MATH 2230A - HW 10 - Solutions
The computation techniques demonstrated in this Homework is EXTREMEMLY important.
Please make sure you are familiar with the techniques
Full solutions at P.84-85 Q5, P.254 Q5, Q6

Commonly missed steps in Purple and common mistakes at the back

Below are some facts useful to this homework (especially for questions on P.84-85).

Theorem 0.1 (Isolation of Zeros). Let f : Q — C be holomorphic on a domain. Suppose f has
a zero at a € ), that is, f(a) = 0. Then there exists a neighborhood B(a,r) of a such that either
f(z) =0 for all z € B(a,r) or f(z) # 0 for all z € B(a,r)\{z}.

Remark. This is easily proven from Taylor Series. In fact by the connectedness of domain, one can
strength the result to that either f is constantly 0 on Q or f only can have isolated zeros on 2

Theorem 0.2 (Coincidence Principle for holomorphic functions). Let f : Q@ — C be holomorphic
on a (open connected) domain. Suppose f = 0 on D where D C § is a subset containing an
accumulation point’. Then f =0 on .

Remark. The result basically follows from the isolation of zeros for holomorphic functions. The
assumption that € is connected is important as seen from the remark in the Isolation of Zeros.

Corollary 0.3. Let f,g: Q2 — C be holomorphic on a domain. Suppose f = g on some sub-domain
or a line in Q. Then f =g.

Remark. This is because sub-domains (open-connected subsets) or lines have accumulation points.

Theorem 0.4 (Reflection Principle). Let Q C C be a domain that is symmetric along the real-axis,
that is, for all z € C we have z € Q if and only if Z € Q. Let f : Q — C be holomorphic. Suppose
that

1. £:=QNR is non-empty and lies in the interior of

2. f is real on £.

Then we have f(z) = f(Z).

Remark. This basically follows from the co-incidence principle. We first observe that the function
g :  — C defined by g(z) = f(Z) is holomorphic (by possibly considering the Cauchy Riemann
Equations). Then we show that f = g on ¢, which is not difficult. Since ¢, which is a line, contains
an accumulation point, the result follows by extending the equality to the whole domain €.

1Let D C C be a subset. Then we call zg € D an accumulation point if for all neighborhood U := B(zo,r) of zo
where r > 0, we have U N D\{20} # ¢. In other words, we can find a sequence (z,) in D with every element not
being zp such that z, — zp. Roughly speaking, an accumulation point in D are those that are not ”isolated” from
other members in D.



P.84-85

2. Starting with the function
i) =Vreé?? (r>00<6 <m)

and referring to Example 2, Sec. 24, point out why
fa(2) = fre®? (r >0, % <8< 271')

is an analytic continuation of f, across the negative real axis into the lower half plane.
Then show that the function

P 5
fi(2) = fre®? (r>(l,n’<9 < Tn)

is an analytic continuation of f3 across the positive real axis into the first quadrant but
that f3(z) = — fi(2) there.

Solution. Please follow the examples in the textbook.

5. Show that if the condition that f(x) is real in the reflection principle (Sec. 29) is replaced
by the condition that f(x) is pure imaginary, then equation (1) in the statement of the
principle is changed to

T@ =—f@.

Solution. We need to show that if 2 C C is a domain that is symmetric along the real-axis, that is,
for all z € C we have z € Q if and only if Z € 2, and f : 2 — C is holomorphic on £ such that

1. £:=QNR is non-empty and lies in the interior of Q2

2. fis purely imaginary on £.

Then we have f(z) = —f(2).

Method 1: Without using the Reflection Principle

Let g(z) = —f(Z). Then it suffices to show that h(z) := f(z) — g(#) is constantly 0.

