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where di is smooth going from A it to Ai
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Thnd let r ckn n or3 be openand connected

E is a continuous nectar field on r Then the

following are equivalent

a I a Cl function fir IR such that
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lb E di 0 along auf closed carved on R

c F is conservative
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If f is d and E Ff
and f fa b r parametrizes d anyclosedcave
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Cbs as suppose 4 Cz are oriented comes with

starting point A and end point B



Then C U C Cz

G Cz a betternotation

is an oriented closed cave

Then by 4
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Assume n z forsuisplicity other dimensions are similar

Let E Mit Nj are conservative
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We've also used the assumption that R is connected
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f CBTEi HB Leg E dp parametize L by
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Suisilarly yCB NCxy by consider
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Sina E is continuous
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Remade The function f in La of Thm9 is called the

potential function of E It is unique up to

an additive constant
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Corollary to 1hm9
connected

let E be conservative and I open

h 3 If E Mi Nj 1 LI as I CRY
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eg4I Show that Easy It Xj 5 not conservative ai R
SI ee

Yj LIFE it
By Corto Thing F is not conservative

Renard Important

For a d vectorfield E MitNjtLE
Corto1hm9

M N L satisfy thesystem
E conservative

f ofPDEs atthe CortoThat
e

Answer i NOT TRUE ingeneral needs extra condition on

the domain r connected is notenough

eg4I Consider thevectorfield

E Yagi 55
and the domains R IRT 34,0 EIR XE0

RE IRT 110,0
r doesn't r doesn'tinclude
include the origin
thenegativeXAH's butincludethe

candorigin negative xaxis



In polar coordinates
x E

E sift YI j o Tt b T

E rotates around me
origin anti clockwisely

IFK f o as as

IF I f to as r o E cannot beextended
to a C nectafield
on 1132

Besides 10,0 E is d and

E B d on 54 and also

E is C on Rz

Questions Is E conservative on Ri

Is F conservative on Rz

Solis l Fu Ri and exist can be expressed in

polarcoordinates with
r o yo are unique
Tls Qs doesnt include

end rabies

Refute fix y A smooth on Rl check



Then 3 3 sine

are

E Exit I Jf
E is conservative by7km9

2 Fu Ra the function fCXyj O cannotbe extended

to a smooth function on Herewhole R2
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work in the case
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To show that F is not
Jump at thenegative

conservation on rz f aunotbe extended
to a continuousfunction

we consider a closed came across the X dad
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unit circle in ra but it is not a cave in Ri
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By Thin9 E is not conservative on Rz

Sauunary
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fix y f f Q
is not a smoothfunctiononRz

smooth functiononRl cannotbewelldefined on the
whole R2

C x4y
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is not a curve in Rl is aclosed cave ai R2

because H o E C bat
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the origin closed caves

can be defamedcontinuously
continuously withwi r z

within r to a paint rD to a point in Rz



Bet A subset r c kn n za 3 is calledsairply connected

ifevery closed cave in R can be contracted to a

point in r without ever leaving r

contracted defamed continuously

eg Ri in eg43 is simply
connected but

R2 5 not swiply connected
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Renard Simply connectedness is a globalcondition to

guarantee PDEs ai ca toThug conservative



Think Suppose r Ckn n a 3 is connected and simply

connected let E ke d vectorfield on R
Then

E is conservative on r
componentsof F satisfy thesystem
of PDEs in thecartoThem9

Pf later
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Find the potential function f of F ie

Ff E

Sole This is we want to solve
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Thm lo existence of potential function f


