumption that g is positively valued cannot be removed To see this, take g : R\ {0} —
R\ {0} to be g(z) = . Then limz_o g(x) = 0 but hmx_>0 ( 3 does not exist.
zeX ex 9

(iii): First notice that as hmw%g{o f(z) = £ > 0, there exists ¢’ > 0 such that f(z) > ¢/2 for
xe

z € Vi(m) \ {zo}. Let M > 0. For the positive number M2, there exists 6” > 0 such that

2 f(z)
g(x)>M so that ()>M

(iv): (a): Take X = (1,00), f(z) = z, g(x) =  — \/z, then limx_>11 flz) =1, limx_alg(x) = 0.
> >

; fl@) _
By (iii), hmm;Hl Sy = oo

(b): Let M > 0. Observe that if 0 <z —1 <, wehave ]l <z <d+1,s01 < /z <+0+1and

T
x—\T

We want to find § > 0 such that % > M. To do this we just have to choose d = ﬁ

>

7| =

Q4. Can the assumption g € X*N R in Q3 related to xg € X7

Solution. For (i), (ii), (iii), yes. The proofs are the same as in Q3.(Replace Vs(xo) by V;(00)).
(Q3, 4, 5, 9, 13 of Bartle 4.3)

Q3. Let f(x) = |z|"/? for & # 0. Show that limg_,oy f(z) = lim,_.o_ f(x) = +oo.

Solution. Let M > 0, take § = M— Then for x with 0 < z < 6 = M2, we have 1/2 > M.
Hence lim,_,0+ f(z) = oo. Because f(z) = f(—=z), so lim,_,o— f(z) = oo as well.

Q5. Evaluate the following limits or show that they do not exist.



() limasrs 227 (2 £ 1)
(b) limg 1 ;%55 (z # 1)

() Ty (@ +2)/Vz (x> 0)

Solution. (a): limg ;¢ ﬁ = 400 50 lim, 14 %7 = +00 by Q3.
(b): Note lim; 1~ %7 = —o0, hence the limit cannot exist.
(c): limg 04 ﬁ = 400 and lim,_ 0,  + 2 = 2 implies that lim, o4 (z + 2)/v/2 = +00 by Q3.

Q9. Show that if f : (a,00) — R is such that lim, ,ozf(x) = L where L € R, then

lim, o0 f(x) =0.

Solution. Let € > 0. Notice lim,_,oc 1 = 0, there exists I such that |1| < € for 2 € Vj(c0).
By assumption, there exists I” such that |zf(z)| < |L|+ 1 for € Vj#(c0). Take I = max(l',1"),
then |f(z)] < (|L| + 1)e.

Q13. Let f and g be defined on (a,00) and suppose lim;_, f = L and lim,_,~, g = co. Prove
that lim, s fog = L.

Solution. Let U be a neighborhood of L. Then there exists a neighborhood W of co such that
fly) € U for y € W. For this neighborhood W, there exists a neighborhood V' of oo such that
g(x) € W for all x € V. Tt follows that for all x € V, fog(x) € U.