First, we claim that g is holomorphic on 2. Denote ug4, v, the real and imaginary part of g respec-
tively. Then uy(z,y) = —us(x, —y) and vy(z,y) = vy(z, —y) for all z = = + iy € Q. Hence, we

further have
awug<x7 y) = _8wuf(xa _y) ayug(x) y) = ﬁyuf(x, _y)
azvg(xv y) = azvf(m7 _y) 8yvg(x7 y) = ay - ’Uf((E, _y)
Hence, by the analyticity of f, we have

aacug(za y) = —83;Uf(13, _y) = —8yl)f(17, _y) = 3y7fg(1', y)
Oyug(w,y) = Oyup(x, —y) = =0xv¢(z, —y) = —0,v4(x, y)

Therefore, g satisfies the CR equations throughout 2 with continuously differentiable partial deriva-
tives. Hence, g is holomophric on 2. Therefore h := f — g is holomorphic on €.

Now let z € £ C R, then g(2) = — f(Z) = —f(2) = f(2) by assumption. Hence h(z) = f(z)—g(z) =0
for all z € ¢. Since h is holomorphic (as the difference of holomorphic functions) and ¢ is a line
(which contains an accumulation point), we can extend the equality to the whole domain € by the
coincidence principle.

Method 2: Using the Reflection Principle

Define g(z) := if(z). Then g is holomorphic as it is just a scalar multiple of the holomrophic function
f and g is real on ¢. Hence by the Reflection Principle, we have that if(z) = g(2) = ¢(z) = if(z) =
—if(Z) for all z € Q. It follows that f(z) = —f(Z) & f(z) = —f(Z) for all z € Q.

Remark. Please write clearly every time the domain of functions you are referring to, especially for

this question.




P.246

1. In each case, show that any singular point of the function is a pole. Determine the order
i of each pole, and find the corresponding residue B.

z+1 242 z \?
@ty ELE ()( ) (@)

249 z—1 2z +1 22472
34 2
Ans. (@) m=1,B = ; GWm=1,B=3; (cm=3,B=——;
6 16
(dym=1,B= :i:—
2n

Solution. 1. fl(z) = Zt%5. [ has isolated singularities at +3i. Note f(2) = f5;9(z) where
z+

g(z) = e is holomorphic non-zero at z = F3i. This shows that f has a simple pole at +3i.

We compute the residues by: Res(f, £3i) = lim,_, 13,(z F37) f(2) = % = 3+Tii.

2. f(z) = Z;jf. [ has isolated singularities at . Note f(z) = —5g(z) where g(2) := 2% 4+ 2 is
holomorphic non-zero at z = 1. This shows that f has a simple pole at 1.
We compute the residues by: Res(f,1) =lim,_,;(z — 1) f(z) = ¢g(1) = 3.

3. f(z) = (2Z+1) f has isolated singularities at —1/2. Note f(z) = (z+1/2)39( z) where g(z) :=

(2/2)3 is holomorphic non-zero at z = —1/2. This shows that f has a pole of order 3 at 1.
~1/2) = 2 (z41/2)%f(2) _ g"(=1/2) _ -3
d=* | __1/2 2 16

We compute the residues by: Res(f,

e?

ZFTe

4. f(z) = W f has isolated singularities at +mi. Note f(z) = —L-g(z) where g(z) :=
is holomorphic non-zero at z = Fmi. This shows that f has a simple poles at Fmi.

We compute the residues by: Res(f, Fmi) = lim,_,¢xi(z £ mi) f(2) = g(Fmi) = HFZ; =Fi.
P.254

5. Let C denote the positively oricntcd circle |z| = 2 and evaluate the integral

. tanz dz; .
(@) ./c n ®) / sinh 2z
Ans. (a) —4mi; (b) —mi.

