Solution to assignment 10

(1) (16.5, Q19):

Use the cylindrical coordinates. Then a parametrization of the surface is
r(r,0) = (rcosf,rsin6,2r), re(1,3),0 € (0,2n).
(cos @, sin b 2)

r _=
rg = (—rsinf, rcosd,0)

r. X rg = (—2rcosf, —2rsinf,r)

ry X rg| = V/5r
So the area is fo% ff’ V5rdrdd = 8+/5.

(2) (16.5, Q33):
(a) If we use the spherical coordinates, then the parametrization should be
r(¢,0) = (asin¢cos @, bsin psin b, ccos ¢)

where ¢ € [0, 7], 6 € [0, 27].
(b)

r, = (acos¢cosf,bcospsinh, —csin @)
rg = (—asin¢sinf, bsin ¢ cos b, 0)
ry X Ty = (besin® ¢ cos 0, acsin® ¢sin 0, absin ¢ cos @)

[ty X | = \/b202 sin® ¢ cos? 6 + a2c?sin ¢ sin® 6 + a2b? sin” ¢ cos? ¢

So the area is

2m ™
/ / \/ b2c2 sin? ¢ cos? 0 + a2c? sin® ¢ sin? 6 + a2b? sin? ¢ cos? pdode.
o Jo

(3) (16.5, Q48):

Vf = 3/xi+ 3/yj — 3k
V=19 +9+9=3/r+y+1
p=k |Vf-p|=3

S = [ rorm A

—ffR\/x—l—y%— ldxdy

= fol VT Ty dxdy

—fo 2 $+y+1)3/2} dy

= Jy By +2)%2 - (y+1)3/2}édy
1



=[5+ 27 — L+ )7
13 - @7 - @7 +1)
A(9vV3-8vV2+1).

(4) (16.5, Q56):
(a) Let (z,y,2) be a point on S. Consider the cross section when x = z*,
the cross section is a circle with radius » = f(z*). The set of parametric
equations for this circle are given by y(0) = rcosf = f(z*)cosf and z(0) =
rsinf = f(x*)sinf where 6 € [0, 27].
Since x can take on any value between a and b we have z(x,0) = z,y(z,0) =
f(z)cosb, z(x,0) = f(x)sinf where x € [a,b] and 6 € [0,27]. Thus

r(z,0) = (z, f(z) cos b, f(z)sinb).

(b)

(1, f (z)cos b, f (x)sinh)
= (0, —f(x)sinb, f(x)cosf)

r, X Tg = (f(x)f/(x% —f(x)cos0, — f(x) sin0)
[ra X 1| = f(2)V/ 1+ (f(x))

So the area is

2T b b
/0 /f(x)\/l—k(f’(x))?dxdez/ 27 ()1 1 (F ().

(5) (16.6, Q10):
On the face S in the xz-plane, we have
y=0= f(z,y,2) =y =0
G(‘/r? y? 'Z) = G('r? 07 Z) =z
p=jVf=j|Vf=L|Vf-pl=1
do = dxdz

//SGdo://S(erz)da:/Ol/jzdxdz:/012zdz:1

On the face in the xy-plane, we have
2=0= f(z,y,2) =2=0
G(r,y,2) = G(z,y,0) =y
p=kVf=k|Vf[=1[Vf-pl=1
do = dxdy
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//Gdaz//ydaz//ydxdyzl.
S s 0o Jo

On the triangular face in the plane x = 2 we have
flz,y,2) =2 =2
G(x,y,2) =G(2,y,2) =y + =
p=LVf=L|[Vf[=1[Vf-p[=1
do = dzdy

//SGda://S(yH)da:/ol/oly(y+z)dzdy:/01%(1_yz)dy

On the triangular face in the yz-plane we have
r=0= f(z,y,2)=2=0
G(z,y,2) = G0,y,2) =y + =z
p=iVf=1|Vf|=1[Vf-pl=1
do = dzdy

//sGdO://S(y+z)dg:/Ol/ol_y(y+z)dzdy:%

Finally, on the sloped face, we have
y+z=1= f(z,y,2)=y+z=1
Glz,y,z) =y+z=1
p=kVf=j+k|Vf=v2|Vfp|l=1
da—\/_dxdy

//Gda—//y—irzdo—/ / V2dzdy = 2V/2.

Therefore, [f edge G(z,vy, )d0:1+1+3+3+2\/_ ——1—2\/_
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Supplementary Problems

1. Let (z(t),y(t)), t € [a,b], be a curve C' parametrized by ¢ in the first quadrant. Rotate it
around the z-axis to get a surface of revolution S.

(a) Show that a parametrization of S is given by (a,t) — (x(t),y(t) cos o, y(t) sina) a €
[0, 27], and it is regular when C' is regular.

Solution. By a direct computation,

0
a—r = (0, —ysin o, y cos ),
«
or
5 = (2,1 cos i,y sin av),
SO
Oor Or ;L , .
N X 5 = (—yy',x'ycos a, —yx' sina) ,
and 5 8
r r ;
% = |ylVz'? + 1y

When C is regular, that is, 2’2 + y,2 > (, it is clear that S is also regular.
(b) Show that the surface area of S is given by

o /C y(t)ds .

Solution. The parameter («, t) lies in D = [0, 27| X [a, b]. By the surface area formula,
the surface area of S is equal to

//Dy,/x@(t)w’?(t)m . /%/ Ja2(0) + 52 (1) dda

= 2%/)(0 z'2(t) + y'2(t) dt

= 27r/yds.
C

(c) When y = f(z), € [a,b], where f is C!, the surface area becomes

2w/ @)1+ £2(2) do

Solution. Here the parametrization of the curve C is given by z +— (z, f(x)). Therefore,
y(x) = f(z),2'(z) =1 and ¢/'(z) = f'(z) and (c¢) follows from (b).