Solution. (a) Let Q be the closed region bounded by C. Let f(z) = tan z. Then tanz = % Note
that

cosz =0 e f e =0 = * = —1 < 2zi € log(—1)

2n+ )w

= 2zi=2n+ 1)mi,In €L <= z = ,(dneZ

w for some n € Z. It is easy to see that these

Hence f(z) is not analytic except at z, :=
singularities of f are isolated.
Note that £7 € Q2 and f is holomorphic on § (which is simply connected) except at these 2

points. Hence, by Residue Theorem, we have
/ tan zdz = 2mi(Res(f, 7/2) + Res(f, —7/2))
c

Next we check that these singularities are poles and compute their orders. Note that cos(z,) = 0
where z,, were defined to be the singularities, but sin(z,) = (cos(z))'(z,) = £1 # 0. Hence all
these isolated singularities are zeros of order 1 for cosz. This implies for all n € Z, there
exists ¢, (z) holomorphic non-zero at z, and locally(in a neighborhood of z,), we have that



cosz = (2 — zp)¢n(z). Therefore for all n € Z, locally we have f(z) = tan(z) = %
Note that sin z, ¢, (z) are all holomorphic non-zero at z,. Hence, f has simple poles at z, for
all n € Z.

Since all these isolated singularities are simple poles, we compute the residues as follows:

sin z sin(w + 7/2) w Cos w

R 2 1 — 2 = 1i RS S S AR -1
es(f,m/2) = 2_131/2(2 ™/2) oSz w0 wcos(w +7/2) w50 — sinw
and
Res(f,—m/2) = lim (24 7/2) sin z 5 sin(w — 7/2) . —WCoswW )
es(f,—m im (z+m = lim we———— 2 —weosw
z2——m/2 cosz  w—0 cos(w—m/2) w—0 sinw

We have used the fact that lim,,_g % = 1. Therefore, we have fc tanzdz = 2mwi(—1 —1) =
— 471,

Let Q be the closed region bounded by C. Let f(z) =

Note that

smh 2z

sinh 2z =0 <= %" — e % =0 <= €' = 1 += 4z € log(1)

<:>4z:2nm',5|n€Z<:>z:n§i,Eln€Z

Hence f(z) is not analytic except at z, := %4 for some n € Z. It is easy to see that these
singularities of f are isolated. Note that 0,+7/2 € QY and f is holomorphic on € except at
these 2 points. Hence, by Residue Theorem, we have

/Cf(z)dz = 2mi(Res(f,0) + Res(f, in/2) + Res(f, —in/2))

Next, we show that these singularities are poles and compute their orders. Note that for alln € Z,
sinh(2z,) = 0, but (sinh2z)’(z,) = 2cosh(2z,) = 2 cosh(nmi) = 2cos(nr) # 0. Hence all these
isolated singularities are zeros of order 1 for sinh 2z, which implies for all n € Z, there exists ¢,,(2)
holomorphic non-zero at z,, and locally(in a neighborhood of z,,), we havesinh 2z = (z—z,,) ¢, (2).
Therefore for all n € Z, locally we have f(z) = Sinﬁ(z) = (zfznl)qb"(z) where ¢, (z) are all
holomorphic non-zero at z,. Hence, f has simple poles at z, for all n € Z

Since all these isolated singularities are simple poles, we compute the residues as follows: Let a be
an isolated singularity and let g,(z) be holomorphic non-zero at a such that locally < g“(z) = f(2).
Let h(z) := sinh(z), then (2)g.(2) = z — a locally at 0. By considering Laurent(Taylor) Series
at a, we have

D@z q D (a)(z —a
sinh(2z)g,(2) = h(2)ga(z) (Z h> Z 9 !

=0

— (h(a) + h'(a)(z —a) + h”2(a) (z—a)* +.. ) <ga(a) + gl (a)z + @(z —a)?+ .. )

=zZ—a

By comparing like terms, as sinh(a) = h(a) = 0 we have h'(a)gq.(a) = 1. Therefore, g,(a) =
1/h/(a). Since h/(a) = (sinh(2z))'(a) = 2cosh(2a), we have h'(0) = 2,h/(ir/2) = 2cos(w) =
-2, (—iw/2) = 2cos(—m) = —2. Hence, gq(a) =1/2,-1/2,—-1/2 at a = 0,4i7/2, —im/2 respec-
tively. Lastly but not least, we have for all singularities a of f,

z—a z—a

Res(f,a) = im ——— = lim ——— = lim g,(2) = g4(a)

z—a sinh2z  z—a h(2) z—ra

Hence, we have
/Cf(z)dz = 2mi(Res(f,0) + Res(f,in/2) + Res(f, —in/2))
=2mi Y (gala)) =2mi(1/2-1/2-1/2) = —

a=0,im/2,—in/2



Remark. For part b, the comparing like term technique is literally the same as the long division.
Both follows from the convergence of Cauchy Products of Taylor’s Series.

6. Let Cy denote the positively oriented boundary of the square whose edges lie along
the lines

1 1
x:j:(N—I—E)n and y::i:(N—{—E)n',

where N is a positive integer. Show that

| Ny
i i .

dz ,
f = = 2mi
cy 22sinz 6

Then, using the fact that the value of this integral tends to zero as N tends to infinity
(Exercise 8, Sec. 47), point out how it follows that

oG (_l)n+| 72

Z 2 12

n=l

Solution. Let h(z) = 2%sin z. Note that sin z = 0 if and only if 2 = nr for some n € Z. Furthermore,
if sin(z) = 0, (sin)’(z) = cos(z) # 0, so all zeros of sin z are of order 1.Therefore it is clear that h has
an order 3 zero at 0 while it has order 1 zeros at nx for all 0 # n € Z. Hence f(2) := 1/h(z) = 2—
has an order-3 pole at 0 and simple poles at nm where 0 # n € Z.
If n # 0, then the residue at nw of f is given by

1 w (="

Res(f,nm) = Zlg;lﬂ(z —nmf(z) = 1};1310 wf(w+nm) = 7};1210 (w + nm)? sin(w + n) T n2n?

If n = 0, then f(2) = go(z)/z> locally at 0 for some gy holomorhpic non-zero at 0. Hence z =
go(z) sin(2) locally at 0. By considering Taylor Series at 0 we have

z= (90(0)+96(0)z+ gg(g)z +> (-2 12 )

IETRT

Hence, by comparing like terms (for z,2%), we have the system of equations:

90(0) =1
90(0) — 9o(0) _ 0
2 3!

So, g4 (0) = 1/3. Hence, we can compute the residue of f at 0 by

90(2) _g"(0) _ 1
2! 2

d2
T dz?

2 f(2) d?

21 d22

Res(f,0)

z=0

Fix N € N. Let Qn be the closed region bounded by Cy. Observe that nm € Q9 if and only if

In| < N and f is holomorphic on Q except only at nm € Qf;. Hence, by the Residue Theorem, we
have

N N N
1 dz 1 1 (-n)" 1 (—=1)™
27”' CnN 22 Sin z 27(7’ Cn f(Z) : n:Z—N eS(f’ nﬂ-) 6 + n—;ﬂ#@ n2ﬂ-2 6 + ngl TL27T2

We then finally have




As it is given that the integral tends to 0 as N — oo, we can conclude by simply taking limit for
the modulus of the right-hand side above that

i (_1)n+1 - 12
n2 12
n=1

Remark. In fact the the integral tends to zero follows from the following: first we note the inequality

dz <
oy Z2sinz| T Jou

Then we observe sin z = sin(z + iy) = sin z cosh(y) -+ sinh(y) cos(z) and we have |sin z|> = sin?(z)+
sinh®(y) So, when = 4+(N 4 1/2)7, N € N, we have [sin z| > [sinz| = 1. When y = +(N + 1/2)n,
we have [sinz| > [sinhy| = [sinh(N + 1/2)7| > sinh(7/2) (as sinh is increasing on positive real-
axis). Combining these observations, |sinz| > A where A := max{1,sinh(7w/2)} for all z on Cy is
independent of N. Together with the fact that |z| > (N +1/2)7 on Cy, we can further approximate
the above inequality by
).
Cn

dz
Z2sin z
Cn

It the follows that the integral tends to 0 as N — oo

|dz|

z2sin z

o ICyl _ (N +2)r
= AN +1/2)222 AN + 1/2)%n2

z2sin z

Remark. With the fact that > % converges absolutely (how?), and hence its unconditional con-
vergence, we could deduce from this question the solution to the famous Basel problem:

2

=1
o



